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A Q-meter was used to measure the spin-lattice relaxation time and internal field param- 


eters in certain Mn** 


salt solutions. The spin-lattice relaxation time of MnCl,-4H,O in 


glycerin and water-glycerin solutions is satisfactorily described by the Casimir-Du Pré 
theory when allowance is made for spin-spin absorption, and is also in good agreement 

with the Brons-Van Vleck formula. The spin-lattice relaxation time is only slightly de- 
pendent on the paramagnetic salt concentration and on the viscosity of the solution. 


1. APPARATUS AND METHOD OF MEASURE- 
MENT 


eon processes in paramagnetic sub- 
stances can be investigated by measuring either 
the high-frequency susceptibility x’ or the ab- 
sorption component x”.1:2 In the present work 
measurements of x” are obtained based on vari- 
ations in the Q of the coil of the tuned oscillatory 
circuit. The relation between AQ and its cause 
x” is given by®® 


AQ = — 4n7x"Q?. (1) 


Here Q is the figure of merit and 7 is the “fill- 
ing” factor of the coil when occupied by the para- 
magnet. Equation (1) can be written more con- 
veniently as?*4 


AE = —4rny"EQ, (2) 


where E is the voltage generated in the tuned cir- 
cuit and AE is the variation of this voltage asso- 
ciated with yx”. 

Apparatus which measures Q can be used in 
two different ways to determine the spin-lattice 
relaxation time p L in a paramagnetic: 1) by 
using measurements of y” (in absolute units 
according to (2) or in comparable relative units ) 
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over a broad range of frequencies v to construct 
x”(v) curves for a given constant magnetic field 
H; 2) from measurements of x” at two frequen- 

cies using the equation of Casimir and Du Pré;! 


x” = yoFe,v/ (1 -+ ev"), Free iiey (bo => He) Ns) 


Here b/c is a constant which characterizes the 
internal magnetic field of the paramagnetic. 

The basis of the two-frequency method of de- 
termining p L is as follows. Writing (8) for a 
given constant magnetic field H, and using two 
values of the frequency v, we obtain from (2) 
and (3)* 


py, =V (k— 1/08 — eM), 
k= AE,,Ey,Qv.¥o/ NE, E,,Qy.¥1: (4) 


Here all quantities that determine py, can be 
measured. The equation contains neither 7 nor 
the absolute value of y”, while only the first 
power of Q appears; the relaxation time is con- 
sequently measured more accurately. 

It has been verified experimentally that a Q- 
meter can be used to determine spin-lattice relax- 
ation times from measurements at two frequencies 
~ *Yu. Ya. Shamonin was the first to point out that a com- 
mercial type KV-1 Q-meter could be used for oscilloscopic 
observation of paramagnetic resonance absorption curves. 
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according to (4). A Type KV-1 Q-meter fed from 
lead storage batteries was used to measure Q at 
several frequencies when a given paramagnet was 
within the coil. The coil and specimen of 

Mn (NH,)2 (SO,)2*6H,O were placed in a static 
magnetic field which could be directed at will 
either parallel (Hj) or perpendicular (H,) to 
the coil axis. AE was measured in the fields 

H,, and H, at the same frequencies, a PPTV-1 
potentiometer being used. Experiments with 

Mn (NH,)2(SO4)2°*6H,O at frequencies of 1, 1.5, 

2 and 3 Mcs were repeated several times. p 

was calculated from the values of Q and AE in 
the field H, for each of the two frequencies; five 
values of p, obtained in this way were averaged. 
The maximum deviation of p, from its mean 
value was 3% and the results agreed to within 4% 
with Gorter’s data.! 

Another manganese salt, MnCl,°4H,O, was 
used in similar experiments at 3.5, 5.25, 7 and 
10 Mcs. In this case the relaxation times agree 
almost as well as Kozyrev’s results for paramag- 
netic absorption® (5% deviation from the mean) 
and not quite so well with Gorter’s results! for 
the dispersion of susceptibility. The values ob- 
tained for p, were used to calculate b/c; good 
agreement was obtained with other writers!" 
for both of the salts. These experiments on 
Mn (NH, )2 (SO4)2*°6H,O and MnCl,°4H,O prove 
that it is possible to determine spin-lattice re- 
laxation times in paramagnetic salts from (4), by 
means of the Q-meter, to within ~ 5%. 


2. MEASUREMENTS ON GLYCERIN SOLUTIONS 
OF Mn** SALTS 


We also performed experiments to determine 
the possibility of applying the foregoing method 
to measure spin-lattice relaxation times and b/c 
in liquid solutions of paramagnetic salts. 

Paramagnetic relaxation in liquid solutions of 
manganese salts was discovered by Zavoiskil in 
1944.2* The literature contains no further infor- 
mation on work of this type, although the study of 


paramagnetic relaxation times in electrolytic solu- 


tions is of considerable interest both for the the- 
ory of relaxation processes and for investigations 


*A similar attempt by Teunisson and Gorter’ in 1940 was 
unsuccessful. 


of the structure and molecular properties of solu- 
tions. We have therefore attempted to apply the 
procedure developed for solids to such solutions 
as well. 

The investigation of paramagnetic absorption 
in electrolytic solutions is rendered difficult by 
large electric losses which exceed paramagnetic 
absorption by several orders of magnitude. We 
may expect, however, that the accuracy of x” 

(and thus of Py,) will be independent of electric 
losses in the Q-meter method, where AQ means 
the change of the coil figure of merit as a result 
of paramagnetic absorption alone and Q is taken 
when the electrolyte is within the coil. 

Glycerin solutions of MnCl,-4H,O were used 
in these experiments at 12, 21.5, 32 and 43 Mcs. 
Just as in the case of solid manganese salts the 
comparison method at selected frequencies was 
used to determine the Q of a coil around the 
solution contained in a cylindrical glass ampule. 
The dependence of AE on H), and H, was also 
obtained. The AE(H iB. curve was required in 
order to determine absorption at H=0 and thus 
compute the loss resulting from the spin-spin in- 
teraction.'»!° Ampules of different lengths and 
diameters were used accompanied, of course, by 
different changes of Q resulting from electric 
losses. 

The table gives the spin-lattice relaxation times 
calculated from (4) in three experiments on a glyc- 
erin solution of MnCl,*4H,O (3.9 mole/liter ). 

In the first two experiments, conducted under 
identical conditions, an ampule of 7 mm diameter 
and 4 mm length was used; at 48 Mcs, Q was re- 
duced from 217 to 210 when the ampule was in- 
serted into the coil. In the third experiment an 
ampule of 10 mm diameter and 19 mm length was 
used; Q dropped from 217 to 154 at 43 Mcs. 

The large (~10%) spread of p Lin low fields 
H resulted from the smallness of the observed 
effect in such fields. Measurements and calcula- 
tions for all solutions were performed in the same 
order as for the solid salts. 

The values obtained for AE can be checked 
somewhat roughly by using the formula x{ (0) AH/ 
Xo = const, where AH is the half-width of the 
XH) curve and Xi (0) is the absorption factor 
for H, =0. This equation has frequently been ; 
tested on solid paramagnets.!! For our measure- 
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ments on glycerin solutions it is accurate to within 
~ 10%. 

The example described above indicates that it 
is possible to use the procedure in question for 
measurements of spin-lattice relaxation times in 
liquid solutions of paramagnets with an accuracy 
of ~5%. 

Glycerin solutions of MnCl,°4H,O were inves- 
tigated at concentrations of 3.9, 1.8, 0.9, 0.45 and 
0.225 mole/liter. The relaxation times pz, were 
used to determine b/c for all concentrations by 
means of the formula 


b/c = (H3}— AH}) /(A—1), 
A= SEn A eern, (1 -+ ein,v*) / AEn,Aipcn,(1 + ein,v), 
which is easily obtained from the spin-lattice re- 


laxation theory.! The spread in the values of b/c 
was 7—10%. 


a 800 1600 2400 


Curve 1—C =3.9 mole/liter; b/c = 2.5 10° oe; 
p,= 0.88 x 10-* sec; p= 0.147 Curve 2—C~=1.8 mole/liter; 
b/c = 2.4 10° oe7; p,=0.95x 10 sec; p=0.15 Curve 3— 
C=0.9 mole/liter; b/c = 2.27 x 10° oe”; p,= 1.14 107° sec; 
p=0.155 Curve 4—C=0.45 mole/liter; b/c = 2.1 10° oe; 
Po= 1.5 10~* sec; p=0.17 


3200 Hoe 


The figure compares the experimental values of 
p(H) (points on the curve) with the theoretical 
(continuous ) curves of p;,(H) plotted according 
to the Brons-Van Vleck equation for all of the in- 
vestigated concentrations: 

b/c + H* 
Pr = Po bye + pit? 
where py is the spin-lattice relaxation time for 
H=0 and p isaconstant. The experimental 
value of pz, for concentration ¢ = 0.225 mole/ 
liter does not differ within the limit of error from 
that for c = 0.45 mole/liter. 

An analysis of the experimental values of py, 

given in the figure shows that the theory of Casi- 


mir and Du Pré correctly describes paramagnetic 
relaxation in glycerin solutions of manganese and 
that the Brons-Van Vleck equation can be used for 
such solutions. 

The results obtained with solutions of MnCl,- 
4H,O indicate that it is possible to investigate the 
dependence of p,;, and b/c on the composition of 
the solvent (water-glycerin mixture) and on the 
amount of diamagnetic salt that is added. The first 
of such experiments determines the dependence of 
py, and b/c on the viscosity of the solutions; the 
second experiment determines the dependence of 
the same quantities on magnetic dilution with ap- 
proximately invariant electrical interactions in the 
solutions. These experiments were performed with 
a 2 mole/liter concentration of MnCl,+4H,O and 
the following percentages of water by weight in the 
solvent: 0.6, 5.5, 10.6, 20.6, 40.6, 55.6, 70.6, 
85.6 and 100%. The viscosity measured by a 
Héppler viscometer at 20°C varied monotonically 
from 3950 centipoise for a glycerin solution to 
1.95 centipoise for an aqueous solution. When the 
viscosity is reduced by a factor of 2000 the relax- 
ation time decreases by a factor of only about 3. 
For example, when H = 3600, p, decreases from 
4.4x 1078 to 1.4 x 1078 sec. b/c, which for a solu- 
tion of MnCl,-4H,O in water equals 1.8 x 108 oe?, 
increases to 5 x 10° oe? as glycerin is added. 

b/c = 5 x 10° oe? corresponds to the presence of 
equal numbers of moles of glycerin and MnCl, ° 
4H,O in the solution. With further increase of the 
glycerin content b/c decreases to 2.5 x 108 oe? 
(for a pure glycerin solution). This dependence 
of b/c on the composition of the solvent can be 
attributed to the presence of mixed water-glycerin 
solvate envelopes around manganese ions which 
decrease the electric field symmetry at the ions. 

To study the dependence of py, on magnetic 
dilution without changing the electrical conditions, 
experiments were performed on a solution of 
MnCl, -4H,O at a concentration of 0.45 mole/liter 
with the addition of 1.35 mole/liter,of CaCl, +4H,0. 
The relaxation times p;, are in good agreement 
with the Brons-Van Vleck formula for py = 1.4 x 
1078 sec, p= 0.236 and b/c = 2.35 oe?. 

A more detailed description of the experiments 
on MnCl,-4H,O in water-glycerin solutions, and 
also when a diamagnetic salt is added, will be pub- 
lished elsewhere together with a discussion of the 
results. 

In conclusion I take this opportunity to thank 
B. M. Kozyrev for directing and assisting with 
this work, and V. I. Avvakumoy for participating 
in a discussion of the results. 
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The electrical properties of single-crystal germanium doped with Sb, Bi, and Zn were 
studied in the temperature range 2—10°K. In high electric fields the electrical conduc- 
tivity of germanium displays three regions, in the last of which (the so-called “breakdown” 
region) a sharp conductivity increase is observed. The phenomenon of breakdown is as- 
sociated with the development of an avalanche in the conduction band, independent of the 
conduction mechanism in the germanium at low temperatures. The product of Ep and 

the mobility w is a function of I/kT, where I is the ionization energy of the impurity 

in the germanium. The effect of various factors (temperature, magnetic field) on Ep 

is mainly due to their influence on the carrier mobility. The dependences of Ep and 
resistance on magnetic field are found to be similar in character. 


ae aim of the present work was to study the 
phenomenon of the sharp conductivity increase in 
germanium at low temperatures in fields of the 
order of several volts per centimeter. 

Originally this phenomenon was discovered at 
hydrogen temperatures,' but it was interpreted in- 
correctly. In 1953, Sclar, Burstein et al.* discov- 
ered the phenomenon at helium temperatures, so 
sharply displayed that they defined it as “break- 
down” and attributed it to the effect of the impact 
ionization of neutral impurity atoms by electrons. 
In 1955 Darnell and Friedberg established the de- 
pendence of Ep on magnetic field.’ 

It was of interest to study more carefully the 
mechanism of this phenomenon, which is analo- 
gous to breakdown in dielectrics, but which dif- 
fers in that it takes place reversibly. This inter- 
est is strengthened by the fact that the conductiv- 
ity behavior in high electric fields can apparently 
throw light on the conduction mechanism in ger- 
manium at low temperatures in a region where 
an anomaly exists in the dependence on the resist- 
ance on temperature.’ 

After the present work had begun, the work of 
Sclar and Burstein® and Koenig and Gunther -Mohr® 
became known to us; the problems posed and their 
method of solution closely resembled those of our 
investigations. 


EXPERIMENTAL PART 


Several series of germanium specimens (of 
different origin) doped with antimony and bismuth 


953 


were studied, as well as two specimens cut from 
one section of a bar doped with zinc (for details 
of the specimens, see Tables I and II). 

A series consisted of crystals cut from one bar 
in a plane perpendicular to the direction of crystal 
growth [111]. The specimens were ground, etched 
in boiling hydrogen peroxide and repeatedly washed 
in triply-distilled boiling water. The specimen 
length usually exceeded the width by a factor of 
not less than four. Contacts were made using 
spectrographic-purity gold and were soldered to 
the faces of the specimen by a technique of pro- 
longed heating (an hour at 300°C) in a high vac- 
uum. The massive current contacts completely 
covered the ends of the specimen, but the potential 
contacts for Hall effect measurements consisted 
of gold beads with areas of contact 0.2 —0.05 mm 
at a distance of 2—3 mm. from one another. After 
soldering the contacts to the specimen, it was 
etched and washed again. 

The specimen prepared for the experiment was 
mounted in an apparatus in which it was possible 
to make prolonged measurements at constant tem- 
peratures in the range 1.5—77°K. The glass bulb 
1 (Fig. 1) was immersed in liquid helium or hy- 
drogen and was evacuated before the experiment 
to a pressure of ~0.01 mm. Hg. Thermal contact 
between the specimen and the helium bath was 
made. with the help of the copper “cold” conductor 2. 
To increase the specimen temperature relative to 
the external bath, a wire heater 3 was used, wound 
on the small cylinder of fused quartz 4 which served 


2 


954 im, 1 ABAULINA=ZAVA Ri PSKAY A 
TABLE I. Details of specimens 
pe ae, ee 
* 
, : A Impurity p*, ohm/cm Ep, v/cm 
SS 9 Dea betas concentration ie) 
Bi-l Bi 7.6-404 ~108 5 
Bi2 Bi 4.1015 408 5 
Bi-I Bi-3 Bi 2.0-1015 4.1-109 10.2 
Bi-4 Bi 50-4015 4-407 20 
Sb-4 Sb 7.6-4014 42-108 6.4 
Sb-l Sb-2 Sb 4.405 4°3-108 7.5 
Sb-B Sb 7.5-1038 5-409 14—16 
Sb-II Sb-C Sb 46-1035 4-401 38—41 
Sb-H Sb 2.75-1015 9-108 56—70 
Ge-B Not doped ~1018 4 ,2-10° | 13 
U-20 ary ~1035 8-108 9 
*At 4,2°K. : 
TABLE II 
Js@bh saree? Halt! Se UDR AAR S Sa A ee ee eee 
theo- 
ppecines ies | poomicm A atocn reat Rioe~w Au Ep, V/cm Lae 
| 
4.8 1.6.10? 8.4012 5-405 5 2.108 
Bit 5.25 | 3.2-108 4.6-4022 5-105 5 2-108 
ae: 5.409 4.1035 2-408 14—16 2.408 
Sb-B 5.75 | 4.67-408 2.7-40% | 4.6-408 14.5 2-105 
6.5 5.1-108 9-400 | 4.76-404 35.5 5-104 
ets 7 138-108 3.1010 | 2.417.408 34 5-404 
: 7.7 | 3.66-408 4-101 | 2.73.408 ae 5-404 
8.7 | 1.14-108 2.4.10 | 24.408 ss 5-404 
Zn-4* 11.6 8.3-408 4.540% | 5.5.104 31.5 5-404 
Zn-2* 13.96 | 1.6-40° | 4.35-40% | 8.5-408 22.5 5-408 


*The impurity concentration in the zinc-doped specimens was ~ 3.10*°. 


as a thermal resistance (equilibrium between the 
specimen and the heater was established in a frac- 
tion of a second). 

The specimen was soldered at one end to the 
cylinder 4 and at the other end through a plate of 
single-crystal quartz 5 to the calibrated carbon 
thermomenter 6. The soldered joints to the quartz 
were made using a silver paste which was depos- 
ited on the quartz and baked at a temperature of 
500 —700°K. The use of crystalline quartz en- 
sured good electrical insulation of the specimen 
from the body of the apparatus, and, simultane- 
ously, good thermal contact at helium tempera- 
tures with the thermometer. 

Manganin wires (suspended in the vacuum 
“Staybrite” tube 12 through the polystyrene wash- 
ers 10) were used for the electrical leads (poten- 
tial and current) to the specimen.* To reduce 
thermal conduction along the leads, the lowest 
insulating washer, consisting of a quartz plate 
with tungsten seal-ins, was in thermal contact 
with the external bath. The leads to the heater 

*A similar method of soldering contacts and assembling the 
apparatus has been used simultaneously in this laboratory by 
I. A, Kurovaya. 


and thermometer consisted of insulated copper 
wires immersed in the external bath 13. 

For work in the temperature range obtained 
by pumping the vapors of liquid helium or hydro- 
gen, the apparatus was not sealed off and the 
specimen was directly in contact with the bath. 

Because germanium is very sensitive at low 
temperatures to infra-red radiation even of long 
wavelength, the entire apparatus was shielded by 
a metallic screen 14 maintained at the tempera- 
ture of the external bath. 

The circuit for measuring electrical resistance 
is shown in Fig. 2. From the potentiometers P, 
and P, for coarse and fine adjustment, the volt- 
age from the battery B is applied to the germa- 
nium specimen and the calibrated resistance Rn, 
the value of which could be changed from 10"! to 
10? ohm. The potential drops across Ry and the 
potential contacts of the specimen were measured 
using an SG-1M electrometer with sensitivity 
2x10 vy. The entire electrometer circuit was 
mounted on amber and polystyrene insulators and 
was carefully screened electrostatically. 

To measure the Hall voltages and the resist- 
ances in a transverse magnetic field, the apparatus 
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FIG. 1. General view of 
the apparatus: 1— glass 
bulb, 2—heat conductor, 
3—heater, 4—fused quartz, 
5—single-crystal quartz, 

6 — thermometer, 7 —con- 
tacts, 8—specimen, 9 — 
quartz washer, 10 —poly- 
styrene washer, 11—pump- 
ing tube, 12—tube, 13 — 
leads for thermometer and 
heater, 14—metallic 
screen. 
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was placed between the poles of an electromagnet 


which allowed fields up to 10,000 oe to be obtained. 


The measurements were made using the circuit 
shown in Fig. 2, the electrometer being usually 
fed with the voltage from the contacts 1 and 3 
(Fig. 2). 

To study the dependence of the electrical con- 
ductivity on illumination, a miniature incandescent 
lamp was placed inside the apparatus, the light 
from which passed through Schott filters (Nos. 2, 
4, 6, 7) and illuminated the central portion of the 
specimen with a sharp beam. 


RESULTS 


At low temperatures the electrical conductivity 
of germanium in strong electric fields is charac- 
terized by three regions: 

A) A region in which Ohm’s Law is obeyed; 

B) A region of monotonic conductivity increase; 

C) A region of sharp conductivity increase or 
“breakdown.” 

We took as the “breakdown” field (Ep) the 
value corresponding to the boundary between 


R == Electrometer 


N SG-1M 


FIG. 2. Electrical measuring circuit: B—battery, P,, P,— 
potentiometers, Ry — calibrated resistance. 


regions B and C (see below, Figs. 3 and 5). 

The extent of region A ( o=const.) depends 
on the specimen purity. For high-resistivity spe- 
cimens it is significantly smaller than for low- 
resistivity specimens. Thus, for example, for 
specimen Sb-B (see Table I) the region A ex- 
tends to 10% of the breakdown field, for Sb-C to 
25% and for Sb-H to 80%. 

In region B the field dependence of conductivity 
is well described for most specimens by the ex- 
ponential relationship o ~ oje%E, where a = 
0.1—0.3, qa being larger in high-resistivity than 
in low-resistivity specimens.* In region C also, 
the field dependence of electrical conductivity can 
be represented by an exponential, the slope of 
which (at low temperatures ) is tens of times 
greater than the slope in region B. On increas- 
ing the temperature (Fig. 3) this slope diminishes 


6 Q! cm 


FIG. 3. The electrical 
conductivity of specimen 
Bi-1 in high electric fields 
at various temperatures 
(°K): 


E, v/em 


and the change-over between regions B and C is 
found to become less sharp. (For germanium 
doped with antimony and bismuth, the breakdown 
fields Ep already became difficult to determine 
at temperatures near 7°K). On increasing the 
*Departures from the relationship 0 ~ e°E, were found 


only in the zinc-doped specimens, the conductivity of which 
was approximately proportional to E? in region B. 
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temperature, whilst the transitions between re- 
gions A and B remain almost unchanged, the 
breakdown fields decrease very slightly. On 
further increasing the field, the specimen resist- 
ance falls so rapidly that the power dissipated 
causes significant self-heating — the start of 


“thermal” breakdown. 

Ep 
(Ce+Zn) 
200 


Bi-4 teen 


Ep 
le 


°K 


FIG. 4. Dependence of E, on temperature. The left-hand 
ordinate scale refers to Sb- and Bi-doped specimens, and the 
right-hand scale to Zn-doped specimens. A— Results for Zn-1, 
Zn-2 obtained using circuit in Fig. 2. A—Results for Zn-1, 
Zn-2 obtained not using the potentiometric method of measure- 
ment; the broken lines show regions where the specimens 
might possibly be overheated. 


A different type of dependence of Ep, on tem- 
perature was found for zinc-doped specimens 
(Fig. 4 — right-hand ordinate axis). The critical 
fields (E,) get smaller with increase of temper- 
ature and are approximately inversely proportional 
to the square of the temperature; at hydrogen tem- 
peratures they become as small as those found at 
helium temperatures in specimens doped with 
Group III and Group V elements. The rapidity of 
the temperature dependence E},(T) for zinc- 
doped specimens is impossible to attribute to a 
thermal breakdown phenomenon, because the spe- 
cimens retained a high resistance in the whole 
temperature range studied. 


62cm = 
Ey 5 Ss 
0 S 
- FIG. 5. The elec- 
0 trical conductivity of 
the high-resistivity 
specimen Bi-1 in 
Lol various magnetic 
0 fields (Oe); T=5.25°K. 
wo” . , 
5 10 15 E, v/cem 
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The application of a magnetic field, whilst pre- 
serving the general character of the curves, in- 
creases the breakdown fields, extends the regions | 
A and B, and in the majority of cases continuously | 
diminishes the conductivity in these regions (Fig. 5) 
A different behavior is only found in highly doped 
specimens (with impurity concentrations of about 
5 x 1045) at temperatures below 4°K; for these 
specimens the conductivity in region A is inde - 
pendent of the magnetic field (Fig. 6). However, 
in this case also, a conductivity decrease is ob- 
served in region B, comparable with the decrease t 
in region A at higher temperatures. | 
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FIG. 6. The electrical conductivity of the low-resistivity 
specimen Bi-4 in various magnetic fields (Oe); T = 4.2°K. 


The changes of resistance [p(H)/p(0)] and of 
breakdown field [Ep (H)/Ep(0)] are found to be 
similar in the manner of their dependence on mag- 
netic field (Fig. 7), although in absolute measure 
the increase of p(H)/p(0) can exceed the in- 
crease of E,(H)/Ep (0)* by a large factor (es- 
pecially in high-resistivity specimens ). 

The Hall voltage measurements in high electric 
fields (Fig. 8) show that the Hall constant R 
barely changes during the transition into region B. 
Change of Hall angle within the accuracy of the ex- 
periment only takes place in the immediate vicin- 
ity of Ep. 

On illuminating the specimen, the j-E charac- 
teristics are displaced upwards along the ordinate 
axis and are distinct from the curves obtained 
without illumination. E, remains approximately 
unchanged. 

The curves described were reversible and re- 
producible in a series of experiments under iden- 
tical conditions. Resoldering the contacts, re- 
etching the surface and re-assembling the appa- 
ratus produced discrepancies smaller than 10% 
(in absolute terms); these were apparently 


*It should be noted that the dependence of E, (H)/E, (0) 
on magnetic field H shown in Fig. 7 by circles is observed . 
only using the four-electrode circuit. The use of the two-elec- 
trode method gives the dependence shown in Fig. 7 by crosses. 
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H)/pX0, 
guee Ep (H)/Ep (0) 


H, koe 


FIG. 7. The dependence of breakdown field and resistance 
on magnetic field H for specimens Bi-1 and Bi-4. e—E, (H)/ 
Ep (0) from measurements obtained using the circuit shown in 
Fig. 2; +— Ep (H)/Ep (0) from measurements made when not 
using the potentiometric method; 0 —p(H)/p(0) in region A 
for specimen Bi-1, in region B for specimen Bi-4; m—in- 
crease of resistance in magnetic field for specimen Bi-4 in 
region A at T=7°K. 


caused by errors in determining the dimensions.* 

The bulk nature of breakdown was confirmed 
by studies on specimens of complex shapes with 
various ratios of surface to volume along their 
lengths. 


DISCUSSION OF RESULTS 


The impact ionization?»® of neutral impurity 
atoms by electrons which have acquired the nec- 
essary energy in fields of the order of several 
volts per centimeter is, apparently, the only pos- 
sible mechanism of breakdown, because for ger- 
manium doped with Group III and Group V ele- 
ments the Zener mechanism,’ involving the ex- 
traction of electrons into the conduction bands 
(the tunnel effect), ought only to appear in fields 
greater than 500 v/cm. 

There being no quantitative theory of avalanche 
development, the results are compared with con- 
clusions obtained from a qualitative consideration 
of the equilibrium between the rate of energy accu- 
mulation by electrons in the field and the rate of 


~~ “*It should be remarked that in specimens of series SbII a 
phenomenon of “delayed breakdown” was observed; this meant 
that for breakdown it was necessary to apply to the specimen 
a somewhat higher voltage than that for which “breakdown” 
started to develop. These phenomena could not be attributed 
to the effect of the contacts. 


10 


20 30%, v/cm 


] a J 10 


FIG. 8. The behavior of specimen Sb-B in high electric 
fields (T = 5.75°K). A—current density j(E), e—electrical 
conductivity o(E) (in reduced units, 0 —1/RE, +—Ro in rela- 
tive units. 


energy dissipation into thermal oscillations of the 
lattice;°»* this leads to the formula 


eT 
Ey at Vo (1) 


or 
EL = const, (1a) 


where u is the speed of sound, I the ionization 
energy of the impurity and yw the mobility. The 
relationship between Ep, and yw obtained experi- 
mentally (Fig. 9) does not contradict Eq. (1a). 


Ep, v/cm 
100 


10 


0° RO 

FIG. 9. Dependence of Ey on the mobility Ro for A—the 
series Sb-II, e—the specimen Bi-1, O—the specimens doped 
with zinc, O —results of reference 6; the continuous line is the 
theoretical curve (from reference 5). 


From Fig. 9 it is clear that the Ep values for 
specimens of germanium doped with antimony, bis- 
muth and zinc — the ionization energies of which 
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differ by a factor of approximately three — lie 
satisfactorily on the single straight line given by 
Eq. (1) if the ratio I/kT © const.* 

It should be noted that the scatter of the points 
in Fig. 9, apart from errors in determining the 
geometrical dimensions of the specimens, is per- 
haps also due to the fact that Ep is compared not 
with the mobility pu, but with a quantity Ro, pro- 
portional to ; depending upon the mechanism of 
seattering, Ro can change from yp to1.93y. 
Also we have used mobilities obtained from meas- 
urements in region A, which refer to the speci- 
mens’ behavior in low electric fields. According 
to (1), the mobility entering into it should be taken 
as that for E— Ep. Such considerations, by di- 
minishing the mobility in the pre-breakdown fields, 
should lead to better agreement of our results with 
the theoretical curve. 

The similar dependences on magnetic field of 
resistance and critical field (Fig. 7) 


0 (H)/p(0) ~ RE» (H) / Ep (9), R=1-=4, (2) 


can also be explained qualitatively by the depend- 
ence of Ep on yu, if one takes into account that 
in-region A the resistance increase in a magnetic 
field is caused only by a fall of mobility: 


e(H1)/e(0)=p(0)/u (A). 


That the coefficient k differs from unity is 
due, it would appear, to the different carrier con- 
centration increases in strong electric fields 
(in region B) with and without magnetic field. 

In so far as the carrier concentration increase 
depends on the energy gathered by the electron 
in the field E, then the concentration increase 

in a magnetic field can be slower and can cause 
p(H)/p(0) to increase more rapidly than 

Ep (H)/Ep (0) (Fig. 7, upper graphs ). 

The temperature dependence E},(T) is deter- 
mined, it seems, by the temperature dependence 
of uw. The existing theory’ can explain both a weak 
and a strong temperature dependence of yw (T) 
(u~T Y2 and u~ T 3/2) Comparison with the 
theory is made difficult by the absence for our 
specimens of accurate data on the concentration 
of donors Np and acceptors Na separately. 

The dependence of Ep on Np-—Na (Fig. 10) 
is not a universal function, and is described by a 
series of curves similar to the curve obtained by 
Burstein and Sclar.° Their character cannot be 
ascribed to the dependence of the mobility on 
Np-Na and is probably determined by the raw 


*The ionization energies of the impurities used were cal- 
culated from the temperature dependence of specimen resist- 
ance. 


Ep, v/cm 


FIG. 10. The de- 100 
pendence of Ey on 
the concentration 
Np—Na for various 
specimens: specimen 0 
series, O —Sb-1, A— 
Sb-II, + — Bi-1; con- 
tinuous curve — ac- 
cording to Burstein 
and Sclar.> x — ac- 
cording to reference 6. 0 10 10 


materials and the growth conditions of the germa- 
nium crystals, or, in other words, the different 
degree of compensation in the specimens. The 
possibility exists of using the dependence of Ep 
on Np-—Na for monitoring the properties of 
specimens during manufacture. 

The exponential growth of the number of car- 
riers with increase of field in region B, ao ~ 
gye%E, where a=0.1—0.3, is not explicable 
in terms of the specimen warming up, because 
its temperature is maintained constant with an 
accuracy of 0.01°K, even for the very large cur- 
rent densities. Possibly this increase in the 
number of carriers is due to their decreased 
recombination® "in high electric fields. 

Apart from breakdown phenomena, the study 
of high-field conductivity has an interest of its 
own. At very low temperatures (below 4°K) the 
conductivity of germanium is determined, as is 
known, not only by the straightforward effect of 
the conduction band, but also by certain other 
processes, in particular those connected in a 
complicated fashion with the impurity concentra- 
tion. 

The conductivity of specimens with large im- 
purity concentrations (greater than 5 x 1015) is 
due to conduction in the sharp impurity zone 
formed by the crossing of the impurity center 
wave functions. 

The fact that the resistance is observed ex- 
perimentally to be independent of magnetic field 
(in region A) for highly-doped specimens (Fig. 6), 
supports the idea of a sharp impurity zone with 
small carrier mobility. The resistance increase 
found in a magnetic field (in region B) (Fig. 6) 
can be attributed to the increased role of the con- 
duction band in high electric fields shunting the 
impurity conduction mechanism. The latter cir- 
cumstance enables one to deduce that, whatever 
the conduction mechanism of germanium in low 
electric fields, the phenomenon of breakdown is 
connected with avalanche development in the con- 
duction band. 
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The author in conclusion expresses his deep 
gratitude to A. I. Shal’nikov, B. M. Vul, S. G. 
Kalashnikov and L. V. Keldysh for their interest 
in the work and valuable discussion, and to V. G. 
Alekseevaya for supplying the specimens. 
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The relation between the intensity of cosmic-ray neutrons and chromospheric flares on 
the sun was studied from the data obtained at four stations located at various latitudes. 
By the epoch-superposition method, a small flare effect has been found at each of these 
stations. The energy spectrum of particles of the supplementary flux has been determined 


with the aid of the coupling constants. 


As is well known, the appearance of sun flares 
is accompanied by a small increase in the inten- 
sity of cosmic rays. 

The author carried out investigations in order 
to 1) explain the character of variation of the neu- 
tron component intensity in cosmic rays during 
small solar flares and 2) determine the energy 
spectrum of the additional flux of cosmic rays. 
Data obtained at the stations listed in the table 
were utilized. 

The author participated in collecting the data 
at the first station. Results of all measurements 
were corrected for the barometric effect. 

Since variations of the intensity of cosmic radi- 
ation for each case are small and their magnitude 
is not bigger than that of the statistical fluctua- 
tions, the data were averaged by the epoch super - 
position method.! Two-hour intervals, including 
the time of the beginning of the flares, were taken 
as zero time. Readings of all corresponding two- 
hour intervals before and after this period were 
then added. In such a manner, data for 41 flares 
with an index of 2 and higher,* observed from July 


33.0 
0.50+0.08 


Geomagnetic latitude (N) 
1/1, % of mean 


3) The neutron-intensity maximum occurs after 
the solar flare with a delay (2 —5 hours) which 
increases with the latitude; 

4) The duration of intensity decrease is larger 
at high latitudes: thus, at the latitude of 33° (N), 
the duration of decrease is 5 —6 hours, while at 
the latitude of 52.3°(N) it is ~ 10 hours. 

5) The duration of the intensity decrease is 
larger by 20 — 30% than the rise time. 


*The index characterizes the intensity of flares according 
to the scale: 1, 1*, 2, 27, 3, 3*. 
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Geographical Geomagnetic 
coordinates coordinates 


Lati- Longi- | Lati- 
tude (E)| tude 


Alti- 
tude, m 


Station 


tude (N) Longitude 


Alma-Ata 
(U.S.S.R.) 


Rome 92,1° 
(Italy) 

Gottingen 93,4° 
(Western 

Germany) 

Gottingen 93,6° 
(Western 


Germany) 


to November 1957 between 22 h 00 min and 14h 
00 min World Time, were reduced. 

Results are given in Fig. 1. The following facts 
can be noted: 

1) A decrease in the intensity of 0.1—0.2% is 
observed before the flares. 

2) The flare effect 6I/I (where I is the inten- 
sity of the neutron component of cosmic rays for 
the given station) is greater at high latitudes: 


42.4° 49,1° 52.37 
0.60+0.08 1.60+0.08 1.00+0.06 


Several of these effects were observed for 
large flares,” and are mentioned by Dorman! 
and by Sekido and Murakami.” Since the effect 
of single flares is not larger than the statistical 
fluctuations of the intensity for the given time in- 
terval, the data of the Alma-Ata station of period 
equal to the total time of the investigated 41 flares 
were reduced as a check. These data were se- 
lected from days when flares were absent, and 
were reduced in the same way as for flares. Re- 
sults of the analysis are presented in Fig. 2. It 
can be seen from the figure that, within the limits 
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FIG. 1. Variation 
of the intensity of 
cosmic-ray neutrons, 
connected with solar 
flares. 
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of statistical errors, the effect has not been ob- 
served. 

As has been shown by Dorman,* one can deter- 
mine the spectrum of the primary cosmic radia- 
tion in the energy range subjected to the influence 
of the magnetic field of the earth from measure- 
ments of any single component at various latitudes 
by the method of the coupling constants. 

The determination of the energy spectrum of 
primary variation of cosmic rays was carried out 
according to the formula (see reference 1): 


emin 
Apt 


BD _ [3N 4g (Ho) — BN iggy (Hod) / Niu (ito) | Wa, (ey ho) de, 


1 


ey 
where 6D/D is the ratio of the differential energy 
spectrum of the additional radiation to the spectrum 
of the unperturbed primary cosmic radiation, 
ON}, (Bo) is the variation of the intensity of the 


i-th component at the latitude A, and altitude hy, 


Ell % 
a6 i 
a A FIG. 2. Variation 
at of neutron intensity 
a0 —§ 42-8 4° 0 4 8 in days without solar 


Time, hours, flares. 


min 
“Xk 


resolved by the magnetic field of the earth (geomag- 


is the effective value of the minimum energy 


netic cutoff), and Wy, (€, hy) is the coupling con- 


stant between the primary and the observed varia- 
tions of the i-th component at latitude Ay. 

The spectrum was calculated for various mo- 
ments of time. The results of calculations at two 
hours after the beginning of flares, and also ac- 
cording to the maxima of the effect, are given in 
Fig. 8. Graphs of the dependence of 6D/D on the 
energy have, within the limits of errors, the same 
slope. This indicates that there was no fast redis- 
tribution of particles energy in the additional flux 
during that time. Extrapolation of the straight 
lines to the x axis determines approximately, 
the upper limit of the energy spectrum of primary 
variation, which can be seen in Fig. 3 and lies in 
the vicinity of 14—17 Bev. 

With respect to the lower limit of the energy 
spectrum, one can state the following (provided 
that the value of the effect at 49.1°(N) latitude 
is not partly due to the altitude of the station, 
situated at an altitude of 2960 m above sea level): 
within the limits of errors, the effect at latitudes 
of 49.1 and 52.3°(N) is identical; hence particles 
with total energy not lower than ~ 3 Bev (geomag- 
netic cut-off at 49.1°(N) latitude were present in 
the additional flux. 


b L/D, % 
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FIG. 3. Spectrum of primary variations, obtained from the 
effect of small solar flares on the neutron component. The y 
axis represents the ratio of the energy spectrum of the addi- 
tional radiation to that of the undisturbed primary cosmic fa- 
diation: e — from the data obtained 2 hours after the onset of 
flare, O — from the data at the maximum. 
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The observed spectrum is in agreement with 
the spectrum calculated for the large flare of cos- 
mic rays which occurred on the 23rd of February 
1956.! This agreement indicates that both the 
small and large increases of the intensity of the 
neutron component of cosmic rays are probably 
due to the additional flux of particles of the same 
energy and the same nature. 

In conclusion, the author would like to express 
his deep gratitude to L. I. Dorman for helpful ad- 
vice, to the students K. Tarasova and V. Pivneva 
who took part in the work, and also to the co- 
workers of the stations in Rome and Gottingen, 


whose results of measurements, submitted to the | 
World Center for Collection of Data of the Inter- | 
national Geophysical Year, were used as the basis | 
for the present work. 


ised: Dorman, Bapuayun kocmuyeckux ayuen | 
(Variations of Cosmic Rays ), 1957. | 

2Y. Sekido and K. Murakami, Proc. of Guanajato 
Conference of Cosmic Ray Physics, Sept. 1955! 
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A beam formed by the passage of positive nitrogen ions through a gaseous target has been 
found to contain small amounts of negative nitrogen ions. The cross section for the N*— N7 
process is estimated as 1.9 x 1072 cem?. No negative molecular nitrogen ions are observed. 


Tue question of how the atoms in the periodic 
system form stable negative ions has been con- 
sidered at great length in a number of papers by 
Dukel’skif and his co-workers.'!~> The experi- 
mental data seem to point to the following rule: 
atoms with unfilled electron shells form stable 
negative ions while atoms with filled shells do 
not form negative ions. Only one exception to 
this rule has been observed at the present time: 
the nitrogen atom, which has a 2p° configuration 
in its outer electron shell. It has been shown by 
a number of authors®»®’ that N7 ions are not pro- 
duced in a gaseous discharge in nitrogen. Dukel’- 
skit and Zandberg,’ in observing the spectrum of 
negative ions from a discharge in NH3, observed 
a weak line at mass 14; however, as indicated by 
the authors, a line with an apparent mass of 14 
may be produced by the NH ions which result 
from the dissociation of NHz ions in the space 
between the ion source and the magnetic mass 
analyzer. It should be noted, however, that the 
absence of N” ions in the plasma of a gaseous 
discharge is still not proof of the nonexistence 

of this ion; because of the low electron affinity 

of the nitrogen atom the density of negative ni- 
trogen ions in a plasma may be very small. 

We have made an attempt to observe N” ions 
resulting from the N*—N™ process in the pas- 
sage of a beam of N* ions through matter. As 
we have already indicated,®~"” the effective cross 
section for the I*—I- process in single colli- 
sions of a great many positive ions with heavy 
inert gas atoms reaches the gas-kinetic cross 
sections and, in those cases in which a compari- 
son is possible, turns out to be considerably 
greater than the effective cross section for the 
formation of negative ions in collisions of elec- 
trons with gas molecules. Thus, the former would 
appear to be the most effective method of observ- 
ing negative ions. The validity of this statement 
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has been verified by the work of Dukel’skif et al,!! 
who used this method to observe metastable He7 
ions, which have a very small electron affinity 
(0.075 ev!?). 

In the search for N” use was made of the double 
mass spectrometer which has been described ear- 
lier.3 A high-frequency ion source was used for 
obtaining N* ions. The beam of N* ions, with an 
energy of 34 kev, was analyzed by a magnetic mass 
monochromator and directed into the collision 
chamber, which was filled with krypton. In the 
mass spectrum of the beam, in addition to the 
line at mass 14, we observed a series of lines 
due to contamination of the nitrogen by gases 
evolved from the walls of the source chamber and 
by gaseous dissociation products of the diffusion 
pump oil. In particular, close to the line at mass 
14 the following lines were observed: 12 (Cj), 

13 (Cig + CygH*), 15 (Nj5+ NygH*), 16 (Ofg+ Cy Hi 
+ NygH3), 17 (OygH* + NygHZ), and 18 (O4¢Hg ). 

The resolving power of the mass monochro- 
mator was sufficient for complete separation of 
the line at mass 14 from the nearby lines at 13 
and 15. The beam which passed through the colli- 
sion chamber was analyzed by means of a mag- 
netic analyzer. The negative ion current was 
measured with a vacuum-tube voltmeter (sensi- 
tivity 107!4 amp/div). 

The first experiments, at a current strength 
of the order of 107’ amp, indicated that the beam 
contained a small amount of negative ions of mass 
14; the number of negative ions increased with in- 
creasing pressure of the krypton in the collision 
chamber. The mass-spectrometer method (cf. 
references 8 and 13) was used to measure the 
effective cross section for the conversion of a 
positive ion of mass 14 into a negative ion of the 
same mass. This cross section was found to be 
3.2 x 10°22 em’. However, this result, in itself, 
is not necessarily proof that the effect is due ex- 
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clusively to the N*-—+ N™ process. In an ion beam 
of mass 14, in addition to the N* ions there may 
be CH} ions or fragment ions with apparent mass 
14 which arise as a result of the dissociation of 
heavier positive ions in the space between the 

ion source and the mass monochrometer. Using 
the formula m* =m?/M (where m* is the 
apparent mass of the fragment ion, mj, is the 
mass of the fragment ion and M is the mass of 
the ion before dissociation) we find that the quan- 
tity m* can be near 14 for O” ions resulting 
from H,O*— O*+H, (m* = 14.2) and for NH* 
ions resulting from NH;— NH* +H (m*= 14.1). 
Thus the negative ions of mass 14 can result from 
two-electron charge exchange on CHj and the 
fragments O* and NH* in addition to the N*— N™ 
process.* 

The effect of O* on the size of o/4,; was es- 
tablished by investigating the effect of the H,O* 
ion current in the primary beam on the measured 
value of this cross section. The value 3.2 x 10722 
em? indicated above for this cross section was 
measured when the H,O* ion current was 2.4 x 
10-!° amp. As a result of extended processing of 
the walls of the source chamber and careful puri- 
fication of the nitrogen it was possible to reduce 
the H,O* current to 4.7 x 107!! amp. At this 
value of the H,O* current oj4, was found to be 
1.9 x 107% em?. A simple calculation indicates 
that for this value of the H,O* current the admix- 
ture of residual O* ions has no effect on of. 
There still remains the possibility of contamina- 
tion of the N* beam by CHj ions and residual 
NH* ions, the existence of which was verified by 
the presence of N* and Hj in the beam; these 
arise as a result of the following dissociation 
processes: CH; CH+H* and NH*—N+H?. 
We have carried out additional experiments in 
order to determine the cross sections for CHj 
— CH; and NH*—NH°™ in krypton at positive 
ion energies of 34 kev; these cross sections were 
found to be 5.3 x 107!® em? and 5.3 x 107!8 em? 
respectively. On this basis an experimental es- 
timate was made of the contamination of the pri- 
mary beam by CH; ions. 

Calculations carried out on the basis of these 
measurements indicate that only part of the nega- 
tive ions observed in the beam can result from 
the CH}—- CH; and NH*—NH™ processes; 
hence part of the effect is due to the N*— N7 
process, the cross section of which is estimated 
as 1.1 x 1072? em?. 

The extremely small value for the o;_,; cross 
section for the N° —N™ process indicates that 


*CH, ions have been observed by a number of authors !4~16 
and the NH_ has been observed by Dukel’skiY and Zandberg. ° 
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the binding energy of the excess electron in the 

N- ion must be very small, in agreement with 

the estimates of this quantity made on the basis of | 

empirical formulas for isoelectronic sequences and 1 i 

the nature of the electronic configuration of this ion. aa i 
In addition to the measurements described 

above an attempt was made to observe negative 

molecular nitrogen ions; the N3—> Nj process 

in krypton was used for this purpose. However, 

no Nz ions were observed; it follows that the 

cross section for the Ny— Nz process is smaller 

than 1.5 x 107? cm? 
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The yields of charged photomesons with energies from 0 to 3 Mey at an angle of 90° toa 
photon beam were investigated for Be, C, Al and Cu nuclei. The maximum photon en- 
ergy was 265 Mev. The dependence on the negative m-meson yield and the ratio of the 
positive versus negative m yield on the atomic number were found. Comparison of the 
experimental data with the physical calculations of Baldin and Lebedev® gave the result 
that the mesons are formed from the nucleons on the nuclear surface. 


Ir is known that the experimentally-observed de- 
pendence of the yield of fast charged ma mesons on 
the atomic number is described by the A?/* law. 
(references 1—3). This character of the depend- 
ence can be explained by the fact that the creation 
of mesons comes from only the nucleons on the 
nuclear surface and that the creation of mesons 
inside the nucleus is strongly suppressed. How- 
ever, there exists another point of view, accord- 
ing to which the creation takes place in the whole 
volume of the nucleus, but the mesons formed by 
the inner nucleons are absorbed on passing through 
the nucleus. The truth of the last model can be 
tested by investigating the yield of mesons whose 
mean free path in the nuclear matter exceeds the 
dimensions of the nucleus. The yield of such me- 
sons should be proportional to the number of nu- 
cleons involved in their creation. However, re- 
cently published experimental results on the 
photoproduction of 12 Mev positive mesons by 
various nuclei‘ did not give a unique solution to 
this problem, even though it was found that the 
meson yield was proportional to A’, The authors 
calculate that such a dependence can be got from 
the results of the Coulomb field on the yield of 
mesons created in all the nucleons of the nucleus. 

In the present work we investigate the yield of 
positive and negative photomesons with energies 
from 0 to 3 Mev for an angle of 90° + 20° to the 
direction of the photons in the laboratory system. 
The work was carried out on the Academy of Sci- 
ence Physics Institute synchrotron with maximum 
photon energies of 265 Mev. 

The gamma-ray beam was collimated by a lead 
block with a rectangular aperture 3 x 21 mm and 
was purified of charged particles by a magnetic 
field of 7000 oersteds. For targets we used thin 
foils of the following elements: Be — 0.0659 g/cm?, 
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C — 0.0446 g/cm”, Al — 0.0377 g/cm”, and 

Cu — 0.141 g/cm”. The average angle for mul- 
tiple Coulomb scattering in targets of these thick- 
nesses did not exceed 5°; the energy losses were 
0.1 Mev for 3-Mev mesons. The targets were 
strengthened by thin caprone filaments (diameter 
0.0015 mm) located outside of the beam. 

The mesons were detected by photographic 
plates, NIKFI type K, with emulsion thickness 
400u. During irradiation, the target and plates 
were placed in a vacuum chamber whose front 
wali lay in a magnetic field. Lead and graphite 
shields guarded the chamber from background 
effects. 

The main outline of the experimental setup is 
given in Fig. 1. 
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FIG. 1. Schematic diagram of the experimental setup. 
1, 5—ionization chambers, 2— magnet, 3—target, 4—photo- 
graphic plates, 6 — vacuum chamber. 


The plates were examined twice. The effec- 
tiveness of the double examination was 96 — 98%. 
In the scanning, the tracks of m’s were chosen 
which ended in stars (negative mesons) and 
in m- decays (positive mesons). 

The distribution of stars according to the num- 
ber of prongs corresponded well with the distri- 
bution known from other work. Consequently, one 
can take as rather securely determined the num- 
ber of negative mesons accompanying visible 
stars. To determine the entire number of 7 
mesons one has to take into account the cases in 
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which the capture of a meson by an emulsion nu- 
cleus is not accompanied by star formation. The 
probability of observing such cases would be 
greatly lowered by the strong proton background, 
but its contribution to the total number of disinte- 
grations depending on a mesons is well known 
and amounts to 27%.° The quantity of m7* mesons 
was determined by introducing geometrical cor- 
rections to the number of observed m-p decays. 
The m energy was measured by its residual range 
in the emulsion. The error in the energy meas- 
urement did not exceed 3%. 

In calculating the cross section for meson for- 
mation on nucleons, no account was taken of charge- 
exchange and inelastic effects in the scattering of 
mesons by the nucleons of the nucleus. As shown 
in references 6 and 7, these effects are rather 
small for small angles. 
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FIG. 2. Dependence of the output of negative mesons on 
the atomic number. Solid curves are calculated: 1—for meson 
creation on all the nucleons in the nucleus, 2—for nucleons 
of the surface layer of the nucleus. Statistical errors are 
shown. 


The cross sections for the photoproduction of 
negative mesons are shown in Fig. 2. For com- 
parison, the theoretical curves for 2-Mev mesons 
from the work of Baldin and Lebedev? are given. 
Curve 2 corresponds to meson production on nu- 
cleons of the outer layer of the nucleus, curve 1 
to production throughout the nuclear volume. Both 
curves were calculated to take into account the 
interactions of the outgoing mesons with the nu- 
clear and Coulomb fields of the nucleus. As seen 
on Fig. 2, the experimental points lie well on 
curve 2, thus confirming the model according to 
which meson creation inside the nucleus is strongly 
suppressed. Attention should be called to the ab- 
sence of maxima for nuclei with excess neutrons, 
in contrast to previous work? in which the depend- 
ence of 65 Mev meson output on atomic number 
was investigated. 

Figure 3 shows the ratio of the output of posi- 
tive and negative mesons as a function of atomic 
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number. For our energies, the a” to qm ratio 
decreased with increasing A. This effect can be 
explained by the interaction of the outgoing mesons © 
with the Coulomb field of the nucleus, which for 
slow mesons leads to a big difference in the out- 
put of mesons of different signs. This interaction 
was studied by Baldin and Lebedev (private com- 
munication); the experimental points agree with 
their curve. 

In ending, we must express our thanks to V. I. 
Veksler for guiding the work, and also to A. M. 
Baldin and A. I. Lebedev for reviewing the re- 
sults. 
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The excited-state angular momenta and multipole types of the y transitions of Re!®’ have 
been determined by measuring the angular correlation of the 552 —134, 480 —134, and 
72—134 kev y cascades. A value of (2.2 + 0.5) x 10-2 was obtained for the ratio of the 
E2 and M1 amplitudes of the radiation mixture 62 =1(E2)/I1(M1), in the y transition 
with an energy of 134 kev. The relative intensity of the 552-kev y line was determined. 
The internal conversion coefficient for the K-shell y transition with an energy of 134 


kev was measured. 
INTRODUCTION 


Ib decay of w'8" and the nuclear level scheme 
of Re!®’ has been repeatedly investigated by vari- 
ous methods.'~’ The results of these investigations, 
which characterize the properties of the 6 transi- 
tions of W'®’ and the y transitions of Re’®’, are 
illustrated by the table and by the decay scheme of 
Wein Fig. 1. 

One may assume that the sequence of y transi- 
tions, spins and parities of the ground state and 
the first excited state, and also the multipole types 
of the y; and y3 transitions of the Re’®’ nucleus 
have been safely established. The information on 


the multipole types of the other y transitions is 
contradictory. 
The present work had the purpose of obtaining 


additional data relative to the Re 


187 


level scheme 


with the aid of scintillation coincidence methods. 


APPARATUS 


A block diagram of the measuring setup is 
shown in Fig. 2. The detection of the y radiation 
was made by cylindrical crystals of NaI(T1) of 
diameter 30 mm and heights 13 and 20 mm. The 
crystals were mounted on the photocathodes of 
two FEU-S photomultipliers. After amplification 
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*Results of the present work. 


nad by Wi 1/60,° L/M = 3.5 + 0:5.° The ratio of the radiation amplitudes 


of the mixture E2 and M1 in the 134-kev y transition amounts to (2.2 + (),5) 10 =. 


*&*The ratio of the intensity of the 206-kev y-quanta to the intensity of the 
unconverted 134-kev y-quanta is less than 1). The lifetime of the 206-kev 


level energy is Ty, = 0.51 + 0.02 psec. 10 
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FIG. 1. Decay scheme of W’**’. 


and amplitude selection with the help of an ampli- 
tude analyzer, the pulses from the light flashes in 
the crystals entered a multi-channel delayed-co- 
incidence circuit. The circuit made possible meas- 
urements with a delay time of from 0 to 1 usec. 

The number of channels of the coincidence circuit 
used varied from 3 to 6, depending on the nature 

of the problem. The resolving power T of each 
channel also varied from 1.5 x 1078 to 107 sec. 

A single count was registered by scalers. 


FIG. 2. Block diagram of the measuring set-up: S— source; 
C—crystals of NaI(T1); FEU —photomultipliers; A— amplifiers; 
AA — amplitude analyzers; CC — multichannel delayed coinci- 
dence circuit; Sc—scaler; N —electromechanical counters. 


The apparatus allowed the taking of instanta- 
neous and delayed coincidence spectra, the de- 
termination of internal conversion coefficients 
and the measurement of angular correlations. The 
lifetime of the metastable state of Re!®’ was meas- 
ured earlier in similar apparatus.!° 

Gamma-ray spectra of Rel’? obtained with the 
help of the apparatus described, are shown in Figs, 
3 and 4, 


MEASUREMENTS AND RESULTS 


The single (Fig. 3) and coincidence (Fig. 4) 
y -ray spectra of Re’®’ obtained in the present 
work are completely analogous to the spectra of 
reference 4. However, the 552-kev y line, which 
is not seen in the single spectrum (Fig. 3) and 
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FIG. 3. Single spectra of Re*®’ y rays (for the upper curve 
the reading of N is on the right-hand ordinate axis; V is the 


bias voltage). 


did not appear in the coincidence spectra of ref- 
erence 4, was clearly obtained in the spectrum 

of instantaneous coincidences with the 134-kev 

y line, shown in Fig. 4. From the ratio of the 
areas of the photopeaks at 480 and 552 kev (Fig. 4), 
taking into account the experimentally determined! 
efficiency of the Nal crystal, the resolving power 
of the coincidence circuit of 27 and the lifetime 
of the 206 kev energy excited level, a value of 

0.10 + 0.02 was obtained for the ratio of the in- 
tensities I(552)/1(480) of the y-lines, which 

is four times less than the value obtained for this 
ratio in reference 6. As is evident from Fig. 4, 
the slits of the amplitude analyzer could, by suit- 
able adjustment, almost completely separate the 
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FIG. 4. Section of the y-coincidence spectrum with 134-key 
line in Re**’. The solid line is the instantaneous-coincidence 
spectrum, the dotted, the delayed-coincidence spectrum taken - 
for a delay time tq = 0.1 psec. The resolving powers of the 
channels of the coincidence circuit is t = 1.6 x 107° sec. 
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552 kev y line from the 480 kev y line. This 
circumstance was used for the determination of 
the internal-conversion coefficient ais in the 
K shell for the 134-kev y transition, and also 
for the measurement of the angular correlation 
of the 552—134 kev y cascade. The coefficient 
ays was determined from the ratios of the areas 
of the photopeaks of the x-ray K line of Re and 
the 134-kev y line in the coincidence spectrum 
with the 552-kev y line. After introducing cor- 
rections for the efficiency of the Nal crystal, for 
the fluorescence yield of Re, and for absorption 
of the y and x-radiation in the equipment (the 
total of all the corrections was 5%), a value 
ay" = 2.0 + 0.2 was obtained. 

In the measurements of the angular correlation 
of the 552 — 134 kev cascade, as in all other meas- 
urements, a preparation of W!8" was used, ob- 
tained by the reaction W'!% (n, y) w'8", In the 
majority of cases the target was a tungsten wire 
of diameter 6.2 mm, from which sources with 
lengths from one to several millimeters were 
directly prepared. The distance from the source 
to the Nal crystal was 70 mm. The 552-kev y 
line was registered by the first counter, in which 
a 20 mm high NalI(T1) crystal served as a de- 
tector, while the slit of the amplitude analyzer 
was set so that the contribution of the 480-kev 
y line did not exceed 5%. The second counter 
with a 13 mm high Nal crystal registered the 
134-kev y line. As a precaution against Compton 
scattering from one crystal into the other, which 
would lead to false coincidences, the Nal crystal 
of the first counter was covered by a lead filter 
3 mm thick in front and 4 mm thick on the side 
surfaces. Coincidences were registered in a 
three-channel circuit. Two of these channels 
served as monitors: in the case of a normally 
working circuit and accurate set-up of the slit 
of the amplitude analyzers, these channels could 
not register any coincidences except random ones. 
The resolving time of the coincidence channels was 
determined by random coincidences from inde- 
pendent sources and was equal to 2.5 Xx 10°° sec 
in each cRannel. The number of coincidences at 
angles @ of 90, 135, and 180° alternately, with 
an interval of 10 minutes, was measured with the 
aim of determining the angular correlation func- 
tion W(@). Simultaneously with the measurement 
of the coincidences at a given angle, the number of 


single charges of the counters were determined. 
About 15,000 true coincidences were registered for 


each of the foregoing angles, @, with the ratio of 
the number of true coincidences to the number of 
random coincidences equal to Ni/Ny = 2. The 


average true coincidence rate was 9 counts/minute. 
In calculating W(@) corrections were introduced 
for a variation of the single pulses in the counters, 
for the finite angular resolution of the detectors, 
and for the decay of the W'®" source (half-life 

T, Va 24 hrs.). The contribution of the high-energy 
lines was not taken into account. As a result the 
following was obtained for the angular correlation 
function of the 552 —134 kev y cascade in Re!®" 


W (8) = 1 + (0.023 + 0.014) cos? 8, 


Which corresponds to the sequence of transitions 
*(E1)"%(M1+E2)°4, if the ratio of the ampli- 
tudes of the mixture 6%=1(E2)/I(M1) of the 
134-kev transition is taken equal to (2.2 + 0.5) x 
LOM72 in agreement with the Coulomb excitation 
data,° with 6 <0 (see Fig. 5). 
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FIG. 5. Curves of W(180°)/W(90°) — 1 (theoretical) for the 
552 — 134, 480 —72 — 134 and 72— 134 kev y transitions as 
functions of ratio of the amplitudes 6? = I(E2)/I(M1) of the E2 
and M1 radiation mixture of the 134-kev y transition for the 
following sequences of transitions: 1) °4 (El) 74 (M1 + E2) %, 
2) % (E2) *4 (E1) % (M1 + E2) %, 3) % (El) “4 (M1 + E2) % 


Along with those described above, measurements 
of the angular correlations of the 480 —134 and 
72—134 kev y cascades in Re!’ were made. The 
first measurements of the 480 — 134 kev cascade 
correlations were made with a five channel 
delayed-coincidence circuit with the width of each 
channel equal to 27 =1.7 x10" sec. The sixth 
channel of the circuit registered the zero-delay 
coincidences. Thus the behavior of the function 
W (@) of the indicated cascade could be studied 
in its dependence on the delay time over the in- 
terval from 2x 107’ to 1078 sec. The measure- 
ment conditions were similar to those described 
earlier, the only difference being that no measures 
were taken to protect against scattering from crys- 
tal to crystal, since this effect does not give delay 
coincidences. Besides, the measurements were 
made not only with metallic, but with liquid 
sources, aqueous solutions of ammonium tungstate. 
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The angular distribution of the 480 —134 kev y 
cascade for all five channels of delayed coinci- 
dences turned out to be isotropic within 1 to 2%, 
both in the case of solid and in the case of liquid 
sources. Inasmuch as this fact can be explained 
by disruption of the angular correlation, owing 

to the interaction between the Re!®’ nucleus in the 
intermediate state and the fields external to the 
nucleus,!* the measurements were repeated using 
only one channel with instantaneous coincidences. 
Here the resolving power 7 of this channel was 
decreased to 1.5 x 10° sec, and for protection 
from scattering of radiation from crystal to crys- 
tal a lead filter was again used. The true coinci- 
dence counting rate in this series of measure- 
ments consisted on the average of 4 counts/minute 
with an Nt/Ny ratio © 1.3. For each of the three 
angles @ (90, 135, and 180°), about 8000 true co- 
incidences were obtained. After correcting for the 
finite angular resolution of the detectors, that the 
coefficient a, was found to equal —0.04 + 0.02, 

if the correlation function has the form W(@) = 
1+a,cos?6@. If we take into account in the meas- 
urements the contribution of the 552-kev y line 
(this contribution amounts to (35 +5)% of the 
contribution from the 480 kev y-line), then a, 

is found to be —0.06 + 0.04. This result agrees 
best of all with the data of the measurement of the 
552 — 134 kev cascade in the case of the transition 
sequence %/(E2)%(E1)%(M1+E2)%. Here the 
ratio of the amplitudes of the mixture in the last 
transition (134 kev) 6? = (2.541.5) x10; 

Ouxs On ( Fig. 5). 

If the foregoing arrangement of moments and 
multipolarities are correct, the angular correla- 
tions of the 72 —134 kev y cascade must corre- 
spond to the transition sequence °%/% (E1)%(M1+ 
E2)*,. The measurement results turned out to 
be in agreement with this conclusion. It is im- 
possible to use a frontal lead filter for protection 
against scattering from crystal to crystal in the 
measurement of the angular correlation of the 
72 —134 kev cascade. Therefore only one lead 
side screen was used, but the measurements were 
made for @ equal to 30, 45, 60 and 90° in such a 
geometry that the side screen completely excluded 
the possibility of registering quanta scattered from 
crystal to crystal. The resolving time of the coin- 
cidence circuit was 1.5 x 107’ sec, and the dis- 
tance from the source to the Nal crystal was 100 
mm. Under these conditions a value 0.009 + 0.010 
was obtained for the coefficient a,. In the separa- 
tion of the 72-kev photopeak, we registered the K - 
shell x-rays from Re, formed as a result of in- 
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. . | 
ternal conversion. The radiation due to these co- | 


incidences possesses an isotropic angular distri- | 
bution. Knowing the conversion coefficients for 
the corresponding transitions, we can calculate 
the contribution of the x-rays to the measured 
correlation. In the case of the sequence of tran- | 
sitions %(E1)%(M1+E2)% the 72-kev y | 
transition is El. Utilizing the theoretical values 
for the K- and L-shell internal conversion co- 
efficients, the aK =0.5 (reference 13) and ay, = 
0.14,'4 and also taking into account the contribu- | 
tions of the 480 and 552 kev y lines ina manner © 
similar to that used in reference 7, we find ag= ff 
0.015 + 0.017. | 
We obtain therefore for the ratio of the 134-kevy_ 
transition amplitudes 6? = (1.7 + 0.7) x 10°; | 
6<0 (see Fig. 5). 


CONCLUSION 


The results of the present work confirm the 
assignment of the angular momenta of the excited 
states and the multipole types of the Re!®’ y tran- 
sitions proposed in the decay scheme of reference. 
15. According to this scheme, the 206-kev meta- 
stable state of Re'®’ has a spin °4 and negative 
parity. In reference 7 a spin of %, and positive 
parity were ascribed to the indicated state on the 
basis of measurements of the angular correlation 
of the 72—134 kev y cascade. However, it seems; 
unlikely that a 206-kev state possessing the same 
parity as the ground state and differing from the 
latter in momentum only by unity would have so 
long a lifetime. 
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The anisotropy of gamma rays from Co® in a magnetized cobalt-iron alloy ( Permendur ) 
was measured at temperatures from 0.03 to 0.1°K. The effective magnetic field strength 
H = 2.5 x 10° gauss was obtained at the cobalt nucleus. No gamma-ray anisotropy was 
detected in similar experiments on Fe? nuclei in Armco iron cooled down to 0.02°K. 


iN few years ago Khutsishvili suggested a pro- 
cedure for polarizing nuclei in ferromagnets. In 
1955 and 1956 he reported!” the results of an ex- 
perimental test of this procedure by Alekseevskil, 
Shchegolev and Zavaritskil,* who observed about 
10 —15% anisotropy of y rays from Co® at 
0.05 —0.08°K. Similar results were obtained at 
about the same time by the Kurti group at Ox- 
ford.’ The present note concerns experiments 
on the polarization of Co” and Fe*? nuclei in 
ferromagnetics. 

A specimen of Permendur, a ferromagnetic 
polycrystalline alloy (50% Co and 50% Fe), of 
3 mm diameter and 0.2 mm thickness, was irra- 
diated by thermal neutrons in a reactor. After 
irradiation the specimen was vacuum annealed 
and soldered to the end of a copper “cold con- 
ductor;” it was then placed in a field of 1000 
oersteds between the poles of a small permanent 
magnet in a cryostat. The specimen was then 
cooled to a temperature of a few hundredths of a 
degree by the adiabatic demagnetization of potas- 
sium chrome alum. The magnetic temperature 
was measured with an ac bridge at 60 cps. 

y rays from Co were registered by two scin- 
tillation counters with CsI crystals of 40 mm di- 
ameter and 40 mm thickness. The radioactivity 
of the specimens was 3 or 4 ucuries, which yielded 
more than 10,000 scintillation counts in 100 sec 
(at a single temperature). Several series of 
measurements were obtained with two specimens. 

The most reliable experimental results are 
shown in the figure, where «€ = 1 — N(0)/N (1/2) 
is the anisotropy, N(0) is the count from the 
counter placed parallel to the magnetic field, 
N(1/2) is the count perpendicular to the mag- 
netic field and T is the absolute temperature 
of the salt. An insignificant correction for heat- 


*The data obtained by N. V. Zavaritski¥ are given in 
greater detail in reference 2. 
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ing due to the absorption of beta particles was 
neglected. Values obtained for the anisotropy 
down to 0.04°K are well fitted by the straight line 


Se || VoallQreyre: 


The deviation from this line at lower tempera- 
tures is associated, in our opinion, with the max- 
imum of the nuclear specific heat of cobalt, which 
prevents cooling of the specimen to the tempera- 
ture of the salt. 

A comparison of our results with those in refer- 
ence 4 shows that the field at a cobalt nucleus in 
the alloy lattice is close in value to the field at 
an ion in a pure cobalt crystal. In our case H = 
2.5 X 10° gauss, which corresponds to A = 2.4 x 
10-2°K for the hyperfine splitting factor. In ref- 
erence 4 H = 2.3 x 10° gauss and A = 2.2 x 1072 
Cale 

The experiment on the polarization of Fe°? 
nuclei was similar to that performed with cobalt. 
The specimen of Armco iron was a disk 3 mm in 
diameter and 0.1 mm thick, which was annealed 
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after being irradiated in a reactor. The initial 
activity of the disk did not exceed 2 or 3 ucuries. 
The counters registered only gamma rays with 


1290 kev (from the transition 34 26 % ) emitted 


iter °/,- iss *%, beta decay. 

In the temperature range from 0.02 or 0.03 to 
1° K these experiments detected no difference be- 
tween the gamma-ray counts parallel and perpen- 
dicular to the field, with better than 0.5% accuracy. 
This result disagrees with that given in reference 
5. Assuming that the field of the electron shells 
at the Fe? nucleus does not differ greatly from 
that at the cobalt nucleus, we can obtain an upper 
limit for the magnetic moment of the Fe*? nucleus. 
With H=2.5x10° gauss and € < 0.5% we obtain 
up (Fe?) < 1.5 nuclear magnetons. 

The authors wish to thank E. K. Zavofskif for 
his continued interest and valuable suggestions, 
and L. V. Groshev for a discussion of the results. 
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The rotational structure of the Q branch of the vibrational band of the Raman spectrum of 
nitrogen was studied. The dissimilar nature of the impact broadening of the vibrational and 
rotational lines of the spectra is established. The following effective collision radii deter- 
mining the Raman spectrum line broadening were found: for the Q branch of the vibrational 
band py =0.43A, for the purely rotational band lines py =3.9A. It is shown that the ex- 
perimental results do not contradict the impact theory of spectral line broadening. 


‘Tae phenomenon of Raman scattering is funda- 
mentally related to the intramolecular vibrations 
and rotations of molecules. However, the inter- 
molecular interaction also leaves its imprint on 
these processes and is reflected in the spectrum. 
Therefore an investigation of the spectra makes 
possible the study of the influence of the inter- 
molecular interaction on the processes related to 
Raman scattering and, besides, allows a more 
complete disclosure of the dynamics of mole- 
cules in the presence of an external perturbation. 

The study of the manifestation of the intermo- 
lecular interaction in the spectrum begins logi- 
cally with a gas at moderate pressures, whose 
kinetics of motion are well known, and therefore 
the treatment of results is facilitated. Besides, 
such a study may turn out to be usefui in the in- 
vestigation of phase transitions and the structure 
of liquids. 

The effect of the intermolecular forces is 
small, and affects mostly the line contours. An 
investigation of the line contour, as far as the 
theory of collision broadening is concerned, 
makes it possible to find the effective optical 
collision radii for the processes that determine 
the Raman-scattering line broadening. 

Measurement of the line widths involves con- 
siderable experimental difficulties, and therefore 
comparatively little work has been done on inter- 
molecular interactions in Raman scattering. The 
most interesting in this direction is the work of 
Sterin.! He measured the line widths of the com- 
pletely symmetrical vibrations of benzene (Av = 
992 em™!) in the liquid and in the vapor. It turned 
out that the line width was not changed in the phase 
transition, a fact explained by the rotational split- 
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ting of the Q branch of the vibrational band.” 

The aim of the present work was to investigate 
the line broadening of Raman scattering in a gas, 
to study in more detail the rotational splitting of 
the vibrational-transition Q branch, and to study ~ 
the spectrum of a liquid. Nitrogen was chosen as 
the object of the investigation. 


EXPERIMENT 


A high-pressure illuminator for the investiga- 
tion of Raman scattering in gases at various pres- 
sures and constant temperature was developed and 
manufactured jointly with the High-Pressure Phys- | 
ics Institute of the U.S.S.R. Academy of Science; 
its construction is shown in Fig. 1. Three PRK-2 


FIG. 1. Diagram of the 
high pressure illuminator: 
1—housing; 2— illuminating 
lamps with water filters; 
3— cylindrical lenses 
4—scattering volume. 


lamps, surrounded by a running-water cooling 
filter, were placed parallel to the scattering vol- 
ume and illuminated it through cylindrical lenses 

of organic glass. The lenses, placed in a “hot” 
setting, served simultaneously as seals for the 
illumination windows. The illuminator withstood 

a test pressure of 450 atmos. Within the seatter- 
ing volume was placed a multiply reflecting sys- Re. 
tem with aluminized mirrors, which permitted a 
shortening of the exposure time by a factor of six 
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or seven.’ With the help of a specially-designed 


-double-lens condenser, the forward aperture of 
the mirror system was reflected on the spectro- 
graph aperture, and the rear of the mirror was 
reflected on the collimator. The gas in the il- 
luminator was supplied directly from cylinders. 

A double-lamp illuminator with cylindrical 
lenses and water-cooled mercury lamps was used 
to photograph the liquid nitrogen.* 

The Raman scattering spectrum was excited 
by the 4047 and 4358 A mercury lines and re- 
corded on a HUET V-III spectrograph with a 
linear dispersion equal to 22.7 cm™!/mm in the 
4047-A region and to 36.2 cm™!/mm in the 4358-A 
region. The exposure time of the Raman-Ortho 
Agfa plates ranged from 3 to 40 hours. The spec- 
trograph was thermostatically controlled during 
the exposure time. 

Each experimental point for a given pressure 
was obtained as an average from three to four 
photographs. The photographs were processed 
on an MF-4 microphotometer; the total width 
of the excitation line, of the slit, and of the appa- 
ratus function of the spectrograph and the emul- 
sion (~1.5 cm”! for the gas and ~1 cm“! for the 
liquid) was excluded from the results of the meas- 
urements® in the subsequent processing. The av- 
erage error in the measurements of the line 
widths comprised about 10%. 

The Raman scattering spectrum of nitrogen 
(gas) consists of O and S branches of rota- 
tional bands situated on both sides of the excita- 
tion line, anda Q branch of the vibrational band. 
The scattering spectrum in nitrogen was studied 
at 27°C in the pressure interval from 7 to 114 
atmos. 

The rotational spectrum for low pressures 
consists of sharp equidistant lines of alternating 
intensities with component distances of 8.0 em}; 
up to 15 lines of the O branch and 25 lines of 
the S branch were observed. On increasing the 
pressure, the lines of the rotational spectrum 
broadened; at a pressure of 20 atmos they began 
to overlap and for p> 80 atmos they blended intc 
a continuous band with weakly defined maxima at 
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FIG. 2. Raman scattering spectra of nitrogen at pressures 
a) 15, b) 25, c) 40 and d) 60 atmos; t = 27°C. 


its width in the region of pressure investigated 
the positions of the intense rotational lines (Fig. 2). 

Only the Q branch of the vibrational-rotational 
transition is observed in the vibrational band of 
nitrogen (Av = 2340 cm! ); the O and S 
branches, being weaker in intensity, were not 
observed on the photographs. 

The Q branch of the vibrational band of nitro- 
gen is narrow (~2 cm!) and has an asymmetric 
form with an arm on the violet side. On increas- 
ing the pressure the Q branch broadens slightly, 
being less than the width of the pure rotational 
band component. 

The variation with pressure of the rotational 
(6w) and vibrational (6v) Raman scattering line 
widths of nitrogen is shown in Table I and in Fig. 3; 
the average width for the transitions with J=0—15 
is given for the rotational lines. 

To clarify the role of the temperature, the spec- 
trum of nitrogen was investigated by us at t= 
200°C (pressure p = 90 atmos, reduced to 27°C) 
and at the temperature of liquid nitrogen, at t= 
—190°C. The investigation showed that the nitro- 
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FIG. 3. Pressure de- ¢ 
pendence of the widths of 
the rotational, dw, and the ¢ 
vibrational, dv, lines of 
the nitrogen Raman scat- 2 
tering. 


TABLE I. Dependence of the nitrogen Raman scattering line 
width on pressure (t = 27°C) 


p, atmos 80,cm™ | 5v.em™ 
3 ~0,5* — 
7 4.75-+0.9 = 

15 2250.7 eles 

29 4,.7+0.7 1,850.5 

40 5, 8+0.8 4 .8+0.2 


80,cm7 | 


p, atmos év, cm 
60 6,4+0.9 1,9+0,2 
80 7.1+1.0 4,95-40 2 
100 — 2.4+0.2 
1414 _ 2.4+0,3 


*Measured by V. A. Iozenas, Moscow State University. 
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gen lines are wider at 200°C than at room temper- 
ature: 6w=8.5+2cm"?, 6v=5.441.5 em”. 
Only the Q branch of the vibrational band is ob- 
served in the liquid nitrogen spectrum with a 
width 6y =0.4+0.2cm"!, the rotational bands 
being absent.® 

The frequency shift of the Raman scattering 
lines lies within the limits of the errors of meas- 


urement (~1 em™'). 


DISCUSSION OF RESULTS 


1. The broadening due to molecular collisions, !* 


the analysis of which is best begun with an investi- 
gation of the pressure dependence at constant tem- 
perature, is the basic cause of the observed line 
broadening. 

For the rotational lines in the region investi- 
gated the pressure dependence dw (p) has the 
following form: from 0 to approximately 25 atmos 
it is a straight line, at 25 atmos there is a bend, 
then the straight line begins anew, but with smaller 
slope (see Fig. 3). According to the collision- 
broadening mechanism, this motion of the curve 
may be explained in the following manner. In the 
0 — 25 atmos region the density of molecules is 
comparatively small, the collision duration is 
much less than the time between collisions, and 
the levels do not yet overlap one another, there- 
fore the theory of collision broadening can be 
applied here. This allows us to estimate the 
effective optical-collision radius p,) for the ro- 
tational levels. From collision theory, the line 
width is 6 = 21Nvp? (N is the number of mole- 
cules per cm’, V is the average molecular ve- 
locity’). For nitrogen at 27°C this relation leads 
to the following dependence of the line width on 
the pressure: 

= 0,027 p?p 


(p isin A, p is in atmos, and 6 is incm”™). 
Utilizing the experimental dependence for 6w(p), 
we find the effective collision radius for the rota- 
tional lines of nitrogen op.) = 3.3A. The value of 
Pw allows us to estimate the upper bound of the 
region of the collision broadening influence and, 
correspondingly, the beginning of the statistical 
broadening region, The collision theory is accu- 
rate’ for 2mpN << 1, whence the upper bound of 
the pressure for collision broadening of the rota- 
tional levels is p << 100 atmos. 

In the region above 25 atmos the rotational lev- 
els overlap, and the slope of the curve becomes 
smaller. A systematic error in the calculation 
of the width arises for strongly overlapping lines, 
i.e., the calculation does not take into account the 
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drop in line intensity at the edge of the rotational 
spectrum; in addition, the broadening mechanism 
for the overlapping levels is not completely clear; 
this fact may be the cause of the change in slope of 
the curve 6w(p). 


Besides the collision broadening, the unresolved J 


rotational structure enters into the observed width 
for the Q branch of the vibrational band of nitro- 
gen. From the 6v(p) curve extrapolated to zero 
pressure we can separate out the constant part of 
the width due to the rotational splitting; the re- 
maining part of the width, which is pressure de- 
pendent, naturally belongs to the collision broad- 
ening. The magnitude of the rotational splitting 
coincides with the calculations carried out below, 
the linear variation of the collision broadening 
agrees with the theory, and therefore the separa- 
tion operation is completely admissible. 

The width of the Q branch of nitrogen depends 
weakly on the pressure. Calculations based on 
collision theory and utilizing the experimental 
data yield p, =0.43A for the effective optical 
collision radius for the vibrational line, i.e., 
significantly less than the kinetic-theory radius, 
Pgas = 1.84A. Such a small value of py signi- 
fies only a small role of collisions in the broad- 
ening of the Q branch. The different values of 
py and py observed in practice testify to the 
different mechanisms of collision broadening of 
the rotational and vibrational lines. Here, evi- 
dently, the following fact plays a role: unlike the 
O and S branches of the rotational spectra 
(transitions Av=0, AJ =+2), the Q branch 
is composed of transitions in which the rotational 
state does not change (AJ =0). Therefore only 
the perturbation of the vibrational component of 
the Q-branch structure during a collision influ- 
ences the width, and perturbation of the rotational 
components does not manifest itself. 

The effective radii found for the nitrogen Raman 
scattering, py =3.3A and p,=0.43A, differ 
from the radii for the nitrogen microwave band 
Pmw 71.4 ~ 2.25A, quoted in reference 8; the 
observed difference points out the different ef- 
fectiveness of the impact for these processes. 

2. It was indicated above that the observed 
width of the Q branch was not due solely to col- 
lision broadening. The change of the moment of 
inertia of the molecules in vibration changes the 
separation between the rotational levels, and the 
rotational components of the Q branch are not 
exactly superimposed one on another, but are 
somewhat split. This structure, not resolved by 
the apparatus, introduces an additional contribu- 
tion into the observed width. 
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The frequencies of the rotational component of 
the Q branch are described by the formula 


ey can ie ae 


where v)— 2x9) is the frequency of the undis- 
placed component, and a = By — By is the vibra- 
tional-rotational interaction constant. The distri- 
bution of intensities among the different compo- 
nents is given by the expression (see reference 2) 
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The rotational structure of such a type is shown 
dotted in Fig. 4. Taking into account the depend- 
ence on J of the distance between components 
(which was neglected in reference 2), it is easy 
to find the averaged intensity distribution in the 
Q branch: 


B ‘ 
Tay = Toexp{— fe} / [1 + (1 + 4/4 , 
(the cross-hatched contour in Fig. 4). Graphical 
calculation for N, (B=1.998 cm, @=0.171 


em! and T = 300°K) leads to a width due to the 
unresolved rotational structure dvyot = 1.54 em}. 
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FIG. 4. The rota- 
tional structure of 
the nitrogen Q band 
at 300°K. 
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The pressure-independent part of the width, which 
is separated from the observed dependence of 
6v(p) by extrapolating the curve to zero pressure, 


Yfot 


equals 1.6 em‘, i.e., it coincides with the calcula- 
tions, and hence is explained by the rotational 
structure of the Q branch unresolved by the 
apparatus. 

The asymmetry of the observed contour serves 
as additional proof of the presence of rotational 
splitting. For p = 60 atmos, each rotational 
component of the Q branch was broadened to the 


magnitude of the collision and apparatus broaden- 
ing (~1.5 cm7!) and a rounded contour was con- 
structed which coincided.well with the one observed 
(in Fig. 2 calculated points are denoted by crosses). 

As is evident from Table II, the rotational split- 
ting introduces a basic length into the observed 
width of the Q branch and a significantly larger 
collision broadening over a comparatively wide 
interval of temperature. 

3. In conclusion we shall dwell momentarily on 
the role of the temperature. The frequency and 
energy of collisions and the distribution of the 
molecules over the rotational levels changes with 
the temperature; with an increase in temperature 
both these factors operate in identical directions: 
in view of the change of the populations of the ro- 
tational levels of the Q branch, more and more 
components appear and the width of their struc- 
ture grows, the collision broadening of the rota- 
tional and vibrational lines also increasing. 

A detailed examination of the rotational struc- 
ture of the Q branch and of the value obtained 
for p, found allows us to calculate the width of 
the vibrational lines at various temperatures; in 
Table II the present calculations are compared 
with the results of measurements for nitrogen at 
t = 200, 27 and —190°C. The measured values of 
Ov coincide with the calculations within the limits 
of error. For —190°C the experimental data be- 
long to the liquid, whereas the calculations were 
made for the gas. The agreement between the 
present calculations and the observed width in the 
liquid may be due to the width being fundamentally 
caused by rotational splitting, which is also pres- 
ent in the liquid; only a small part is due to the 
range of the intermolecular interaction. 

The present work was conducted at the sugges- 
tion of the prematurely deceased Academician 
G. S. Landsberg, and was conducted under his 
direction in the first stages. I consider it my 
duty to thank Profs. P. A. Bazhulin and I. I. 
Sobel’man for advice in the performance of the 
work and the discussion of results, and also my 
associates at the High-Pressure Physics Institute 


TABLE II. Comparative contributions of the collision broaden- 
ing and rotational splitting to the width of the Q branch of 
nitrogen at various temperatures 


Calculated for the gas Experimentai 
bv=dy, 
(AS p at 27°C rot - a 
Brot 5Vecol +d} dv, cm 
200 50 atmos 2,34 1.4 3.8 ees) 
27 50 atmos 1.54 0.2 LATS 4.8+0.2 
—190 liquid, 0,45 0.05 0.5 0,440.2 


p =0.5 g/cm? 
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of the U.S.S.R. Academy of Sciences, Profs. L. F. 
Vereshchagin, E. F. Shcherbakov, and I. E. Surkov, 
for help in the construction and preparation of the 
high-pressure illuminator. 
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The isomer Mo*™ has been obtained by irradiating the separated isotope Se®’ with 0! 
ions accelerated in a 150-cm cyclotron. The isomer results when three neutrons evapo- 
rate from the compound nucleus produced by the complete coalescence of Se®’ and o'8 

nuclei. The excitation function of this reaction and the absolute cross section for Mo®#™ 


production have been measured. 


Ir has been established in a number of investiga- 
tions! that the excitation energy of the isomer 
Mo®™ is 2460 kev and that its half-life is 6.95 
hrs. The isomeric nucleus drops to its ground 
level by the successive emission of 270-, 690-, 
and 1490-kev gamma rays. Mo®?™ cannot be 
produced very easily; it was not detected after 
the bombardment of Mo** with 10-Mev deuterons! 
or thermal neutrons,?” or after the irradiation of 
Mo*4 by 23- and 32-Mev y rays.?:* The reaction 
Mo* (n, 2n) Mo*™ has a small cross section. 
The data in references 1 —3 show that the cross 
section for Mo**(d, p)Mo*®™ with Eg =10 Mev 
and that for Mo (n, y)Mo™ are smaller than 
10~*° em?, and that the cross section for 

Mo* (n, 2n) Mo™ is of the order of 1072? cm?. 

The cross section for the reaction 
Nb*? (p, n) Mo”™ with 6.7-Mev protons is 
2x 10-2" em?, which is considerably smaller than 
the cross sections for the production of the iso- 
meric and ground states by means of the indicated 
(p, n) reaction in neighboring nuclei.’ 

According to Goldhaber® and to Kraushaar” the 
spin of Mo™ jis 73/, although the value 74% is 
suggested in reference 8. This large spin evi- 
dently accounts for the small cross sections for 
the production of Mo**™ in the reactions that have 
been mentioned. 

Reactions with heavy ions at ~ 100 Mev result 
in the formation of compound nuclei whose angular 
momentum may be as high as ~50. The evapora- 
tion of neutrons cannot essentially reduce the an- 
gular momentum of the compound nucleus; we can 
therefore expect that a relatively large yield of 
Mo?2™ will result from reactions with heavy ions. 

In the present work Mo#®™ was produced by the 
reaction Se®?(0!*® 3n). For this purpose we used 
a procedure developed at the Atomic Energy Insti- 
tute of the U.S.S.R. Academy of Sciences for study- 
ing nuclear reactions induced by multiply-charged 
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ions accelerated in a 150-cm cyclotron. Stacks 

of aluminum foils bearing hot pressed layers of 
92% enriched Se®’ were bombarded in the internal 
cyclotron beam by monoenergetic quintuply- 
charged oxygen ions at 102 + 2 Mev. The oxygen 
ion current was ~0.1 wa and the irradiation time 
was 1to1.5 hrs. y rays from the isomer Mo?™ 
were analyzed by means of a scintillation spec- 
trometer with a Nal(T1) crystal, which had been 
calibrated by means of well-known lines of Hf!*! 
(56, 135, 340, and 480 kev), Cs!8" (662 kev) and 
Co® (1170 and 1320 kev). The spectral sensitivity 
was determined by two methods, the first of which 
employed Cu®! y rays from 70 to 1200 kev, whose 
relative intensities are given in reference 9. The 
y-ray spectrum was measured under exactly the 
same conditions as the main experiment. The B 
activity of the specimens was measured at the 
same time by a calibrated B-ray counter. Through 
a comparison of the y-ray and £-particle inten- 
sities from Cu®! we were able to determine the 
relative spectral sensitivity of the spectrometer 
and its absolute efficiency for the registration of 
y rays. Cu®! was obtained through the reaction 
v*l (c!83, 3n) Cu®!, which we have investigated 
previously.!° 

In the second method the number of £6 particles 
from Cs!37, measured by a B-ray counter with 
4m solid angle, was compared with the number of 
662-kev y rays registered by the spectrometer. 
The results obtained by the two methods were in 
agreement. 

One of the y-ray spectra is shown in Fig. 1; 
270-, 690-, and 1490-kev y rays are seen to re- 
sult from the bombardment of Se®’ by o'* ions. 
These lines have a half-life of 7 hrs and the fact 
that they belong to a molybdenum isomer was veri- 
fied through the chemical separation of molybde- 
num from the selenium target. 8 activity with the 
same half-life at about 300 kev was also detected; 
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this is evidently due to internal conversion elec- 
trons from the decay of Mo*?™, The chemical 
analysis, investigation of the y-ray spectrum 
and measurement of the half-life provide the 
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Energy of oxygen ions, Mev 


basis for assigning the observed activity to Mo*™, FIG. 2 
g ee Boop nding a or eos ae and by the experimental procedures for work with 
ae a ony Mo on the energy ot the oxygen multiply-charged ions that have been developed 


ions was studied in two experiments. In the first 
of these experiments, represented by the solid 
lines in Fig. 2, a stack of five foils was irradiated. 
A 3 mg/cm? layer of Se®’ was deposited on each 
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These experiments show that nuclear isomers 
can be produced efficiently by means of heavy ions, 
especially those isomers which possess large spin. 
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Thick nuclear emulsions were used to study the angular distributions of protons from 
(d, p) stripping reactions initiated by 4-Mev deuterons in gaseous targets enriched with 


Ne?2 


and A**, It was established that the orbital angular momenta of the neutron captured 


into the ground and first (0.98 Mev) excited states of Ne*® are 2 and 0 (shell model configu- 
rations (1d5/2)* and (2s, /2)'), while in A®” the orbital angular momentum of the neutron 
in the ground state is 2 [corresponding to a configuration (1d3/.)~* ke 


INTRODUCTION 


eres and probable values for spins of the 
final nuclei in stripping reactions can be deter- 
mined from studies of the angular distributions. 
As is well known, the Coulomb and nuclear inter- 
actions are not taken into account in the Butler 
theory. These factors have little effect on the po- 
sitions of the peak in the angular distribution, al- 
though the Coulomb interaction does move the peak 
a little toward bigger angles while the nuclear in- 
teraction has the opposite effect. Up to Z > 20 and 
for deuteron energies the same order of magnitude 
as the Coulomb barrier in the target nucleus, the 
orbital angular momentum Ly of the captured par- 
ticle can usually be inferred from the position of 
the peak in the angular distribution. However, the 
Coulomb, and to a lesser extent the nuclear, inter- 
actions have a big influence on the cross section. 

The Coulomb interaction is hard to take into 
account exactly® because the calculations are 
complicated. Taking the Coulomb and nuclear in- 
teractions into account, the reduced widths oj of 
single particle states in the final nucleus should 
be little less than one, if measured in units of 
Wigner’s sum rule limit, while @? << 1 for states 
with a complicated structure, formed by many- 
particle excitation. Hence the value of OF obtained 
from such experiments without taking into account 
corrections has, essentially, only qualitative 
significance. However, if two-lying states of the 
final nucleus have approximately equal values of 
0}, then, considering the corrections due to 
Coulomb and nuclear forces to be of the same 
order of magnitude, that is evidence that the two 
states have similar types of excitation. 

In the work being reported upon here, the angu- 
lar distributions in (d, p) stripping reactions oc- 


1,2 


981 


curring in gaseous targets enriched with the 
isotopes Ne”? (enriched by 90%) and A** (enriched 
by 11%). The angular distribution associated with 
the reaction Ne” (d, p) Ne* has been studied by 
several authors (for example, reference 4); in the 
case of the reaction A*® (d,p) A®’, the angular dis- 
tribution is reported for the first time. 


DESCRIPTION OF THE EXPERIMENT 


Experimentally, it is harder to study the angular 
distributions from gaseous targets than it is from 
solid ones, especially when nuclear emulsions are 
used as detectors, since in this case it is neces- 
sary to define the directions of the outgoing parti- 
cles simultaneously for many angles. The best way 
of doing this is to use the target construction 
described by Chadwick, Burrows, and others,” 
where the ring-shaped space between two con- 
centric cylinders forms a common window for all 
angles. A drawback of this construction is that a 
large volume of gas is needed, filling the whole 
chamber with target and emulsions. We had only 
a small amount of enriched gas available, so the 
construction was modified somewhat. 

A diagram of the experiment is shown in Fig. 1. 
Accelerated to approximately 4 Mev by the cyclo- 
tron of the Institute of Nuclear Physics, Moscow 
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FIG. 1. Schematic diagram of the experiment. 
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State University, the deuterons passed through a 
set of collimating slits and were focused on a 
thin mica window (1.4 mg/cm’) which limited the 
volume of gas serving as the target. The particles 
produced in the reaction passed through two win- 
dows (4mm X 4mm) in the sides of the target 
volume, the windows being covered with thin or- 
ganic films of thickness 50 ug/cm’. The total 
volume of gas required was then the sum of the 
target volume, the volume of the filling system, 
and of the pressure gauge. This sum was about 
20 cm®. Under the gas pressure, the film bulged 
out into the vacuum in the shape of an irregular 
hemisphere. The products of the reaction passed 
through the film at approximately right angles for 
all angles which were counted, so the effect of 
multiple scattering in the film was held to a mini- 
mum. The gas pressures used were about 6.0 cm 
Hg. Aluminum foils were placed in front of the 
nuclear emulsions to absorb particles of energies 
less than those of interest. 

The variations in deuteron energy due to dif- 
ferent path length in the gas target for various 
emission angles @ were small and could be neg- 
lected (for neon and 6 in the range 17 to 60°, 
A¥g ~ 0.15 Mev). Thedeuteron energy was de- 
termined from the range of the most penetrating 
group of protons and from the known Q of the 
reaction. In the target gas, multiple scattering did 
not spread the deuteron beam by more than 30’. 

The tracks were scanned with a MBI-2 micro- 
scope having a magnification 1.5 x 90 x 5. The 
errors shown on the angular distributions below 
(see, for example, Figs. 3, 5) are statistical; the 
dotted horizontal line shows the isotropic part of 
the angular distribution. This is presumably con- 
nected with formation of the compound nucleus. 
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FIG, 2. Proton spectrum from the reactions Ne?®??(d, p) 


Ne”’”> at an angle 0;,, = 58°30’. One scale division = 1.25 ps 


thickness of the aluminum absorber: 39 mg/cm’. 


EXPERIMENTAL RESULTS AND DISCUSSION | 

1. Ne?? (d, p) Ne?’, Figure 2 shows the energy _ 
spectra of protons emitted at an angle 0),)= 58° 3¢ 
in (d, p) reactions on Ne™* and Ne*°, The resolutior 
is not good enough to distinguish between the | 
groups Ne?3(0), Ne?! (2) and Ne’? (1), Ne?! (3). How- 
ever, the groups from reactions on Ne?® must be | 
small in view of how rich the sample was in Ne??.! || 
Hence the intensities of the proton groups Ne?3 (0) i 
and Ne?3(1), corresponding to transitions to the 
ground and first excited states of Ne?’, were ob- 
tained from the normal distribution of track 
lengths in the histograms. Figure 3 shows the 
experimental angular distributions, together with 
theoretical curves calculated using Butler’s 
formulae. The calculations were made with values: 
R =6.1 x 10° cm and R =6.5 x 10° cm for the 
radii of the ground and first excited states re- 
spectively. The angular distribution of the proton 
group Ne” (0) corresponds to capture of a neutron > 
with orbital angular momentum 1, = 2, while that © 
of Ne (1) corresponds to 1, =0. These results 
agree with those given in reference 4, the latter 
having been obtained by magnetic analysis at 
deuteron energies Eg ~ 8 Mev; our values of R 
were taken from this paper. 

The possible values for the spin and parity of 
the ground state of Ne® are therefore 5/2+ or 
3/2+, while the corresponding quantities for the 
first excited state are 1/2+. The value 5/2+ for 
the ground state is predicted by the shell model 
and was used in calculating the reduced width. At 
the maxima of the angular distribution (and neg- 
lecting the isotropic part), the differential cross 
sections for transitions to the ground and first 
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FIG, 3. Angular distributions of protons from the reaction 
Ne” (d, p)Ne”*; a—ground state, J, = 2, b—first excited state 
ly =0. do/dQ in units of 12 mbn/sterad. 


ANGULAR DISTRIBUTIONS OF PROTONS FROM STRIPPING REACTIONS 


excited states are 1.87 (38°) and 11.1 (0°) mbn/ 
steradian respectively, while the corresponding 
values of 3 are 0.22 x 107 and 0.16 x 1072. 


According to the shell model, the ground state of 


Ne” with T = 3/2 has the configuration (1d5 2), 
corresponding to a “hole” in the filled neutron 
sub-shell 1d; /,, while the first excited state 
(0.98 Mev) is (254/2)7. 

2. A% (d,p) A®”, The proton spectra from re- 
actions on the isotopes A**, C3 and N" at and 
angle @jgph = 32° 30’ are shown in Fig. 4. The 
last two isotopes were present in the target gas 
as impurities. The statistics are unsatisfactory 
because there was relatively little A*® present, 
and in addition air as a contaminant; the emulsions 
were overloaded with grains from the y -back- 
ground and tracks from (d, n) reactions on light 
nuclei (C”, 0%). The angular distribution cor- 
responding to transitions to the ground state of 
A®" is shown in Fig. 5. The theoretical curve is 
calculated from Butler’s formulae with R =6.7 
x 1078cm. The absolute value of the cross sec- 
tion could not be calculated because the amount 
of air in the gas was unknown. The results show 
that a neutron is captured into the ground state 
of A®’ with orbital angular momentum in =2. 
Hence the possible values of spin and parity 
for this state are 3/2+ and 5/2+. The nucleus A*” 
has two proton and one neutron “holes” in the 
filled 1d34 shell, which according to the shell 
model implies a configuration (ids )a) for the 
ground state. This conclusion is supported by 
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FIG. 4. Proton spectrum from (d, p) reactions on A**, C’* 
and N'* at an angle Ojap, = 32° 30’. One scale division = 1.25y; 
thickness of the aluminum absorber: 120 mg/cm’. 
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analysis of the allowed B decay A*’— c]87 
(reference 7). 

In conclusion, I should like to express my 
gratitude to S.S. Vasil’ev for his constant in- 
terest in this work. I should also like to thank 
the cyclotron crew and their director, engineer 
G. V. Koshelyaev. 
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The EO transformation of K? to KS by their interaction with electrons is examined. An 
estimate is given of the cross section for the process and its angular distribution. The inter- 


ference of the electron and nuclear interactions 
scattered beam is considered. 


1. INTRODUCTION 


jiheg is well known, 2 the neutral mesons Ki and 
kK? have only approximate masses, and their 
linear combinations K° and ie which have definite 
strangeness, are not neutral in the true sense: that 
is, for charge conjugation C (or, more exactly, for 
the combined transform CP?) K® transforms into 
K° and K® into K®. Therefore, it is possible in 
principle for the interaction with the electromag- 
netic field to have opposite signs for K® and K°®, 
In the representation ks K$ this interaction does 
not have any diagonal elements by virtue of the 
true neutrality of kK} and Kes However, such an 
interaction can have nondiagonal elements capable 
of producing the transformation of K9 into K 
and ko into Ke, The question has been considered 
before under the assumption of a K-meson spin 
different from zero.‘ However, nowadays the K- 
meson spin is held to be zero. In such a case, as 
Feinberg showed, the only K interaction linear in 
the electromagnetic field is the monopole E0 inter- 
action, corresponding to the spherical-condenser 
model. 

The interaction is proportional to div E, that is, 
to the charge density p at the point where the K 
meson is. This interaction, examined in the present 
paper, is a basic kind of interaction for electrons 
with neutral K’s and significantly predominates 
over the weak (Fermi) interaction of electrons with 
Ss 

By virtue of the small mass difference between 

and KS , the E0-interaction with the field gives 

only a negligibly small brepablicy for the spontan- 
eous transformation of K9 into KY in vacuo with 
a photon emitted. K® and K® interact strongly with 
nucleons, and the effect considered here is only a 
small correction in the nucleon case. 
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in the transformation of K? to K$ in the un- 


2. ESTIMATE OF THE E0-MOMENT AND INTER- | 
ACTIONS WITH ELECTRONS 


For an estimate of the EO moment, equal to 
xe; i » we look at a model in which the K® meson 
is represented by the system (Kt + 1- + 7°), where 
Kt is located at the center, and the t- is spread 
over a sphere of radius f/m ec. 

The K® transformation in such a system satis- 
fies the selection rules for strong interactions, in 
particular conservation of strangeness, which for- 
bides the transformation K® into K7+ a+ +719, 
The transformation K® into K+ + m7- is forbidden 
by the pseudoscalarity of the m meson in strong 
interactions. Other possible virtual states, in 
particular those considered by Feinberg, require 
greater expenditures of energy. 

Evidently, the estimate obtained, according to 
which 

yer? = —e(h/ macy®, 


represents an upper limit, and a most likely ex- 
cessive one. 

In Feynman diagram language we consider a type | 
A diagram (see figure) together with a photon which | 
interacts with one or the other of the charged parti- | 
cles. If there is no direct K— interaction, then the 
hatched circles in A are taken to be Type B dia- 
grams. It is essential that the sign of the contribu- 
tion of the diagram considered (see figure) does not 


TA 


depend on the 2-nucleon mass difference or the 
difference in their interactions with 7’s. 
However, for the estimate we do not use per- 
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turbation-theory calculations, but look instead di- 
rectly at the picture in coordinate space. 

Let us find the K-electron interaction energy.* 
In the field of a potential ¢, the energy of a 
spherical condenser is 

Pe | 
E' = Ae Serr. 

Substituting Ag = —47p, we find 


Ele (26 /'3)0e(h / mxc)*. 

The charge density owing to the electron is p 
= — e|vel’, where e is the absolute value of the 
elementary charge. 

In the center-of-mass system of the colliding 
K and e, the wavelength of the electron is of the 
order of h/mec or more, that is, significantly 
larger than the dimensions of the condenser. 
Therefore, the interaction can be taken to be a 
point one, with the potential 


U (rx —fe) = — 8 (rx — re) (2% / 3) (e? / hc) (A / maC)> Myc? 
= — Bo(rg —r,). 


The coefficient B of the delta function has di- 
mensions cm® x erg. 


3. K SCATTERING ON THE ELECTRON 


The interaction described satisfies all the con- 
ditions required for the Born approximation to be 
applicable. Inasmuch as we are only getting esti- 
mates, we limit ourselves to the nonrelativistic 
approximation, and only S waves are taken to be 
excited. 

The solution has the form 


m Pyr , m,B ptt 
elpt — 2 Pell Udy = ele cee 
Qh Vy 2uh® fr 
r=fre—fe, mM = MKMe / (Mg + Me) = Me. 


The scattering cross section is equal to 


o = mB? / rh* = (4m / 9) (e? / hc)? (me / mz)? (bh / Mc)? 

=~ 2.10785 em?, 

Feinberg” estimates a possible cross section, 
substituting in his formula a quantity of the dimen- 
sions of the pion Compton wavelength. His last 
formula, in the nonrelativistic limit (Ee = mec?) 
and after multiplying by h and c where necessary, 
differs from ours only by the factor ‘9n?/8, There- 
fore, the numerical value 1072%cm? , given in 
reference 5, is evidently a misprint and should 
read 107% cm’. 

The expression derived above for the wave 
function and the cross section, equal in our work 


*From now on we omit the index 0 everywhere, since we 
only consider neutral K mesons. 
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to 2 x 10 cm, pertain to the K meson. For the 
energy of the interaction of a K with an electron, 
the constant and the amplitude of the scattered 
wave have the opposite sign, but the quantity o is 
the same as for K. 

For the scattering of Ky, which is represented 
as a linear combination of K and K, the ratio of 
the phases of K and K in the scattered wave 
changes sign relative to that in the incident wave. 
Therefore, if the incident wave is a current of 
long-lived Kg, the wave scattered by the electron 
becomes a pure K, current (short-lived, decaying 
into two pions) without any K, admixture. The re- 
action cross section or, more accurately, its upper 
limit is given in the formula derived above. 

We note that the cross section depends neither 
on the energy (mass) difference between Ky and K, 
nor on the kinetic energy of the K in the nonrela- 
tivistic approximation. The cross section for the 
transformation of Ky into K;, by collision with 
nucleons is the order of a few millibarns, 

In real substances, there is one electron for 
about every two nucleons. We shall take it that 
the nuclear cross section for the process K, — Ky, 
per electron, is on the order of 5 X 10~"em?. This 
quantity is 2.5 x 10° times greater than the cross 
section for the process examined, for electron 
interactions. 

In the laboratory system, the K interactions 
with nucleons and with electrons have essentially 
different angular distributions. For K energies 
of the order of 100 Mev the wavelength is on the 
order of 1.5 x 10713, and the forward differential 
scattering cross section for nuclei is not more 
than a few times greater than the average. For 
the order of magnitude for one electron 


dopyc/ dQ \pxy ~ 2-1078 cem*/steradian. 


For scattering by electrons the average 
energy transfer from 100 Mev K mesons is on the 
order of 50 kev; almost all the electrons in the 
atom can be regarded as being free. The spheri- 
cally symmetric scattering of the center of mass 
system becomes very strongly peaked in the 
forward direction on going over to the laboratory 
system, the maximum angle of inclination of the 
K meson (in the nonrelativistic approximation) be- 
ing equal to 6m = Me/my=10%, From this, the 
differential cross section for forward scattering 
with no energy loss 


dg / dQ exo = (| Me)?Sq1./ An = 1,510. 


To this must be added the same cross section 
for the particles which have transferred the maxi- 
mum energy (the fraction 4me/m,) to the electrons. 
Consequently, the forward cross section for scat- 
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tering by electrons, taking the most favorable esti- 
mate, is a hundred times less than that for nuclei. 
When the angle is increased from zero to the maxi- 
mum inclination 6m, the cross section increases 
and the average differential cross section in the 
interval 0 < @ < @m is four times greater than the 
one given above. 

We note that in the exact forward direction 
there is a stream of K,; mesons appearing in the 
unscattered beam according to the mechanism ob- 
served by Case® and especially Good,’ which 
sharply hinders the observation of the K,’s ob- 
tained in the scattering from electrons. From 
another side, this mechanism leads to effects 
linear in the scattering amplitude from electrons 
because of interference with the nuclear inter- 
action. These questions will be considered in de- 
tail in the next section. 

The remark of Feinberg® about the possibility of 
detecting the electromagnetic scattering of a Ke by 
the deviation from charge independence in the scat- 
tering of K"’s by protons and neutrons is founded on 
a misapprehension. The fact is that the K meson 
has isotopic spin 1/2, K° has the isotopic spin pro- 
jection —1/2, and therefore the scattering of K° by 
a proton (tz = +1/2) and on a neutron (tz = — 1/2) 
should not be unique in the theory of the isotopic 
spin invariance of interactions. The isotopic spin 
invariance theory establishes connections only 
between K? scattering by a proton and K* scatter- 
ing by a neutron, but for electromagnetic effects 
the interactions of the K* charge with the magnetic 
moment of the neutron is greater than the E0-inter- 
action of K° with the proton. Obviously the experi- 
ments are carried out not with free neutrons, but. 
with nuclei, and the K* interaction with the charge 
of the nucleus also enters. 


4, CREATION OF K; MESONS IN THE UNSCAT- 
TERED BEAM 


In the very elegant paper of Good! there is an 
exhaustive treatment of the question of the appear- 
ance of K,’s in the unscattered beam, a process 
depending on A(0), the scattering amplitude for 
zero angle, that is, on the quantity determining the 
refractive index of the medium n, given by 


n=1+ 2nNR°A (0), n’ = 1+ 2nNR?A’ (0), 
w, (0) = wpk? | n —n’ |?x6 (8) 

=w,| A (0) — A’ (0)} (Nx / k)?8 (8). 
In these formulas n and A are related to K, n’ 
and A’ are related to K, N is the number density 
of the scattering nuclei, k is the wave vector 
(inverse wavelength) of the mesons, wy is the in- 
cident Ky current, and w,(0) is the K; current 
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formed in the undeflected beam, that is, having 
precisely the same direction as the primary K, 
beam (the factor 6(@) on the right side of the 
formula). The peculiarity of the formula is that 
w, is proportional to the square of the thickness 
of the scatterer. 

This peculiarity is connected with the fact that 
K, and Kg are two very close states whose crea- 
tion takes place only through weak interactions. 
The quadratic growth of w, (0) continues only as 
long as the time of flight for the path x is less 
than the time corresponding to a certain mass 
difference, h/(m, — m,)c*, This time is of the 
order of magnitude of the decay lifetime of K,, 
107? sec, which gives x < 1cm for K’s with 
energies of 100 Mev. 

The K, current, got by means of the elastic 
scattering into the solid angle dQ at an angle 6 
to the direction of the primary beam Ky, gives 
the expression 


dw, = ¥/,w,| A (0) — A’ (8) PNxdQ. 


In such a way Good establishes the relation 
between w;,(0) in the direct current and dw, /dQ 
in the elastically scattered current: 


w, (0) = 4n®N xk (dw, / dQ)o-+08 (8). 


This relationship is general and for small x is 
fulfilled for arbitrary (electronic, nuclear) mecha- 
nisms of the process Ky, — Ky. 

The requirements for the electron process are 
confined to the fact that the only contribution to 
dw, /dQ is for small 6, < 10°. Therefore, if 
dw; /dQ is experimentally determined for angles, 
say, of @ = 0.05, 0.02, and 0.01, extrapolation to 
zero does not disclose the contribution from the 
electron process. Besides this, we have to do ex- 
perimentally with scatterings on two different 
kinds of particles, nuclei and electrons; so one of 
the conditions of Good’s results is not met. 

Let us take a fresh look at the question and 
compute directly the contribution to A(0), A’(0) 
and n, n’ from the interaction with the electrons. 
In Sec. 3 the scattering amplitude of K and K in 
the center of mass system was found, The ampli- 
tude of the wave function of the K; formed in 
the collision of a K, with an electron is equal to 
the same quantity, meB/2rh*. For the transition 
from the center of mass system to the laboratory 
system, the forward differential cross section, 
proportional to the square of the amplitude, is 
multiplied by the factor (my/me)’ . Consequently, 
the forward amplitude in the laboratory system is © 


AWS anh See LARS 


THE TRANSFORMATION K$ — K} BY ELECTRONS 


From this 
(n === N')et = 2nNek? (A oe A’) 
=> mre-2BNey / VR? = BNoy / Ex. 


The part of the refractive index depending on 
the interaction between the K and the electron 
can be easily found directly, without examining the 
scattering problem. The potential energy of the 
interaction with an individual electron is B6é x 
(te —rg), which means that the average potential 
energy of a K ina medium with an electron den- 
sity Ne] is U = Neg] B. For the transition of a K 
from the vacuum into the medium, its kinetic 
energy changes as a function of the electrons by 
the ratio 1 + U/Ex, while the wave vector changes 
by the ratio VI— U/Ex* 1 + U/2Ex, which cor- 
responds to a refractive index 


n=1+N,B/2Ex, n’'=1—Ny,B/2Ex 


in complete correspondence with the formula 
written above. For iron (density 8 g/cm’) and 100 


-Mev K mesons we get numerically (n—n’)e] 


= 1.4 10 . Now we find the value of (n—n’)nuc 
corresponding to the chosen nuclear differential 
cross section 2 X 107*’cm? /steradian-nucleon, i.e., 
for iron, 10° *°em? /steradian-nucleus. We get 


A(0)— A’ (0) |? = 4do /dQ = 4.1075, 
n—?' |nuc= 2tNpuck™| A (0) — A’ (0) | 
2 
=n(— eS Nauc | A (0) — A’ (0) | = 1.2+10738, 


mc Ex 


\ 


The electronic part of the refractive index is real. 
The relation between the real and imaginary parts 


of the nuclear difference | n — n’|nuc is unknown. In 
the most favorable case of real (n~ n’)nyc, the elec- 


tronic correction can reach + 25% of the observed 
number of K,’s in the unscattered beam (propor- 
tional to |(n—n’)o] + n=’) eq 1). 

Thus, from Good’s general statement the ex- 
amination of the connection he found between the 
creation of K,’s at small angles (but always larger 
than 6,,) and the creation of K,’s in the unscat- 
tered beam can give new interesting information 
about neutral K mesons; the actual divergences 
between Good’s formula and experiment would be 
shown in the interaction of K’s and electrons. 

We must remember here that the numerical 
estimates were made with assumptions that lead 
to excessive values and that in reality the possi- 
bility cannot be excluded that the EO moment of 
the K is several times smaller than the chosen 
value. The effect is lessened in direct proportion. 

We shall clear up a possible misunderstanding 
here. The quantity (n—n’),; depends on the density 
of negative charge from electrons in the substance, 
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but on the average the substance is electrically 
neutral. Should we not include the electromagnetic 
interaction of the K with.the protons, which are of 
opposite sign and will compensate for the electron 
interaction? Actually, in the formation of K,’s on 
nuclei, the influence of the electromagnetic field of 
the protons is already included. Because of the 
local character of the EO interaction, it acts at all 
angles, and not at just very small angles. (Above, 
in the electron case, the small angles arose be- 
cause of the smallness of the electron mass.) 

Consequently, if there were an electromagnetic 
interaction between the K’s and the protons, but not 
the electrons, Good’s formula would be exact. De- 
viations from it come only because of the inter- 
actions with electrons, since (n—n’)nyc is taken 
from experiment. 

The experimental investigation of the question 
poses great difficulties and will be possible only 
with Koo sources of high intensity and with great 
accuracy in determining the direction of flight of 
the K,, evidently by adding the momenta in the 
m+ and m— decays. 

I want to take this opportunity to thank L. D. 
Landau and L. B. Okun’ for their comments. 


RESULTS 


An estimate of the possible cross section for 
the process K, + e=K, +e. The ratio of this 
cross section to the nuclear one is of the order of 
10-8, and therefore direct observation of the proc- 
ess is excluded practically. The ratio increases 
to 1/100 for K,’s traveling in the direction of 
Ko, that is, forward. 

The contribution from the E0-interaction of 
K, with electrons to the refractive index of a 
substance for the “high” estimate reaches 10%, 
and so gives a correction of up to 25% in the de- 
scribed relation of Good between the creation of 
K,’s for small angles and in the unscattered beam. 
The observation of this correction, although dif- 
ficult, cannot be excluded. 
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The method of second quantization, applied in reference 1 to the calculation of matrix ele- 
ments for F and G operators of shell theory, is used to obtain a relation between fractional 
parentage coefficients of the beginning and the end of the shell. The change of the phase 
factors in the transition from “particle” to “hole” states is investigated. Selection rules 
for electromagnetic transitions in nuclei due to the symplectic group are found for the case 


of jj-coupling. 


i In a paper by Tumanovy, Shirokov and the author! 
a method based on second quantization was devel- 
oped to calculate matrix elements of a single par- 
ticle (F) and a two particle (G) operator for the 
general case of mixed particle or hole configura- 
tions. In the present work we shall obtain some 
formulae of matrix elements of F operators for 
hole configurations which have not been given in 
reference 1. We shall utilize these to obtain a con- 
nection between the fractional parentage coefficients 
for the beginning and the end of a shell, and to ob- 
tain new selection rules for electromagnetic transi- 
tions in nuclei. 

The wave function of a closed shell nucleon state 
forms a representation of the group of rotations in 
the usual and the isotopic spin space with J = 0 and 
T =0 and of the symplectic group with (ca) = (00). 
We therefore can consider this state to form the 
“vacuum” of particles and a state in which one 
particle is missing from the closed shell as a “hole” 
in the “vacuum” state. The transition from the 
nucleon annihilation operator b(j, m, 7) for the state 
j,m,7 to the creation operator for the correspond- 
ing hole state which has the proper exchange sym- 
metries is given by 


Cavey == (— 1)" (yO (1) 


—m, —=), 


where j is the angular momentum of a nucleon 
m is its projection and T is the projection of the 
isotopic spin. 

Utilizing Eq. (36) of reference 1 for the F 
operator and for the transition of the particle wave 
function | j"0~" (9) JT> to the hole wave function 
|j-" (co) JT > (where no = 2 (2j + 1) is the number 
of particles in the closed shell) we express the 
matrix elements in terms of the reduced matrix 
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elements < j,|lfkxllig> after some not too compli- 
cated transformations involving Clebsch-Gordan 
coefficients: 


<j-? (9) JT | fee | 7-7 (0’) J/T’D 
1)*(— 1)" (= 14 (— 1) 

X D<ir (a) JT | je! (@) IT) (8). T"| j# 1 (6) JT 
x USI R: SIC (Pale Ta) Glia 


= —n( 


(2) | 


Here k and x are the degrees of the operator F 
in space and isotopic spin space respectively, 
U (j,JjeJj3: JygJo3) are Racah coefficients,” (=e 
and Eyes are phase factors due to the particle 
— hole transition, and <j (a) JT|j2-!(0’) J’T’ > 
are the fractional parentage coefficients.? 

In a similar fashion we obtain an expression for 
mixed hole configurations employing the transfor- 
mation Eq. (26) of reference 1: 


Cf ri, a dP eal ieee 

= —(— 1)? Vin $1 (— 1) he (— 1) (— 1 (— 1)” 
[__2(2j2 +4) 

L(2k + 1) (2x + 1) 

xU (T/2T 7/2 >T1*) <i ll fen | je: 


2. The matrix element (3), calculated here 
through the use of the hole concept, can also be 
obtained in a different fashion, namely by using 
fractional parentage coefficients for configurations 
filling the shell by more than one half: 


V2 on spre Pe as 
|) RATA iTS U Gils Le) 


(3) 


Ce ae ie Ce | fea Ni Aemaae rates 
SY ig SY GRE aaa 
x U side: Jj) U (PHT k: Te) Gil fee Ned. 


Utilizing the known property of the Racah coeffi- 
cients 


(4) 


TRANSITION FROM ‘‘PARTICLE’’ TO ‘‘HOLE’’ STATES IN Sih Lb, THEORY 


U (jijed is: J 12J 93) 


Say ararlicn oS + 1) (2J 8 + 7 Ya 


7 eee U (Sivjod Jes: jiis), 


we obtain by equating (3) and (4) a relation between 
the fractional parentage coefficients for the begin— 
ning and the end of the shell: 


<j (a) IT | jee (0) JT’ 
ee (et — 


: [es 1) (2’ +4) (2T’4+ 1) Ma 
_(M% —n) (2d + 1) (27 + i 


1)t=T'—h 


KGEN Sled (oy IT (5) 


3. Setting the phase factors (—1)* and (— 1)* 
equal to unity in (5) we arrive at the known result 
connecting the fractional parentage coefficients for 
n > no /2 with those for n < no/2, derived by 
Rosenzweig‘ for the case of L-S coupling and 
extended to j-j coupling by Smirnov.° However, 
such an arbitrary choice of the phases is possible 
only if we consider the beginning and the end of 
the shell separately. In going through the middle 
of the shell it does not work. The formulae obtained 
in references 4 and 5 do not allow to join the results 
obtained for n =ng/2 with holes or with particles, 
and they lead to wrong results when trying to com- 
pute double fractional parentage coefficients (for 
splitting off two particles). 

Let us consider as an example the coefficients 
<(3/, )§(21) $41(*/ )* () JT>. Disregarding the 
phase factors in (5) we obtain 


<(8/2)® (21) */2 "2 | P/2)* (11) 20> = — 1/2 V5, 
<(9/2)® (21) 4/2 Me| (P/2)* (22) 20> = —Y7 /2V'5, 

<(8/o)® (21) 9/9 /s | (2/2)* (20) 11) = — 3/2 V5, 

CCT) 2 C2) 11) 2 = V3 2 V5. (6) 

The fractional parentage coefficients must obey 

the following orthogonality relations: 

Dei" (0) IT | [CITY GF (2) IT’ | f°? (0) TY 

MMII jd doh (LP Met Ve To) = 9, (7) 

if Jg + Tp is even. One can easily see that this re- 

lation is not fulfilled by the coefficients (6). A di- 

rect computation of these coefficients from solving 

a system of linear equations (the Racah method) 

yields 


< (%/2)® (21) Ya Val (*/a)* (11) 209 = /2V5, 

<(3/2)® (21) "fo 4/2 (*/2)* (22) 20> = — V7 /2 V5, 

<(3/3)® (21) 9/2 4/2 | (2/2) (20) 11> = 3/2 V5, 

< (8/2)® (21) 3/2 2f0 | (/2)* (11) 21) = V3/2 V5. (8) 
This example illustrates an important circum - 


stance. The first two coefficients of which one 
changes sign while the other does not correspond 
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to a transition into states with the same J and T 
but with different (9). This indicates that the 
change in the phase in the transition from n > n)/2 
to n < no/2 is connected with the character of the 
state with respect to the symplectic group. These 
characteristics were usually disregarded when 
considering the connection between particle and 
hole states. They also are not evident in (1). The 
introduction of additional phase factors into (1) is 
connected with the peculiarities in the vector addi- 
tion for hole configurations and has nothing to do 
with the change of the symplectic character in the 
transition from particle to hole states. These have 
to be accounted for separately. 

The question on the phase changes in the transi- 
tion from particle to hole states in the case of LS- 
coupling has been fully treated by Racah in his 
original papers on the theory of atomic configura- 
tions.?*® Considering consecutively the possible 
transitions in seniority: v ~ v +landv ~v-—-1 
he obtains a simple expression connecting the phase 
change of the configuration |J"vSL > with n and v. 
In connection with nuclei this question, also in LS- 
coupling, has been investigated by Jahn.’ The ques- 
tion of the phase change has not been treated for 
jj-coupling. 

According to the group-theoretical classification 
of states in the scheme of jj-coupling,® the wave 
function for a nucleon state forms a representation 
of the permutation group, the symplectic group, and 
the group of three dimensional rotations and conse- 
quently can be characterized by the quantum num- 
bers T, (o) (or, equivalently by s — the seniority 
and t — the reduced isotopic spin) and J. The prob- 
lem consists in connecting the phase change in the 
particle —hole transition with these quantum num- 
bers. 

This problem can be solved in the same way as 
Racah proceeded in the case of atoms.® By utilizing 
the Kasimir operator, #8 the eigenvalues of which 
denumerate the representations of the symplectic 
group, one thus has to obtain a recursion relation 
for the fractional parentage coefficients 


CE (ge) STAT es) 


This way the transition from particles to holes will 
not occur at n=n)/2 but ata smaller n. There the 
choice of the phases is unimportant and one can 
utilize (5) with an arbitrary choice of the phases. 
One can easily understand that such a procedure 
will lead to phases which in the general case will 
depend linearly on the quantum numbers of the 
state. The practical difficulty associated with such 
an approach is due to the fact that here in contrast 
to the atomic case the seniority is characterized by 


)J’'T’) and <jr—2 (a) JT | jr (0’) J’T’D, 
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two instead of one number. Consequently the num- 
ber of the possible transitions is much larger. They 
have to be considered in order to find the depend- 
ence of the phase on these quantum numbers. 

There exists another simpler procedure for 
solving this problem. It is based on the fact that the 
condition of the linear dependence of the phase on 
s and t allows to construct uniquely general ex- 
pressions for the phase in terms of these quantum 
numbers. Since the phase change which is connected 
with the symplectic group does not depend on J we 
have 


(9) 


Here a and £ are certain still undetermined inte- 
gers (obviously, either zero or unity). We remark 
that in the atomic case the expression (~1)(2—-v) /2 
is a generalization of Racah’s Eq. (65) of reference 
6 for the phase. We shall find the constants @ and 
B if we succeed to determine the phases independ- 
ently of (5) for some arbitrary “basis” set of states. 
We utilize for this purpose the fact that the or- 
thogonality relations (7) are true for arbitrary n and 
thus the computation of the fractional parentage co- 
efficients from a set of linear equations (the or- 
thogonality relations) does not only yield their values 
but also their phases. The “basis” set of states used 
to obtain @ and 6 can be arbitrary. It just has to be 
sufficiently large, i.e., it must contain a sufficiently 
large number of independent equations. This condi- 
tion is, for example, fulfilled by the above considered 
set of states | ( */, )4(a) JT>, which is connected by 
the fractional parentage coefficients (8) with the 
state |( 3/, )® (21)44>. Comparing (6) and (8) 

we find a = 0, 8 =1. Thus 


(1) = Ee ])s(2—8)/2+8(7-4), 


a ca er) cae (10) 


The constants a and 8 of (9) do not depend on j. 
Therefore the relation (10) which has been ob- 
tained for j =3/2 has general validity for arbi- 
traryvej. 

Taking (10) into account, Eq. (5) assumes the 
final form: 


an) aT, PO (6') FT’> 


ge, rae tineL NOEs eT aa 
Ss re Gon be ny Ql) OF +1)\ 


x <P (3) JTF F(@)IT)). (11) 


In the Appendix we give tables of fractional 
parentage coefficients which supplement the well 
known tables of Edmunds and Flowers.? 

4, We shall now apply the obtained results to 
the calculation of the probability of electromag- 
netic transitions in nuclei which consist of half 


Vervis Bias Ss On, i 


filled shells: n = no/2 =2j +1. The matrix element 
My, (1,«) for the transition of multipolarity 1 
and isotopic multiplicity x is given by the equation — | 


My (L, x) = <i" (3) ITIQ(L YIP IIT? 
= nbd (ITIP @)IT GIT IP (0) IT 
x U (Sps'L TI) U (Ta 7%: T Ya)X (IQ OID. 
The same element can be written down by means 
of (2). This way we obtain 


My (1, x) = —(— 1)'(— 1)" 
x DS (=f) Se: 


(13) 
1! 
Equation (13) expresses a selection rule due to the | 
symplectic group for electromagnetic transitions 

in the case of jj-coupling. It is not contained in the | 
selection rules with respect to the seniority s which), 
have been given by Neudachin. 10 In particular, if | 
the isotopic spin T, and the reduced isotopic spin 
t. in the final state equal zero (e.g., in the ground 
state of the nucleus) then t, and 7 are connected 


by the relation 


t; + 1 = odd number (14) [ 
In this connection, for example, in Be® the E2 
transition from the level 20 (22) to the ground state 
is forbidden while the M1 transition from the level 
20 (11) is allowed. Similarly the M1 transitions 
from the levels 11 (20) and 31 (20) to the level 20 
(11) are forbidden as wellas E2 transitions from 
these levels to the level 20 (22). These transi- 
tions are allowed by the selection rules of refer- 
ence 10. Naturally, the rigorous forbiddeness of 
the given examples will be spoiled by the admix- 
ture of the pi configuration. However, the indi- 
cated regularities can be utilized to identify the 
levels of this nuclide. Of much greater interest 

is the application of this selection rule to heavier 
nuclei where jj-coupling obtains. Selection rules, 
analogous to (13), can be also obtained for LS- 
coupling. 

5. In conclusion we give the formula for the 
particle to hole transition of double fractional 
parentage coefficients which follows immedi- 
ately from Eqs. (32) and (48) of reference 1: 


PEE | FO (a) TNT = iy een 


| (nb 2)Wtl)e Ol FDOT LA 
(19 — n) (np—n — 1) (2J + 1) (2T + 1) | 


ran Mi CVRD RAB Crp 


The author thanks V. G. Neudachin for a useful . 
discussion. 
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Fractional parentage coefficients < (°/, )? JT (a) (3/4 )4(0’) J’T’> 
ee eee A ea fie As 


J'T! (0') 


JT (c) 


“2 */2 (24) 


*/2 */> (10) 


5/o Ya (24) 


"/2 */o (24) 


*/o */2 (10) 


00 (00) 
20 (41) 
20 (22) 
40 (22) 
44 (20) 
24 (44) 
31 (20) 
02 (00) 


1/2V5_ 
Vielen 
3/2V5_ 
V3/2V5_ 


1/V 10 
—-V 3/410 


V8 Vale 
V25e 
—Vi7/5V2 


SAPS, 

SV 5/27 
= |/ Ss 
V 21/10 

—V3j/2V5 
—)V 6/5 


—4/2V 5 
1/V35 
—3/2Vi7 
—V3 /2V5 
3/2V5 


Fractional parentage coefficients <( Ib FIT (CAI Ws ee aa (o’)> 


JT (6) 
SATIS! 

"2 04 (00) 410 (20) 21 (11) 30 (20) 
1/5 Vg (24) rv V3: 4/V 15 tak 
8/5 1/5 (10) —V 5/3 VAS 1/3V 5 1/V5 
5/9 1/2 (21) 7) V 7/15 SH 2V 2 /V 35 
"24/2 (21) = = 2/V 15 2/V7 
3/5 3/2 (10) 2/5 a 2/3 = 


'Balashov, Tumanov and Shirokov, Azepxpie 
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The nuclear interaction in the scattering of charged particles with energies close to the 
height of the Coulomb barrier from black, nonspherical nuclei is considered. 


Ik a previous paper! the author obtained an ex- 
pression for the wave function of a charged particle 
scattered from a nonspherical nucleus, containing 
the nuclear amplitudes by, The aim of the pres- 
ent paper is to actually calculate these amplitudes 
for the case of a black nucleus.* This case has 
practical interest, since the condition of complete 
absorption of the incoming particles in the nucleus 
is, apparently, well satisfied for qa particles 
(which are widely used in Coulomb excitation ex- 
periments ) in the energy region under considera- 
tion (E ~ 20 Mev). The determination of the nu- 
clear amplitudes (23.1) is in general very involved, 
since the potential, and therefore the wave func- 
tions, have quite different symmetries inside and 
outside the nucleus. The conditions for the joining 
of the wave function at the nuclear surface there- 
fore lead to a complicated system of algebraic 
equations for the amplitudes be It is obvious 
that this system can be solved only numerically. 
However, this situation becomes very much sim- 
pler in the case of a black nucleus, since it is 
known? that in this case the wave function satis- 
fies on the nuclear surface the condition 


2 (rW) = —iK (r¥), (1) 


where K is a certain constant. With this boundary 
condition the amplitudes bv, can be found without 
considering the solution in the internal region at all. 


1. BOUNDARY CONDITION FOR A DIFFUSE 
SURFACE 


In writing down the boundary condition (1), 
where K is the complex wave vector of the par- 
ticle inside the nucleus, we assumed that the nu- 
cleus has a well-defined boundary. In actual fact, 
the nuclear potential drops smoothly over a dis- 
tance d which is of the order of magnitude of the 


*We shall use the notations of reference 1. Reference to the 
formulas of this paper will be made in the form, e.g., (21.1). 
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range of the nuclear forces. Since Kd& 1, this 
circumstance can have an appreciable effect on 
the scattering amplitude. 

We are interested in the region of energies 
close to the height of the Coulomb barrier. To 
take account of the diffuseness of the boundary 
we can use the method proposed by Gribov.? He 
showed that, with an accuracy up to and including 
terms of order kd (where k is the wave num- 
ber of the particle outside the nucleus ), 


—d@uldr? = (2m/h) Vu, (2) 


in the diffuse surface region. Here u is the wave 
function multiplied by r, and V is the nuclear 
potential (the particle is assumed to be neutral). 
It is easily seen that the case of a charged particle 
is different from that considered in reference 3 
mainly by the fact that the role of the wave number 
k is here taken over by the quantity 


k' = V 2m|E—Vel/h, 


where Vg is the Coulomb potential. Up to terms 
of order k’d, the wave function therefore satis- 
fies Eq. (2), as before. 

We write the nuclear potential in the diffuse 
surface region in the form 


y= 2 xo [RO=4, 


where v is a dimensionless function with the 
property 


(3) 


v(x) 1, 
v(x) 0, 


Sass Ate 
Me el 


(4) 
(5) 
At the internal end of the diffuse region we have 

again the old boundary condition (1). If, therefore, 


~1[(Ry(@) —1r)/d] is a solution of equation (2) 
of the form 


Oi — ee 


9, ~ a+ 6[R, (8) — 7] 


for v~l, 
for v~0, 


(6) 
(7) 


where a and b are constants uniquely determined 
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by the form of the function v, then the wave func- 
tion multiplied by r is, in the diffuse region, 


u=A(8)q. (8) 


For values of r corresponding to v ¥ 0, this 
function must join smoothly to the wave function, 
multiplied by r, in the external region, which we 
denote by u!. Expanding u(r, @) in powers of 
Ry (@) —r and discarding terms of order (k’d)?, 
we obtain 


1 duo 
u° (Ro) or r=R, 


u>-= 1? (Ro (8), 9)) 1— (Ri—r) |.) 
Comparing (9) and (7), we find the necessary 
conditions for equality of the two functions for 
v © 0: 
O(rY)/dr=—= 


iKere(r'¥) for r= R, (8), (10) 


where 
Ketp = —ib/a. (11) 


The (complex) quantity b/a depends on the 
form of the function v. For example, in the case 
v(x) = 1/(1+e™%), which is important for appli- 
cations, 


Kert =K tanh ry /ry, (12) 


where y = Kd. Hence the diffuseness of the boun- 
dary leads to the replacement of K by Keg in 
the boundary condition (1). 


2. THE SYSTEM OF EQUATIONS FOR THE 
AMPLITUDES be, 


If the wave function © is written in the form 
(24.1), the boundary condition (11) must be fulfilled 
for all functions (23.1). 

We introduce the notations 


dF 1a (0) / de = fia (pe) Fia(e), 


dGip (9) / de = £19 (P) Gia (?); (13) 

Fig le ()] Gg le) _ 
eee ge a (%), (14) 
Gia (0) = Hin (p) — iF ea(p), (15) 


where p(w) =kRo(u), Fla = Fin[p(1)], 

Ry (u) determines the surface defining the shape 
of the nucleus according to (3). We use elliptic 
coordinates [see (14.1)]. If the weak dependence 
on p of the logarithmic derivatives f7Q and g1Q 
on the nuclear surface is neglected, the boundary 
condition (11) for the function leads to the equation 


P19 (P) Dia (1) = Dd) 820 r0 (4) Bra (u) 


id Bir Pq (4) Dra (ur), (16) 


where 


biv = — BF ia (fia + iKege.)/Gio (Sor Kesey, LT) 


The coefficients By, can now be found by the 
same method as that used by Gol’din et al.* for the 
approximate solution of the problem of the a@ de- 
cay of a nonspherical nucleus. Thus we multiply 
(17) by @f09 (u)/yng (u) and integrate over p. 
At energies of the incoming particle below the 
height of the Coulomb barrier B, the ratio 
v12 (v-)/YnQ (u) depends weakly on p in the 
quasiclassical approximation (which we are con- 
sidering here). (The functions yz, (u) them- 
selves do, of course, fluctuate strongly over the 
surface of the nucleus). Therefore all integrals 
ti (1) 
|) Dia (u) oy Pra (u) de (18) 

= 
are small for n #/ and can be neglected in our 
approximation (a special estimate shows that this 
involves an en of order B=AR/R). 

For the By, we then obtain the following sys- 
tem of algebraic equations: 


Be, = 1%, — id) Biel Pn (fra + iKese) 
2 


x Fyo/ (Sra ate 1K ese) Gro, (19) 


where 


q(t) 
Ii, = == \ Die (u) 4 


(an 1 Pialy)ary. (20) 
fnQ 


The terms under the sum on the right hand side of 
(19) are proportional to the factor F7Q/Gjg, which 
decreases fast with increasing 7 (roughly speak- 
ing, as exp (—/*/n¥?). Ina first approximation 
we can therefore retain only the first 2 or 3 terms 
in the sum. The BY, can then easily be expressed 
in terms of the integrals 12. If desired, the dis- 
carded terms can be accounted for by a method of 
successive approximations. In order to calculate 
ibe one must know the functions Fj 9 (p) and 
Gj7g (p) near the classical turning point py. Since 
we consider this problem in the quasiclassical 
approximation, we can use the approximate solu- 
tion of equation (17.1) in terms of the Airy func- 
.0,6 

F iq (9) = (t/g)'* 0 (— f) (21) 


(— ?), — 


=| g's do| (22) 


a 


Gin (9) = (t/g) ‘a 


Po 
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is Aja rk e2(Q? — 1) (23) 


pe Ga? 


200 
02 aay 


g(o)=1 


where py is the value of p for which g(p)=0. 

vy and uw are the Airy functions tabulated by Fock.® 
We can simplify the integral (23) by making use 

of the fact that we are only interested in energy 

values E very close to B, and therefore only 

in values p close to py. We expand the expres- 

sion under the root sign in powers of py—p and 

retain only the first term. Then we have 


Fia(p) =C“v(—x), Gin (e?) = Cu (— x), (24) 


where 


$22.0" (0 — 0), C=dg/dp for p= po. 


It is easily seen that the next term is of order 
n[(B—E)/B]*/2. The above expression is there- 
fore valid if the latter quantity is small compared 
to unity. 


8. LIMITING VALUE OF THE AMPLITUDES 
bf, for E<B 


We obtain a particularly simple result, if the 
energy of the incoming particle is so much smaller 
than the barrrier height, that the sum on the right 
hand side of equation (19) can be neglected alto- 
gether. 

For this we must satisfy the condition 


1 [(B — E)/B)" > 1, 


since the “radial” functions FjQ(p) and G79(p) 
depend on the number 7 in essentially the same 
way as the corresponding Coulomb functions F 7 


(25) 


and Gj, so that 
Fin?) __ Fy(e) ( 8, (/BOEY*| 
‘La(anes AO MBG l eeR BA OT ll 


The applicability of the adiabatic approximation 
used by us requires that, together with (25), also 


(B—E)/B<1. (26) 


The integral 12 can be computed approximately 
by using the fact that the function 979(u)/ynQ(u) 
has a sharp maximum at |p| = 1. 

Introducing the new variable py = cos @, we 
can write, for 0<«l1s: 


©, (cos 8) 7 yo. (Cos 0) eo" (27) 


where 


a= [fig — Engl de (8) /d (6?) for #=0. 


(28) 


At Dee Pee 


Since dp/d (62) © 2n8, the quasi-classical esti- 
mate 


B—E\h 
to Ba= | B ) ; 
leads to 
B—E\'h 
a~ Arp (-Z=) : 


If the conditions (25) and (26) are satisfied, this 
quantity is practically always large in comparison 


with unity, and therefore only the values |u| close } 


to unity (i.e., 9 close to zero) are essential in 
the integral (20). 6 G 
Since 0<«1, #jQ(cos 8) ~ 6, we have Ij, ~ 
1/a22*1_ Up to terms of order 1/a? we can 
therefore assume 
Ij, =0 


for QO=-0. (29) 


For the evaluation of Un one can use the repre- 
sentation (20.1) for the function $j7Q, replacing 
Yy (0,0) by V(21+1)/4m Jo {(1+%) 9] and in- 
tegrating over @ from zero to infinity. We then 
obtain the following result for the amplitudes b&,; 


bf =0, Q40, (30) 
Oe ey (Fyy + EK eff) Roe 1 Nets 
eS ee aUCnCrr [(n+4/2) (R+1/2)] 
(m-£%/a)?+ ( +40)] 7 (m+ He) (k + Ye) 
<exp jp I, eee |, (31) 


where I) is the Bessel function of imaginary argu- 
ment. 

The author expresses his gratitude to K. A. Ter- 
Martirosyan for valuable advice and discussions. 
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STABILITY OF AN IDEALLY CONDUCTING LIQUID FLOWING BETWEEN CYLINDERS 
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Sufficient conditions for the stability of an ideal liquid flowing in axial and toroidal mag- 
netic fields are derived. Critical values of the magnetic fields which stabilize the flow 
are obtained and a physical interpretation of the results is presented. 


1. INTRODUCTION mal amplitude. The system (1.2), after substituting 
R the disturbed values of velocity, field, and pressure 
| AYLEIGH,! Taylor,” Meksyn,? and Synge? inves- 


tigated the stability of flow of a viscous, incom- Wis Voit Nal 8 suBoete Bikol ine ete! 


pressible liquid between rotating cylinders. The neglecting viscosity and linearization, becomes a 

classical condition of stability (see Landau and system of linear differential equations with coeffi- 

Lifshitz° ) cients that are independent of z, gt in cylindrical 
0, R2 < QR? (1.1) Se elon Solutions of such a system have the 

form 

follows from the conservation of angular momentum v = V(r) exp {i(mo + kz + ot), 

of a liquid particle (Q,, Q, are the angular veloci- 

ties and R,, R, are the radii of the rotating cylin- b = b(r) exp {i (mp + kz + @t)}, 

ders ). fp = f(r) exp {i (me + kz + wt)}. (1.5) 


We examine in this paper the stability of flow 
of an ideally conducting nonviscous liquid in a mag- 
netic field. Chandrasekhar® solved a similar prob- 
lem for a poorly-conducting viscous liquid. 

The motion of the liquid and the field in it are 
described by the equations of magnetic hydrodynam- 
ics for an ideally conducting liquid: 


Only disturbances of definite w satisfy the 
homogeneous boundary conditions vy =0, br =0 
for r=R,, Ry. The sign of the imaginary part 
Im w = w;, determines the stability of flow. 


2. STABILITY OF FLOW IN AN AXIAL MAG- 
NETIC FIELD 
W VO +7 (BV)B+ VV, divv =0, 


Pde As can be easily shown, the most dangerous dis- 
dB (BV)V, divB=0 (1.2) turbances are the ones that do not depend on @. 
a The amplitudes of velocity and field disturbances 
(V is the velocity, B is the induction of the mag- are expressed in terms of the amplitude of the 
netic field, and © is the total pressure of the sub- _ radial component of disturbance of the magnetic 
stance and the field). field in the following manner 
Independent of the magnitude of the viscosity, 0, = (w/k) br! Boe’ (2.1) 
these equations admit of the following stationary : 
solution: ae w? Boz €\ b, | 
O° (o/h? — BB, [49) (e+ ing 7) Byte 
V,=(art+e/r)ez, Bo = Boo (r) ee + Bozez, 
| ‘ 2 = (iw/k?Boz) (db,/dr 4+- 6-/r); (2.3) 
a = — (Q,R% — QR) (Re — Ri), Dew! 02) (4 r) ) . 
ae Fs 2iw a+ e/r? : 
é == (Q, — Qs) RiR3/(Ro — R)). (1.3) b, = Re Be, /4np eye 6; (2.4) 
In the following discussion we ignore the effect b, = (ijk) (db,/dr ++ 6;/r), (2.5) 


of viscosity on perturbations of the stationary flow. 
We investigate the “linear” stability of flow, i.e., 
the stability relative to disturbances of infinitesi- equation 


while the amplitude by itself is found from the 
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Bre w2\2 (dd i 9 Tyee e 
02 s AAG (ape 
& Re) ae r rh? by +4 Fa (ar =) by 


Bye e é 
+ = 5 (ar + *) 6, ==0 (2.6) 
with boundary conditions 
b, a 0 for r= Ra Res (2.7) 


We shall show that w* is a real number; i.e., 
there is possible either an aperiodic growth in the 
disturbances or an oscillation about the equilibrium 
point. Actually, multiplying Eq. (2.6) by bf, the 
complex conjugate of b;, we obtain 


2 2, 
p=(% a) 42 als te 6, = 0, (2.8) 
where 
Ri 
Jy =) (F/8, P+ 71 oe P+ rl? |b P) dr > 0; (2.9) 
Ri 
R2 
J, = \ Voo (r) | br |? dr; (2.10) 
Ry 
R2 
Jy = \ Voo(r)| b PS (2.11) 


Ri 


The imaginary part of (2.8) is 


40, o, Be wy 0) 
imi & Bt gp) a + 2al}—=0. (2.12) 
It is easy to see that the expression in braces is 
not equal to zero, for otherwise the real part of 
(2.8) would not vanish: 


(2.13) 


where 
Ra ed 
Je = \Voo| br F > 0, 
Ri 


which contradicts Eq. (2.8). Therefore w,wyp =0. 

A sufficient condition for stability follows from 
expression (2.8). If the cylinders are rotating in 
the same direction, then J, >0 and J, >0, be- 
cause Vj), >0. Therefore when e <0 (we know 
that a >0) the flowis stable. The sufficient con- 
dition for stability has the form: 


Q,—Q, > 0. (2.14) 


The same condition can be obtained more obvi- 
ously by the Rayleigh method. Let us examine an 
element of liquid rotating in some layer with angu- 
lar velocity Q. If the element departs from the 


layer, then because of the ideal conductivity it will 1 ) 
drag away the line of force to which it is “glued.” 
Almost all of the line of force will remain in the 
original layer. Therefore it rotates with the for- 
mer angular velocity and drags the fluid element 
after it. As a result, the element retains its pre- 
vious angular velocity. But without a field, the 
axial momentum component is preserved, because | 
there are no tangential forces acting on the ele- qi 
ment. Formally, the preservation of angular veloc--| 
ity during slow motion of the particle follows di- 
rectly from expressions (2.1) through (2.5). 

The element experiences three radial forces 
in the new layer: the quasi-elastic force of the 
distorted magnetic line of force, the centrifugal 
force, and the equilibrium pressure gradient in 
the new layer. If dQ?/dr >0, i.e., condition 
(2.14) is not fulfilled, the centrifugal force exceeds 
the equilibrium pressure gradient. Thus, Q, > YQ, 
is the necessary condition for the existence of the } 
centrifugal effect. In a sufficiently weak field [see | 
(2.8)] this effect leads to instability of flow. 

Without a field, similar arguments (see refer- 
ence 5) lead to the condition for the existence of 
the centrifugal effect Q,R? >Q,R3 (Rayleigh con- 
dition). However, when B—0 condition (2.14) 
does not transform into the Rayleigh condition (see 
the figure). A paradox arises upon going in the 
limit from B—0O to B=0. Actually, at any 
large but finite conductivity in a weak field, if the 
disturbance has a long enough development time 
[see (2.20)], the field has enough time to diffuse 
from the disturbance and the element no longer 
retains its angular velocity. In this sense the 
situation is similar to the well-known transition 
from a slightly viscous to a nonviscous liquid. 
For example, flow between flat plates is stable 
when Rg = o and unstable at any large but finite 
Reynolds number Rg. This is connected with the 
fact that stability of flow results from the law of 
conservation of the curl of the velocity. No mat- 
ter how small the viscosity, the curl of the veloc- 


Stability region of the 
Couette flow with (3) and 
without (2 +3) field. 
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ity has time to diffuse from the disturbances near 
the resonance layer (the “layer of internal fric- 
tion”), where the phase velocity of the disturbances 
is equal to the velocity of flow. Therefore the 
mechanism of stabilization does not operate near 
this layer (see reference 8). 

The neglect of viscosity and of ohmic resist- 
ance is justified consequently, by the smallness of 
characteristic times as compared with diffusion 
times, i.e., by the fact that the parameters 


Peo) teLic yp, (2.15) 
Pz = Boz L/vV 4xp (2.16) 


are large as compared to unity (L is the charac- 
teristic length ). 

Neutral disturbances, as seen from expressions 
(2.1) through (2.5), are barrel-shaped disturbances 
of the field, brought about by azimuthal current. 
With this, the liquid tends to rotate as a solid body, 
while the velocity gradient builds up in the region 
of the enhanced field. 

In a sufficiently strong field the flow is stabil- 
ized by a large quasi-elastic force. The critical 
value of the field can be found easily for the par- 
ticular case of a small space between the cylinders. 
If the cylinders are rotating in the same direction, 
the coefficients in Eq. (2.6) can be replaced by 
their average values, and the equation can be 
solved in trigonometric functions; but if the cylin- 
ders are rotating in opposite directions, we must 
account for the linear terms, and Eq. (2.6) will re- 
duce to the Airy equation. In the first case we have 
for disturbances with wave number k 

B2 

vow PE age} 
where, as above, d=R,—R,;, Ry =2(R, + Rj), 
and Q) =2(Ry)). When k2—-0 wehave w? — (0), 
because long-wave disturbances interact too eekly 
with the field. When k? —k2,,, we have w* — 0, 
because the short-wave disturbances distort the 
lines of force too much. From (2.17) it follows 
that to suppress the instability it is sufficient that 


B3,/8n > pQ, (Qy — Qe) Ryd/n?. (2.18) 


(2.17) 


The wave number of dangerous disturbances is 
bounded from above, 


1 < Bhax = (A — )/0?, (2.19) 
as is the increment 
0; < Wimax = (Boz Vt /2Vp d)(V A/n — 1), (2.20) 
while 
A = 8np Q,(Q) — Qs) Rod/ Boe: (2721) 


For cylinders rotating in opposite directions, 
the results do not change qualitatively. 
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The flow near a cylinder rotating in an un- 
bounded medium is unstable in a sufficiently weak 
field, as follows from condition (2.14). However, 
the same can be shown by a direct calculation. 

By substituting by = y~/Vr_ we transform (2.6) 
into a Schrédinger-type equation 


said Yael gee eel a 
dr 4r TO 74 (B2,/4mp — w2/k2)? 2 (2.22) 
since e = 0,R? and a=0. The boundary condi- 
tions have the usual appearance: y =0 when 
r=R, and ». Therefore, if we have in the well, 
at w* <0 
4 BE, Q2 R4 
Wa & pee de Dias 


™ 4 (B® /4mp—w?/k2)? BP UN, 


U= 0 forin< R,, 


and levels with E =—k* <0 exist, the flow is un- 
stable. In the quasi-classical approximation, the 
condition for the existence of a level has the form 


\VaR=0 O dr = n(n +) (2.23) 


(see reference 9) where n is the number of 
zeros of the ~ functions in the well. For long 


waves, k* « 1/Ry, we obtain the condition: 
V RYRi—1 + sin=* (Ri/Ro) 
= (2r/ V3 )(n + 3/4) + 2/2, (2.24) 
2B QyR? 
where R= —= zt 


V 39 (Be,/4mp — wk?) 


To satisfy the quasi-classical approximation con- 
dition we set n=10. Then 


ane Boz (ee Boz \ 


AAS p= a es) ore re 


~ ¥ 4ne 


and in a field less than V 4p Q,R,/18 the flow is 
known to be unstable. The critical value of the 
field is obviously larger, but its determination 
requires an accurate solution of the problem. 

Since the instability has a local character, a 
simple vortex is also unstable in an axial magnetic 
field of less than critical value. This instability 
can appear, for example, when a star rotates in 
its own magnetic field. 


8. STABILITY OF FLOW IN AN AZIMUTHAL 
MAGNETIC FIELD 


In the presence of a magnetic field directed 
along y, w* is determined as the eigenvalue of 
the differential equation for the radial component 


998 E. 
of velocity disturbance: 


" v, . 4 Wie 
up hi + a—4a(a+ ale 


% 


Bort ibge Se Bas \ a 
2rer ntl dr r 0, = 0, (3.1) 
with boundary conditions 
G0) fOr Ry, Re. (3.2) 
The problem is easily solved for a narrow 
space between cylinders rotating in the same 
direction, as in Sec. 2. With this 
Bae (Ney dope p22 
aS | 40.2, pole = DPS berseray rate teal) 


For stability it is necessary and sufficient that 
w* > 0. In the particular case of a power depend- 
ence of the field on the distance to the axis, 


Boo = Boo (r/Ro)" (n < R,/d) (3.4) 
and relation (3.3) becomes 
B2 (n —1) ped? 
pa | 4a0, — So eee (3.5) 


The faster the field drops off to the periphery, the 
greater the stabilizing effect of the field. 

A more graphical way of obtaining the same re- 
sult is by the Rayleigh method. An element rotating 
in some layer, is “glued” to the corresponding lines 
of force. If it leaves the layer, no force arises 
along ~. Therefore, as in the absence of a field, 
the axial component of the angular momentum of 
the element is conserved. However, the lines of 
force are distorted, and the entire force tube is 
dragged into motion along with the element. If the 
pressure gradient in the external layer cannot 
equalize the centrifugal force pQ*r, i.e., if 
Qd (Qr?)/dr <0, the force tube will be acceler- 
ated in the direction of motion. But the volume 
of the stretched tube is conserved, while its radius 
decreases as 1/r. Because of the conservation of 
the magnetic flux, the field in the tube increases 
as r. If the equilibrium field grows faster, then 
the decrease in the strong field entering the tube 
from the periphery is not compensated by the 
growth of the weak field in the tube coming to re- 
place it from the inside. Part of the magnetic en- 
ergy changes into disturbance energy. 

If the equilibrium field increases as r, then 
the transfer of the force tubes does not influence 
the development of the instability. 

If the field decreases from the axis or grows 
slower than r then, for radial circulation, the 
perturbation energy changes into energy of the 
magnetic field. In a sufficiently strong field the 
rate at which the tube gains energy from the cen- 
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trifugal force is less than the rate of growth of 
the magnetic energy. The tube will stop, having 
used up all of the priming supply. On the other 
hand, if this supply is sufficient for the tube to 
reach the outer wall, there will be no further 
growth in average magnetic energy. Therefore 
the flow is stable only in linear approximation, 
i.e., one possible stationary flow is separated 
from the other by a potential barrier. 

In this manner, the decrease in the velocity 
and the growth of the field bring about instability. 
It is interesting to evaluate their respective in- 
fluences. For this, following Shafranov,’ let us 
examine a flow of the form 


By =8V 4m Vo. (3.6) 


From (3.3) it follows that 


w? =2(Q, —Q.) Vo (8? — 1) kd/ (x? -+ k?d?), (3.7) 
i.e., the flow is stable if 2, >, when p? <1, 
and if Q,<Q, when £2>1. 6?=1 is a critical 
value at which the effects of the field and the ve- 
locity are balanced. 

In conclusion let us point out that conditions 
(2.15), (2.16), limiting the region of applicability 
of the results, are fulfilled both in experiments 
with certain liquid metals (Na) and under astro- 
physical conditions. 

The author is deeply grateful to S. I. BraginskiY 
for assigning the problem and for valuable sugges- 
tions during the course of its solution. 
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Beam electrons and plasma oscillations are regarded as two subsystems. A kinetic equa- 
tion describing the interaction between the beam and plasma is obtained on the assumption 
that the beam does not change the properties of the plasma and that the plasma state is spe- 
cified by its equilibrium parameters. The expression for the decelerating force calculated 
on the basis of this equation includes losses due to electron-electron collisions as well as 
those due to the excitation of plasma oscillations. A more general case is considered in 
which neither of the subsystems is in thermal equilibrium. The solution of a set of nonlinear 
equations for the beam electron distribution function and the electric potential is considered 
for this particular case. The results are used to account for the rapid energy transfer from 
beam electrons to plasma electrons, which was first observed by Langmuir. 


In calculating the energy losses of electrons mov- 
ing through a plasma it is customary to consider 
separately the losses resulting from short-range 
interactions (electron-electron collisions) and 
those resulting from the excitation of plasma os- 
cillations. 

The calculation for electron collisions results 
in the following expression for the decelerating 
force: 


FP, = (ew /v 9)” In (ra/a), (1) 


where e is the electron charge, wy, = V4me’n/m 
is the Langmuir frequency, vy is the velocity of 
electrons entering the plasma, a = e”/mv? and 

Yq is the Debye shielding distance. Equation (1) 
can be obtained from Landau’s kinetic equation! 

or from the corresponding Fokker-Planck equa- 
tion, where (1) represents the systematic frictional 
force exerted by plasma electrons on a beam elec- 
tron.!? 

The decelerating force resulting from the dis- 
tant part of the interaction is usually calculated 
in the approximation of the given particle motion. 
The following expressicn is obtained:?-** 


Fy == (ewz/Vp)*In (v/v). (2) 


It follows from (i) and (2) that the energy losses 
resulting from near and distant interactions are 
of the same order of magnitude. 

*The results obtained by various workers differ in the loga- 


rithmic term. 
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It was established very early by Langmuir that 
an electron beam in a plasma is scattered much 
more rapidly than (1) and (2) indicates. Langmuir 
suggested that this extremely rapid scattering is 
associated with the excitation of plasma oscilla- 
tions; this was later confirmed experimentally 
(see reference 10, for example). 

The problem has been investigated theoretic- 
ally in papers by Vlasov,” Bohm and Gross? and 
others. In these papers it is assumed that the 
velocities of electrons entering the plasma are 
modulated as they traverse the double space- 
charge sheath and that the electrons then form 
bunches of different densities, as in a klystron 
oscillator. Regions of maximum beam density 
are also regions of strong scattering. However, 
as will be seen below, there is considerable anal- 
ogy with the operation of a traveling-wave tube.'! 
We shall now briefly indicate the results obtained 
in the two parts of the present work. 

Following Bohm and Pines, the Hamiltonian 
for beam and plasma electrons is 


1 


H=g, D (P—Sa@ls lea, 8) 


ives 
where A is the vector potential of the longitudinal 
electric field (E = —(1/c) 0A/dat; curl A=0), and 
N is the number of electrons in the system. With 
A as the field coordinate we have the momentum 
Il = —E/4mc. The Fourier series for A and I 


are 
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Qt? sin kg 
cos kq > 


A=V Heda Se 
Here a, is a unit vector. In (4) and hereinafter 
the upper function pertains to j =1 and the lower 
function to j = 2. 

The state variables of the system will be the 
electron coordinates and momenta, qj and Pj, 
and the coordinates and momenta, Qo) and PU), 


of plasma oscillators with wave numbers k < kg. 
Here kg © 1/rg. Substituting (4) into (3) and sep- 
arating terms with k<kg from those with k > kg, 
we obtain the following Hamiltonian in linear ap- 
proximation: 

(Pax) ( ) (Qe? 


=3 eV 92 
V irckg 


ne Dd (Pe + of ") +E DU (lae—ail). 8) 
Meip 


R<kq,j 


sin kq; + Q'v’cos k q:) 


Here the first term represents the kinetic energy 
of the electrons, the third term is the energy of the 
plasma oscillations with frequency wy, and k < kg, 
the second term is the interaction energy of plasma 
oscillations and electrons, and the last term repre- 
sents the screened (near) part of the electron in- 
teraction energy. 

We introduce the distribution function of elec- 
trons and plasma oscillations f (qj, Pj, Q), PG), t), 


which specifies the probabilities of different states 
of the system. By means of (5) we obtain the follow- 
ing expression for f: 


dee ee 
rr et 
| 


tn (i) sin kag OF 
LEV FD {Peankae since a 


i,k,/ 


(/) sin kq; of 
awQk cos kq; dq; 


of 


2 H(i) 
— wp Qk apt) 


++ (P a dudes kq; 


cos kg; a} =0. (6) 


In the first part of the present paper we obtain 
from (6) approximate kinetic equations for the 
electron distribution function f,(q, P,t) and 
for F, (QQ, Po, t), which is the coordinate 
and OD serenein: aarti of plasma oscillations 
with the wave vector k. 

The kinetic equation obtained for f, differs 
from the familiar equation of Landau by taking 
the excitation of plasma waves into account be- 
sides electron-electron collisions. In linear ap- 
proximation this becomes the Fokker-Planck 
equation in momentum space, with the systematic 
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frictional term consisting of two parts correspond: . 
ing to (1) and (2) for the decelerating force. 

The systematic frictional term in the kinetic _ 
equation for F, corresponds to the damping Corea 1 
ficient of plasma oscillations obtained by Landau.! 

As already noted, under certain conditions the 
transfer of energy from nonequilibrium electrons | 
to plasma electrons occurs at distances consider- 1 : 
ably smaller than the relaxation lengths obtained | 
by means of (1) and (2). The existence of this 
Langmuir effect indicates that the kinetic equation | | 
used in the first part of the present paper does not; 
determine electron deceleration in all cases. In | 

| 


deriving this kinetic equation for the electrons we | 
assume equilibrium states of the plasma electrons | 
surrounding a given beam electron and of the plasm 
oscillations. However, with a sufficiently high con-| 
centration of nonequilibrium electrons (such as 

bearn electrons entering the plasma) these condi- 
tions are not satisfied and a set of simultaneous 

nonlinear equations for the beam and plasma must f 
be solved to determine the beam deceleration. This; 
will be done in the second part of the present paper#, 


1. DERIVATION OF KINETIC EQUATIONS FOR 
f, AND F, 


When (6) is integrated over all variables except 
the coordinate and momentum of a single particle, 
and then over all variables except the coordinates 
and momentum of a single oscillator with wave 
number k, we obtain the first two of a chain of 
equations for the distribution functions: 
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Bt modq mV VT dad 
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te nee ; 
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—nZ\U (\q—a') 2 dq’ dP’ = 0, (7)) 


OF 1 (i) OF 1) OF 
P 1 N27) ace 
“Ot a y = agi? a OL Qx apt) 
s 4x sin | 
+1 VF) BP adh sper da dP = 0. (8)) 


Here 9, (q, P, al, pi), t) is the second mixed 
distribution function, f,(q, P, q’, P’, t) is the 
second electron distribution function and n = N/V 
is the average number of electrons per unit volume., 
Equations (7) and (8) relate the first and second 
distribution functions. In a similar manner we can 
obtain equations for the three functions ®,, f,, Fe 
(second distribution functions ). : 
The equations for the second distribution func- 
tions contain third distribution functions ete. In 


SPS Sry 


CHARGED PARTICLE ENERGY LOSSES 


order to obtain an approximate closed set of equa- 
tion we follow Bogolyubov and Gurov"! in introduc- 


ing the following approximate distribution functions: 


fs = Ahh, ®,;=/,/,F,and soon (9) 
h = hh + G(q, P, q’, Pe t) (10) 
= AF, + ¢(q,P, Qu’, Pi, 2), (11) 


where G and g are correlation functions which 
are proportional to a small parameter (the ratio 
of the interaction energy to the kinetic energy ). 
We shall first consider the case f,(q, P, t) = 
f,;(P,t), i.e., a uniform first distribution function 
of the electrons. In this approximation, using the 
approximations introduced above for the distribu- 
tion functions, from (7), (8) and the corresponding 
equations for the second distribution functions we 
obtain the following equations for f,;, F,, g, and 
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(15) 


If the initial distributions for G and g are 
known, we obtain equations for f; and Fy, by 
solving (14) and (15) and eliminating G and g 
from (12) and (13). Usually only the initial values 
of f,; and F, are known, in which case, as in ret— 
erence 15, we can obtain approximate kinetic equa- 
tions for f, and F,, which are valid only in such 
large time intervals that the initial values of G 
and g ‘are no longer significant. 
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The solution of (14) in this approximation can 
be represented by 


U oma SP oni]. a 


oP’ 

By using (16) to eliminate G from the last term 
of (12), we obtain an expression corresponding to 
the right-hand side of Eq. (10.21) in Bogolyubov’s 
book.!® This is the approximate kinetic equation 
for a system of particles with Coulomb interaction, 
which was derived by Landau. The only difference 
is that in our case the expansion of the interaction 
potential energy contains only terms with wave 
numbers k>kg. Therefore by linearizing this 
term and assuming that f, differs very little from 
a Maxwellian distribution, we obtain two terms de- 
scribing diffusion and systematic friction. The 
corresponding coefficients are finite for small k 
since the potential energy U(|q-—q’|) contains 
only terms with k >kg in the expansion accord- 
ing to wave numbers. For large k the region of 
integration is limited by the condition k ~ mv} /e?. 
The resulting decelerating force agrees with (1). 

In order to obtain a closed equation for f, we 
must eliminate the correlation function g from 
(12). To obtain an equation for f, that is accurate 
up to quadratic terms in the ratio of potential en- 
ergy to kinetic energy, we may substitute for F, 
in (15) the equilibrium distribution for oscillations: 


F(? = Aexp { —Pi"/2xT — wi, Qe” /2xT}. (17) 
The solution for g then becomes 
ee (i) 
e= FLV Bl yeea)k ( QW? cos wpe = sino, +} 
oj i 
cos Pp FO = e 41 
a Bi [k(q— *) |r PT im Far| Bera 
«f(a 8 oe oe 
—- On wysin wt} dF f,. (18) 


Substituting (18) into (12) and integrating over 
Qt) and Pu), we obtain the following kinetic 


equation for f,: 
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Here G is given by (16); for the diffusion coeffi- 
cient Dgg and for the coefficient A of syste- 
matic friction due to the excitation of random 
plasma oscillations we obtain 


(6) 
Weep 
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apes =| 8 (0, — kP/m) de, ae, dk, (20) 
2 
A= a \ ax (Pax) 8 (@,— kP/m) dk. (21) 


The decelerating force F, is obtained from (21) 
Transforming to spherical coordinates in (21) 
with the z axis along P, we obtain 
1 kg bP 
F, = &o, \ \kdks(o Loy \y dy, y=coso. (22) 
—1 0 
It follows from (22) that the decelerating force F, 
differs from zero only when P/m = wy,/k, which 
indicates that particles with the momentum P can 


excite waves only with the wave number k > w,m/P. 


We therefore have 
k 
ew et ewt 


dk v 
F,=—;~ | Shae v2 Li 
OL jv 


(23) 


Here v=P/m and vp=rg/wy, is the thermal 
velocity. The total force of systematic friction is 
given by the sum of F, and F, and does not de- 
pend on the choice of kg. (Compare with the cor- 
responding results obtained by Vlasov in reference 
2.) 

By using (7) and the corresponding equation for 
the second distribution functions we can obtain a 
kinetic equation for f, in the inhomogeneous case. 
This complicated equation will not be presented 
here, but in the second part of the present paper 
we shall use a specific example to show that under 
certain conditions when the inhomogeneity of the 
distribution function is taken into account the de- 
celerating force acting on beam electrons can be 
considerably greater than would follow (1) and 
(23). 

We shall now consider the diffusion coefficient. 
The only nonvanishing terms in (20) are those with 
a@=£. With the z axis along P, the integral 
gives 


9.2 
mer oy, 


1D —- = EL for vS>0r. (24) 


In reference 9 Temko has calculated the diffusion 
coefficients associated with the screened part of 
the interaction. 

We note that in the stationary case the kinetic 
equation (19) is satisfied by a Maxwellian distri- 
bution. 

We shall now consider the kinetic equation for 
the coordinate and momentum distribution func- 
tion of plasma oscillations, which is obtained under 
the aforementioned assumptions by eliminating the 
correlation function g from (13) and (15). We in- 
sert the equilibrium value of f,; (the Maxwellian 
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distribution) in the right-hand side of (15). The 
calculation gives the following Sebi: fon ky 


6) OF; 
3s sie 2} Pe x 7h c: Qy+ by gas w? en ap 


eT 7) 4 
= DyxP De a 4 Qy Dap apy (PP Fi). (25))) 


Here 


3xT mL Hin \ 
Oso; Se — ee Ga ys = 7a CXP ( 1/2rq k?). (26)) i 


From (25) we obtain an equation for the amplitudes) 
Ql, averaged by means of the distribution func- 


tion F;, of plasma oscillations with different 
numbers: 


OY + 210% + oY = Ox =\OxFdQudPr. (27) |) 


The damping coefficient y of plasma oscillations 
agrees with that calculated by Landau.'® We also 
obtain various statistical parameters of plasma 
oscillations from (25). 


| 
| 
| 
| 
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2. NONLINEAR THEORY OF PLASMA OSCILLA- 
TIONS EXCITED BY AN ELECTRON BEAM 


The kinetic equations for f,; and F, were de- 
rived on the assumption that at initial time the 
plasma oscillations (in the case of f,) or the 
electrons (in the case of F,) are in thermal 
equilibrium. There are many problems in which 
this is not the case and neither of the subsystems 
(electrons and plasma oscillations ) is in thermal 
equilibrium. We shall now consider one of these 
problems. 

An electron beam enters the plasma in the x 
direction at the point x =0 with a velocity that 
exceeds the thermal velocity of plasma electrons. 
We shall show that the decelerating force acting 
on the beam electrons due to the excitation of 
plasma oscillations is considerably greater than 
that given by (1) and (2). 

We at the very start separate beam electrons 
and plasma electrons in the Hamiltonian (5). Then 
the two equations (7) and (8) for the first distribu- 
tion functions are supplemented by another equa- 
tion for the beam electron distribution function. 

When determining the decelerating forces in 
the homogeneous case considered above it was 
important to take into account the correlation be- 
tween plasma electron variables and the variables 
pertaining to plasma oscillations, since in this 
homogeneous case the self-consistent term van- 
ishes. 

In the inhomogeneous case, with organized 
oscillations of the entire system excited at the 
expense of electron beam energy, in approximating 
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the second distribution function of electrons and 
plasma oscillations we may set 


Q, (q, oo OL, PY, t) =e AP , (28) 


since in the inhomogeneous case this multiplica- 
tive term is the principal term. ° 
Taking (28) for the second distribution function, 
we arrive at a system of self-consistent equations 
for the distribution functions of electrons and plas- 
ma oscillations. We do not present these equations 
because, farther along, in order to simplify a com- 
parison of our results with those of other writers, 
we shall use a system of self-consistent equations 
for the electron distribution function and scalar 
electric potential which were first investigated by 
Vlasov and thereafter by many other writers: 


of , OF ee OPOh ue 
Rte ge ca oar (29) 
=e ye Ane { \ i (e.0,21) dv =) : (30) 


We assume that the charge of the electrons is neu- 
tralized by the positive ion background. 

In solving our problem of electron deceleration 
through the excitation of plasma waves we must 
obtain a wave solution of (29) and (30) which sat- 
isfies the given boundary conditions at x =0. If 
g is assumed to be a known function, by solving 
(29) with respect to » and eliminating f from 
(36) we obtain an equation for the electric potential. 

From the solution of the linearized equations 
(29) and (30) it follows*>!!)18-18 that longitudinal 
plasma waves are generated growing in the x di- 
rection, the phase velocity of which is smaller than 
the average velocity v of the beam electrons. The 
rate of growth of the plasma waves depends on the 
velocity and concentration of the beam electrons, 
and with a sufficiently small concentration the 
growth may be as small as desired. 

For a sufficiently slow growth of plasma waves 
the solution for the potential in nonlinear approxi- 
mation can be obtained in the form 


9 (x,t) = 9 (x) sin (wt — kx -+ ¥ (2), (31) 


where ¢)(x) and W(x) are the slowly varying 
amplitude and phase, respectively. 

For a steady wave, i.e., the amplitude and phase 
are independent of x, the potential is a function of 
only x —Vpht- Then the solution of (29) with re- 


spect to gy becomes 
A Ca 


) 
= of +|(v 1, —2£¢(2 vat)" + tpn) (32) 


where © is an arbitrary function; the + sign is 
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taken for v >vph and the — sign for v < Vph: 
Eliminating f from (30) by means of (32), we 
obtain the following equation for ¢: 


02 


Diedb or eal ; 2eo (%¥ — Upp!) yp 
ae ot RUG ceca ees | dv—n,}. (33) 
With a Maxwellian distribution used for ©, (33) 


agrees with the equation given by Bohm and Gross.? 

Akhiezer and Lyubarskit!® have solved an equa - 
tion similar to (33)* for zero temperature of plas- 
ma and beam electrons. In another paper Akhiezer, 
Lyubarskif , and Fainberg?’ have solved the more 
general equation for nonzero plasma temperature. 
In this case @ may be represented by 


D = D, (mv?/2) + 1,8 (v —v). (34) 


Here n, is the beam electron concentration, v is 
the electron velocity and ) is an arbitrary func- 
tion of the energy. 

These solutions cannot be used directly in the 
problem of electron beam deceleration, since with 
small thermal losses the transfer of energy from 
the beam to the wave occurs in the region of wave 
buildup. We must therefore consider the process 
whereby the wave is established. 

It also remains an open question whether the 
solution for a growing wave will approach a solu- 
tion satisfying (33). Yet from this particular solu- 
tion we can infer that different conditions govern 
the application of the linear approximation to 
plasma and beam electrons. Indeed, when @ in 
the right-hand side of (33) is replaced by (34) or 
a more general expression allowing for the ther- 
mal spread of beam electrons, it is easily seen 
that when Vph > v«T/m_ the linear approxima- 
tion is valid for plasma electrons if eg « MVph /2 
and for beam electrons if ep « m (Vph -—v)?/2. 
When m (Vph — Fo < MVph nonlinear effects will 
be manifested for beam electrons at considerably 
lower potentials than for plasma electrons. The 
use of the nonlinear equation only for plasma elec- 
trons can, of course, be justified only if the solu- 
tion yields a steady value of the amplitude such 
that epg, K mvpp/2. 

Thus for a low concentration of beam electrons 
(but sufficiently large to maintain plasma oscilla- 
tions at the expense of beam energy), we can re- 
place (29) and (30) by a set of equations for the 
beam electron distribution f, alone, with 9 
given by the wave equation for the plasma wave. 
The phase velocity and damping coefficient of the 
plasma wave will then be taken from the linear 
theory of plasma oscillations .?»18 


*The equations differ because of different constants of in- 


tegration. 


1004 etl? 


We thus arrive at the following set of equations: 
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shu ag a Faro (35) 
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~ = q(x) sin (wet — kx + ¥(x)). (37) 


Here w, has its previous meaning given in (26); 
y is the damping coefficient, which includes both 
that obtained by Landau [see (26)] and possible 
damping resulting from collisions. The functions 
~)(x) and W(x) are, as previously, the slowly 
varying amplitude and phase. 

With (37) for the potential, we solve (35) for a 
given beam electron distribution function at x = 0. 
We denote the known function f; at x=0 by 
f(y), with [£{%dv =n,,.* The superscript 
0 pertains to the point x = 0. 

Since, for a given gy, (85), is a first-order 
linear differential equation, its solution is deter- 
mined by the solution of the characteristic equa- 
tion. In view of the slow amplitude and phase 
variations this equation can be written as 


=e = Fv (x) cos (Wet — kx + V(x). 


(38) 

When the functions v(t, x, v) and t(t, x, v) 
are obtained from (38), the solution of (35) can be 
written as 


fi(x, 0, t) = fF (0 (x, v, 2). 


Using this solution, we obtain the following expres- 
sions for the density and current: 


= sei (v(x, v, £)) do; 
j=—e (of (o® (x, 0, "4)) do: 


Substituting this expression for p into the right- 
hand side of (36), we obtain a nonlinear equation for 
the potential. For low electron beam intensity the 
right-hand side of this equation is small; we can 
therefore apply a familiar method in the theory of 
nonlinear oscillations to obtain simpler equations 
for the wave amplitude and phase. This necessi- 
tates finding the Fourier components of p, assum- 
ing the beam amplitude and phase to be constant 
during integration. 

Let 


p = ep) cos (wet — kx) + p@ sin (gt — kx); 
then 


*If the electron beam is modulated with respect to density 
or velocity the boundary form of the distribution will, of 
course, differ. 
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on 
pt) = — £1) (2 [wpe — hx] fP(0 (x, 9, £)) dod (hx), 
0 
v= ise. (39)) 
Equation (39) can be simplified by using the Liou- | 
t 


ville theorem dxdv =dxdv, or since dx = vdti}) 
dx = yg we have dxdv =vdtdv. Aftes) 
the substitution of variables t, v —~t, v in (39)} 


we obtain the following expression for the Fourier 
components of the density: 
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F é cos 
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We can obtain p™ from (40) if t (t, v, x) | 


is known. When we return to the equation of mo- 
tion (38) and assume that the variable t in the 


right-hand side of this equation is a known function | 


of the coordinates v and t®, the energy inte- 
gral of (38) can be represented as 
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2ek 


v= v0 {1 flgetlie S 
my 02 


0 
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and for the function t (t™, vx) we obtain the 
integral equation 


foe 
=44(0) ee nlrey 
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+ w(t — t) — kx” + ¥(x")] dx" dx’. 


Because of the complexity of (41) we can solve our 


problem without the use of numerical methods only | 


in certain special cases. We shall now consider 
some of these cases. 

Let » be a small parameter. We consider the 
case where the steady amplitude of the oscillations 
is such that eg)/mv®” ~ y? and the maximum of 
the excitation pertains to the waves for which 
(vy —Vph)v° ~ uw. Under these conditions and 
with slowly varying amplitude and phase (x) 
and W(x), (41) can be simplified by expanding 
the square root in a series of which only the first 
two terms are retained. (41) then becomes 


x 
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+ cog(t—1)— Rx! + Y (x’)] dx’. (42) 


Equation (42) contains two parameters of length. 
One of these parameters, A =k (vy) —Vph )/v 

is determined from the excess of the electron 
stream velocity over the phase velocity of the 
rapidly growing plasma wave at x =0; the second 
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(40) | 
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\ 0 (x’) cos [oul +4 w(t — 1) — kx’ | 


(41) | 
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parameter a characterizes the rate of change of 
wave amplitude and phase. Let us now consider 
the case when a@/A ~ u. 

We denote the ratio ey)/m (v vpn)? by X 
and obtain an approximate solution of (42) as a 
power series in X, assuming X < 1. Retaining 
terms up to X?® inclusively, we obtain the follow- 
ing expression for t—t: 


w(t —1)) =°* “ (X— X°) cos [ot —Ax $F) 


— ~X? sin 2 [@t— Ax + VJ. (43) 


Substituting this into the integrand of (40), we inte- 
grate over t), separate the terms in X to xX? 
and use the formula 


fi( v—v) h(~a— a” hy 
ie —v, ado = team Up a (Co = ‘= aise 


in which denotes that the principal value of the 
integral is taken. In view of (39) we now obtain the 
following expression for the beam density: 
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Substituting this into the right-hand side of (36), 
we obtain a nonlinear equation for the potential 
when the solution of this equation is sought in the 
form (37). 

When the ratio of beam and plasma electron 
concentrations is such that the parameter charac- 
terizing slowness of wave amplitude and phase 
variations is of the same order of magnitude as 
the parameter characterizing smallness of the 
right-hand side of the equation for , we equate 
terms of the same order of smallness and obtain 
the following equations for the wave amplitude and 
phase: 


(44) 


doy | dx = ag) — Bg, (45) 
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The following notation has been used in (45): 
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For self excitation of oscillations the coefficient 

a must be positive. When the damping coefficient 
y is given essentially by the damping coefficient 
of plasma oscillations, i.e., when collisions play 

a small part, the condition for self excitation 
becomes 
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where { is the distribution function of all elec- 
trons (of both the plasma and beam) at x =0. 
This self-excitation condition corresponds to that 
given by other authors .?>!6-18 

To a sufficient degree of accuracy, the distribu- 
tion f{°) can now be specified as 


ae = ny (m / 2xxT,)“exp [— m (0 — 0)? / 2xTy). 


Here nj, T, and v are the concentration, tem- 
perature, and velocity of beam electrons. With 
this boundary distribution function the autoex- 
citation condition is satisfied for the phase ve- 
locity region AphY ~ V KT,/m . The coefficient 
@ is maximal for a wave with the phase velocity 
V—Vph = VTyk/m . Since V, Vph > V«KT,/m 
and Vph = Wk/k © w/k, we obtain k © wy/v 
as the wave number of the most rapidly growing 
wave. For this wave we have 


é ia cer ee 
PA eee, P= 35 


It follows from the expression for a that for 
given values of the parameters v, n, T, and y 
a lower limit always exists for the concentration 
of beam electrons which can accompany autoexci- 
tation of oscillations. At lower concentrations an 
equilibrium velocity distribution for electron mo- 
tion through the plasma is established only as a 
result of the relaxation processes described in 
the first part of the present paper. 

The solution of (45) for the amplitude is given 
by 


“nm fy v2me2 
Bin oye 


oy (4) = eMeee 1 As 7 (0)2 (e2* — pies (47) 
Here » is the amplitude at x=0. Let gt be 
the steady-state value of the amplitude. For small 
x (x «1/qa) the solution of (47) increases expo- 
nentially with x. For large x the amplitude ap- 
proaches 


When y is so small that the second term in the 
expression for qa can be neglected we have e@gt 
x 3KTy. 

It is evident from the above equations that the 
steady-state wave amplitude approaches zero for 
T, —0 i.e., for a single-velocity beam. It follows 
from the expression for a that in this case the 
self-excitation condition for plasma waves is not 
fulfilled. This does not mean, of course, that 
plasma waves are not excited when a single-veloc- 
ity beam passes through a plasma. The solution 
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being considered here is obtained when a KA 
and X <1, under which conditions plasma waves 
actually do not arise in the hydrodynamic approxi- 
mation. The solution for a ~ A must be consid- 
ered to describe wave excitation in this case. 

We shall now consider (46) for the variation of 
phase; this equation determines the variation of 
plasma wave number with increasing x (Ak = 
—~dwW/dx). It follows from (46) that Ak is given 
by two terms, one of which depends on the ampli- 
tude. Both terms are of the order of y*k and are 
thus small compared with Ak, defined as the ini- 
tial difference between the velocity of beam elec- 
trons and the wave velocity, which is of the order 
OL is 

We now estimate the distance in which the en- 
ergy of beam electrons is transformed into the 
energy of plasma oscillations. For this purpose 
we require the ratio of the flux of plasma wave 
electrical energy in the region where a steady 
wave has already been established, to the elec- 
tronic energy flux at x =0. This ratio is repre- 
sented by 


Swave/ Ser = (/ M1) (Co / mv*)?. (49) 


The order of magnitude of the ratio is estimated 
as follows. Since eg)/mv? ~ y? and a/k ~ p’, 
it follows from the expression for a that the 
ratio of beam and plasma electron concentrations 
is n,/n~ yp‘. From (49) we find that for these 
values of the parameters the ratio of the energy 
fluxes is of the order of unity. Thus the beam 
energy is transformed into plasma wave excita- 
tion in the distance 7, which is equal in magni- 
tude to the distance within which a wave is estab- 
lished. Denoting the plasma wavelength by A, we 
have 

Nel = ho: 


With currents of 20—25 ma, xT ¥ lev, mv*/2* 
20 ev, ny =3 108 sec! and n= 3 x 10! sec}, 
I is of the order of a centimeter. When these 
same numerical data are used, the relaxation 
length calculated from (1) and (2) is about 10° cm. 
Looney and Brown?! have observed standing 
waves in a plasma traversed by an electron beam. 
Standing waves arise when a reflecting electrode 
is present. In order to determine the conditions 
for the generation of standing plasma waves by 
an electron beam the solution for the electric field 
can be obtained in the form 


Ps = $q (£) sin (wt + V(t)) sin (sma/L), s=1,2,... 


? 


where y(t) and W(t) are the wave amplitude 
and phase, which vary slowly with time, and L is 
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the length of the plasma in the direction of beam 

motion. The calculation shows that for ny/n«K1 | 
the conditions for autoexcitation are best satisfied | | 
for frequencies and wavelengths given by 


oO, = sxv/L, Nee ase 


It follows that a transition from the fundamental 

oscillatory mode to higher modes occurs only with 
increased plasma electron concentration or reduced) 
average velocity of beam electrons. 

In the experiments of Looney and Brown the 
beam electron concentration was the basic factor, | 
i.e., ny/n >1. An analysis of this case will re- i 
gard the beam as the initial wave system. Under 
these conditions the square of the oscillatory fre- 
quency for a given mean velocity will be propor - 
tional to the beam electron concentration or to the 
current. 

Spatial periodicity was detected differently in 
the well-known work of Merrill and Webb,!? which 
we shall not discuss here. We note only that grow- — 
ing plasma waves can be detected by measuring the 
root-mean-square potential difference between two 
probes. When one of the probes is moved along the 
beam axis this quantity will be a periodic function 
of the probe separation with increasing amplitude. 
The spatial period of this function is the length of 
the most rapidly growing plasma wave, 


h = (2rv/wz) (1 —VxTy/m/ v). 


The experiments of Merrill and Webb also indicated 
the existence of growing plasma waves; the observed 
spatial periodicity was in good agreement with the 
value of A derived from this formula. 

We know that plasma waves can arise at the 
expense of the energy of relative electron-ion 
motion. The passage of strong current pulses can 
in this way cause an appreciable rise of the plasma 
temperature.” Plasma waves can be established 
by pulses of ~ 107° sec duration. The amount of 
energy transformed directly into heat will be de- 
termined by the damping rate of such waves. 

I take this opportunity to express my deep ap- 
preciation to Academician N. N. Bogolyubov and 
R. V. Khokhlov for their interest and valuable 
suggestions. 
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Shadow effects appearing in the diffraction scattering of fast mesons were examined. 


Tue experimental data on the scattering of 7 
mesons by protons show that collisions in the high 
energy region (> 1 Bev) have a diffraction char- 
acter, that is, the scattering takes place primarily 
into small angles.!~* Belen’ki? carried out an anal- 
ysis of the diffraction scattering of high energy t 
mesons by protons on the basis of a general theory, 
snot connected with any concrete model of the nu- 
cleus.**® Grishin and Saitov made an analogous ex- 
amination of the diffraction scattering of high energy 
protons by protons.’ Lately, Blokhintsev, Barashen- 
kov, and Grishin used the results of an analysis of 
diffraction scattering of m’s on protons to deter- 
mine the mean radius of the proton and get knowl- 
edge of the nucleon structure.® 

Data on the interactions of m’s at high energies 
with neutrons can be got by studying 7m scattering 
by deuterons. For analyzing the diffraction scat- 
tering of 7’s by deuterons one must necessarily 
consider the shadow effects, whose existence was 
first demonstrated by Glauber, using the black 
sphere model of the nucleon.’ In the present note 
the diffraction scattering of fast m’s by deuterons 
is examined within the framework of the hypotheses 
of reference 5. 

For high energy incident 7’s one can assume 
that the scattering takes place independently from 
the neutron and proton. In this case the amplitude 
for elastic t-d scattering can be written in the form 


iQ) = x \ exp (— ixpa) 


x {1 — Sn (Pn) Sp (p)} $70 (r) drdpa, (1) 
where Sy and Sp are the scattering functions of 
the on the neutron and proton, pq = pn + pp/2 is 
the plane radius vector from the center of mass 
of the deuteron, r=Yry- rp is the relative radius 
vector, kK=Kk0 (@=scattering angle), and g(r) 
is the wave function of the ground state of the deu- 
teron. 

The scattering cross section og, the absorp- 
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tion cross section og, and the total cross section 1 
o¢ are determined by the following formulas: 


a5 = (1 — Su (¢n) Sp (09) 98 (7) drdecy 
a = \\f1 — [Sn (Pn) Sp (Op) P 98 (r) arpa 


or= 2({ {1 —Re Sn (Or) So (be)} #9 (8) drdpa. 


The cross section og describes the elastic 
scattering of a m7 by a deuteron as well as the 
scattering of a 7 which accompanies a deuteron 
aplitting. Analogously the cross section og de- 
scribes the absorption of a m by a deuteron as 
well as the absorption of a 7 accompanying the 
splitting of a deuteron. 

We choose the m-n or a-p scattering func- 
tions to be of the form 


Sn = | — Gy, exp (— p?/ R2), 
Sp = 1 — ap exp (— p?/ R?), 


where the parameters qa and R must be deter- 
mined from experiment. 
Choosing the wave function for the deuteron 
ground state in the form of a Gaussian function! 
Po(r) = Ne", NN? =8/n8Ri, = y=V2/nR7z, (4) 
we get for the amplitude of the elastic 7-d scatter—- 
ing the expression | 


f(8) = = akR? {exp [— -( + 7?) x2R2] 


+ tCexp[— 7 (C + 7?) 2R?] 


aesars 1 C4 +E8)r? 
THO Gre EXP q T+Apan eR? It, (5) 
where 
R=R,p, 1? =(/16)(Re 18 ae 
T= An / Xp, C= Ra/ Rp, X= Mp, 


The total cross sectionfor the r-d interaction is 
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Ot = QmaR? {1 4+ cO? — al? /(1 + C2 + 47?)}. (6) 
If the parameter r goes to infinity, then 


oy = oP) + caval PSS Il 


For finite r the cross section for the m-d inter- 
action is less than the sum of the interaction cross 
sections for an individual neutron and proton 
(shadow effect). This effect becomes strongest 
for small values of the parameter r: 


= 2naR? {I 2b ge osha \, oe ie 


1-8 


The scattering and absorption m-d cross sec- 
tions are: 


yoy: 2r2 ae 
ee co {! gi mueg ea. 
4atC?2 4ar2C2 art2t2 
120 +82 278 TeTsAl’ 
a 2 ara) (7 % \) 8arG? ope 
pe 200K {( canta) 7) THO44R © TI BP 
a?72C2 a372¢2 
2402482 TEESE (7) 


The angular distribution for m-d scattering 
(taking into account possible deutron splitting) is 
determined by the expression 
dc, 

‘do 


Re 
= =x \% (r) \ exp (— ixpa) {1 — Sn (Pn) Sp (p)} dpa Pdr. (8) 
Using (3) and (4), we get the following formula for 


the angular distribution: 
do 


Se = 5 a2 R! fexp [—E x2R?] + 4 exp [— b CPR? 


+ 2x0? exp[— - (1+ © + 4r?)?R?] 


2atC2 1 1420?+8r? | 
re P| G Teeqae ® 


~2at2C* q 23262-1872 
{Oa [ 7 eek | 
a2r2t4 4 vay ee 
tay G+ BP) exp|_—> ee’ |}. (9) 


The parameters q@ and R canbe determined 
by analyzing the experimental data for m scatter- 
ing by protons. Then, using the experimental data 
for m scattering by deuterons (og and oy), one 
can determine the quantities + and ¢, which 
characterize the difference between the neutron 
and corresponding proton parameters. The accu- 
racy of the experimental data at present is, how- 
ever, not sufficient for such an analysis. 

Within the limits of present experimental accu- 
racy one canput T=¢=1. In that case formulas 
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(6), (7), and (9) are simplified in an essential way: 


— HNN Yea a 
o¢ = QrasR? {9 acm}: 


Tw 


2 8a, a 
— 2R2 > 
ca ead 2 Y Tort 388 tap 7 


og = 2naR? {2 (1 \ aos ol \, 


a ae a 
Zo) Toe 1 gree aaa) 
do 


mae 1 
ee ak? R4 {2exp i= ae x? R?] 


2a 


4 
= 2exp {[— =! +. Dr) Re = 1727 


18,2 2 

x exp [— F th R?]+ TE exp| ; eR? (10) 

Using the experimental values for the full cross 
section and the diffraction scattering cross section 
for 1.4 Bev 7’s ona proton, of?) = 34.6 + 2.7 milli- 
barns and of) = 7.5 + 1.0 millibarns,! we get the 
parameter values a = 0.86, R=0.8x10 ! cm. 
Using these values and letting Rq = 2.18 x 107° 
cm, we get, for the difference At = Oe 20(P), A. 
= —3.8 millibarns. The experimental value for 
this difference for E,=1.5 Bev is A= -—3 milli- 
barns.? For the scattering and absorption cross 
sections we get, respectively, Ag =0.7 and Ag = 
—4,.5 millibarns. 

We see that the integral m-d scattering cross 
section is equal, practically, to double the m-p 
elastic scattering cross section. The shadow ef- 
fect actually appears in the m-d absorption cross 
section. 

Figure 1 shows the angular distribution for m-p 
scattering. The points on the graph correspond to 
the experimental data for ma scattering on protons 
at 1.44 Bev.®? The cross section is given in milli- 
barns/steradian. 

Figure 2 shows the angular distribution for m-d 


d6/de 
10 a6/do 
| | 
5 &0 


ee Sk et ee 1 @ 0 a4 
] 08 Q6 04 cos v cos 
FIG. 1 FIG. 2 
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scattering, calculated according to formula (10). 
Obviously, the results obtained can also be ap- 
plied to the analysis of the high energy scattering 
of nucleons on deuterons. 
I express my thanks to A. I. Akhiezer for com- 
ments on the results of the work. 
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Using the general principles of Gibbs’ statistical mechanics, we have developed a method 
which enables us to evaluate the transition probability density for any generalized coordi- 
nate in a system with a nonlinear relaxation mechanism. This method does not require a 
knowledge of the law of motion for the average value of the coordinate, but uses only the 
general form of the corresponding equation of motion. 


Tae method developed by Terletskif and the au- 
thor® using general results obtained earlier!~4 
enables us to evaulate the transition probability 
density for a generalized coordinate if the behav- 
ior of its average value is known when there are 
additional constant forces present (or included). 
The averaged equation of motion contains, how- 
ever, the average value of the coordinate (the first 
moment) only when the corresponding system is 


linear. In the case of a nonlinear system, however, 


the averaged equation contains also higher mo- 
ments of the coordinates, the order of which is 
determined by the character of the nonlinearity. 

This fact makes it difficult to use the known 
nonlinear equations of motion when one wants to 
find the transition probability density using the 
scheme given in reference 5, since in problems 
of Brownian motion one usually starts from the 
averaged equations of motion and the average 
dissipative forces produced by the interaction 
of the system with the medium. 

The aim of the present paper consists of setting 
up a scheme which enables us to evaluate the tran- 
sition probability density for nonlinear systems 
starting solely from the general form of the ap- 
propriate equation of motion. 


1 le 5 BS CHARACTERISTIC FUNCTION 


As in reference 5, we shall introduce for the 
generalized coordinate Q the transition proba- 
bility density W(Q,t; Qo,t)) and the character- 
istic function Z(a,t;b,ty)) corresponding to it. 
Using the same notation as in reference 5, we 
have 


Wo (Qo) W (Q, Oe Qo; to) 
+00 
= (2n)*\\ {exp (EQ + inQo)} Z (a, tj , to) dean, (1) 
where 
C= kT. 
The following relations follow from the defini- 
tion of Z (see reference 5) 


a=ik0, b= i780, 


Q = — (0/a) Z/Z |oxo, (2) 
1 az | 
wy Bal ae 9 (3) 


qi =(— 6) 


where the index a denotes that we have taken an 
average over an auxiliary ensemble which is dis- 
tinguished from the original, equilibrium one by 
the inclusion of an additional constant force —a, 
acting in the direction of the coordinate Q. 

The equation of motion for Q averaged over 


the ensemble just mentioned connects Q° with 
—a 

the moments QJ and, would according to (2) 
and (3) at the same time be a differential equation 
for the characteristic function Z. Using the in- 
verse Fourier transformation one can from this 
equation go over to a differential equation for the 
probability density itself. 

The transition probability density W (Q, t; Qo, to) 
is the solution of this equation which has a source 
for t = tp. 


2. A BROWNIAN PARTICLE IN AN EXTERNAL 
FIELD 


The averaged equation of motion for a particle 
in the presence of an additional force (—a) and 


1011 


1012 


neglecting the inertial forces is of the form 


(Oe TO) = (4) 


where y is the coefficient of viscosity and F(Q) 
= —dU/dQ is the external force. 

Expanding F(Q) ina power series in Q and 
averaging (4) term by term we find 


1Q+ S410 = — 
j 
A; = (1/j)d'U /dQ™ |eao. (4") 
Substituting (2) and (3) into (4’) we find a differen- 


— a, 


tial equation for the characteristic function Z (a,t): 


az 
—s 6 DA a 2 =z. (5) 
Evaluating the Fourier components of this equa- 
tion, according to (1), we find that W (Q,t; Qo, ty) 
satisfies the Einstein-Fokker-Planck equation 


Gee, 


being its source function. One sees easily that the 
inclusion of an additional constant force —a leads 
formally to the appearance of a diffusion current 
on the right hand side of Eq. (6). 


Aco): 
y OQ 


Ow 
0Q 


ow 0 
ot  ~—s 0Q 


3. AN ELECTRICAL CIRCUIT WITH A NON- 
LINEAR RELAXATION MECHANISM 


We shall consider an electrical circuit consist- 
ing of a capacity C anda resistance with a non- 
linear current-voltage characteristic of the form 


> Ani. 


The charge Q concentrated upon the capacity 
is the generalized coordinate and the voltage u the 
generalized force so that the averaged equation of 
motion for Q when there is an additional constant 
force —a present is of the form 


b= U)= 


Q+7Q/C) +a] =0. (7) 


By means of the procedure described in Sec. 2 we 
find the following differential equation for the char- 
acteristic function Z (a,t): 
- k 
=e ANG Ce ee aCe) 
for’ / Oa 
The corresponding equation for the probability 
density itself 
++ico 
W (q, t) = (20i)* \ e°?/°7 (a, t)da 


is of the form 
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NO ae 
1=38(1) 2 @-) = Sarl 
i,k 


where we have introduced the notation 
q=Q(cey4, <=t(C0)® Bp A;(B7C)™, 
G (q) =>) Biqi = F(GV 8/0). 
i 


The solution of this equation can be obtained in the } 
The expression for the cur- |) 


form of quadratures. 
rent J canbe transformed to the form 


Bi! .. gimp | 
i 1 | 
T= exp P12 FE Dogan a 
ee (10}) 
| 
W, = W exp (92/2), “— ) 
after which (9) can be written as 
OW, / Ot = OJ, /0q — gdh. (11) 
writing after that 
--ioo ! 
W(q, 2) =(2niy* | e*Wy(s, 2) ds, (12) f 
—ioo 


we obtain for the Fourier component W, the equa-1) 


tion 
aWy a 
OT ae = sJ; (s) Wy+ Os. Patt (s) Wil, 
S B,j !si—2* B,if ay 
i 
ia(s) = Ga 2k)! = gia MiGs V2) 
boo | 
= (2x) | e~e-978G (9) lg (13)\) 


co 


[H, (x) is a Hermite polynomial] which after the 
substitution 


W,=J,W, exp (s?/ 2) 
leads to 
OW. /0t — J, 0W./ 0s — 0. 


The initial condition W,(s,7)) =Wo)(s) is 
connected with the initial condition of the original 
equation (9) W(q,7)) = W )(q) through (10’), (12), 
and (14). 

Solving (15) by the methods of characteristics 
we find W, (s, T)=@(v) where #(s,T) = 
f ds/J, (s) +7 is the characteristic of Eq. (15). 

Taking the initial condition into account we get 
W, (s, Ta) = Won lDi(S, T)] while p(s,7T) is deter- 
mined from the condition 

p 
\ a/R @=7— 1. 
8 

If we now use (10’), (12), and (14) to go from 

W, to W, we get 


(14) | 


(15) 


_ 
| 
\y 
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++-i00 -Leo 


—W@)= ni | | exp{t a’ —p?—@—s)}} 


—ico —0o 


, ty t — 
x W,(q7') ae ds dq’ = (2ni) 


+ico +-co 


x | | wocayexp {2 [ig — »)* — q—5)']} dp ag’. (16) 


Substituting W,)(q’) =6(q’—q)) into (16) we find 
the source function of Eq. (9). 
+i00 


W (9, 7; Go» to) = (2ni) * \ exp {5 (90 — pq —5)°If dp, 


S (p, 7) Ss 
dé / J; (€) eT, = 0, 


p 


+00 
L®) = oe | 096 (a) da, 


—co 


(17) 


which also gives the probability density for a tran- 
sition of the circuit from a state Q) at time ty 
to a state Q attime t, if the current-voltage 
characteristic i=f(qv@/C ) =G(q) of the non- 
linear resistance which enters into the circuit is 
known. 

To study Eq. (17) further we perform a change 
of variables, putting 


P— =€(C8) “*, 
W (4; 7; qo» T) dq = W (Q, t; Qo, to) dQ, 


after which we get, shifting the contour over which 
we integrate, 


+ico 
1 
W (Q, t5 Qo to) = scree | exp {arg &—(Q— 2 OI} ds 
n (E,t) 
do / Fo(p) +t— ty = 0, 
Qoté 


--0o 
4 ‘— pe)? , , 
Fol) = yaaaq \ [—“Saze | FQ) 40, 


F (Q’) =f (Q'/C). 


We shall investigate the behavior of W as 
® — 0. In that case 


(2nC@)~” exp (€2 / 2C8) — 5 (x), 


(17’) 


where x =—ié so that 
W (Q, ts Qo, to) 
—> (2nC8)— “exp {— [Q — Qo (Qo, ¢)]?/ 2C8}, 


(18) 


while Q@ (Q),t) is determined by the condition 
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Qo 
| dp/Fo(e) +t —t, =0, (19) 
Q. 

i.e., satisfies the differential equation 


If we also take into account that as © — 0, 

Fo (Q@) — F(Q@), according to its definition, 
while (18) goes over into a 6-function, we get in 
the limit © =0 


W (Q, 5 Qo, to) = 812 — Q (Q,, 4)], 


where Q(Qj),t) is the solution of the original non- 
averaged equation 


Ory (O7Cy==0 


a result which we should have expected. 

If we now go over to the case © #0 _ we shall 
“spread out” the original 6 -shaped distribution 
(21) over the neighborhood of the trajectory given 
by (7’). 

Putting 1(é, t) =Q@(Q), t) + n’ (é,t) we find 
n’ from the condition 

Qetn’ 
\ dp/ Fe(p)-+t—ty =0. 
Qo+é 

Expanding (22) in the neighborhood of é=0 in 

powers of &, 7’ and using (19) we get 


7’ = © (Qo, £)E, 


(21) 


(7’) 


(22) 


€ (Qo, t) = Fo(Qe) / Fe (Qo) = Qo/ Qo. (23) 


After that substituting (23) into (17), and evaluating 
the integral for W, we find finally 


W (Q, L; Qo, to) 


= (2ro (O74 exp {— [Q — Qe (Qo, t)]?/24(Qo, t)} (24) 


5 (Qo, t) = CO [1 —* (Qo, f)]. 


In the approximation under consideration the 
Brownian motion of a non-linear system is thus 
described by a Gaussian distribution for the tran- 
sition probability while the dispersion of this dis- 
tribution depends not only on the time, but also on 
the initial conditions, according to (23) and (25). 
The center of the distribution (the average value 
of the coordinate) is Q@ (Q, t). 

The average value of the coordinate satisfies 
Eq. (25) which is in general different from the 
non-averaged Eq. (7’). It follows from the defi- 
nition of F@(Q) [see the third equation of (17)] 
that this difference is only absent for linear sys- 
tems (F@(Q) ~ Q), and for nonlinear systems 
it vanishes only when there is no thermal noise 


(@ =0). 


(25) 
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A macroscopic calculation of the Voigt effect for centimeter waves in paramagnetic media 


is presented. 


Wrovaineey double refraction in gyrotropic media 
denotes that radiation traversing such substances 
splits into two waves with mutually perpendicular 
magnetic (and electric) vectors and propagating 
in different directions. In the special case repre- 
sented by the Voigt effect the gyration vector is 
perpendicular to the direction of propagation of 
the incident wave. The original linearly polarized 
radiation then splits into two waves which propa- 
gate in the same direction with different velocities 
and at different rates of absorption. These waves 
interfere at each point of the medium; the original 
linear polarization becomes elliptic and the ellipse 


rotates as the radiation passes through the medium. 


In the present paper we attempt to construct a 
phenomenological theory of paramagnetic rotation 
through the Voigt effect for centimeter waves. The 
paramagnetic substance is assumed to be electric- 
ally isotropic with magnetic anisotropy caused by 
a static external magnetic field.! 

2. We must first derive the magnetic suscepti- 
bility tensor for arbitrary relative orientation of 
the external static magnetic field H) and the ex- 
ternal oscillating magnetic field 7 of the radio 
wave. Hitherto*»? phenomenological theories of 
paramagnetic relaxation effects have considered 
only two special orientations, with H) and 7 
either mutually parallel or perpendicular. 

To obtain the magnetic susceptibility tensor 
we use the general equations that describe the 
magnetization of a normal paramagnetic with 
pure spin magnetism in an oscillating field.? The 
equation for the time dependence of the magneti- 
zation M is? 

M = —x {0D /0M)} + g {([MxH]}, (1) 


where 


@ = —b/2T —HM + M°T /2C (2) 


is the nonequilibrium thermodynamic potential. 
Here H=H) +7 is the total external magnetic 


field with a dec component H) and an rf compo- 
nent 7; T is the temperature of the spin system; 
b is the magnetic specific heat constant; C is 
the Curie constant; g is the gyromagnetic ratio; 
K in the phenomenological theory is an unknown 
function of Hy and of the (assumed constant ) 
lattice temperature Ty. The curly brackets in 
(1) denote that the quantities within them are lin- 
earized with respect to the small quantities 9 = 
T—Tp , the components of 7 and the variable 
part of the magnetization § =M-—Mb), where 

My = (C/Ty) Hy. 

We use (1) and the first law of thermodynamics 
for the spin system, as in reference 2. Instead of 
K we introduce the isothermal spin relaxation 
time of the magnetization, Tg = c/Tok; 4 instead 
of, the coefficient of thermal conductivity between 
the spin system and the lattice, a, which appears 
in the first law and remains an unknown function 
of Ty and Hp) in the phenomenological theory, 
we introduce the spin-lattice relaxation time Te = 
(b + cH?)/ aT. After linearization we arrive at 
the following basic equation for ¢: 


(iw + 118 + errens (Io) lo + 0 [loxE] 
= Lot HF Xoo [lox HI, (3) 


where J, is a unit vector in the direction of the 
constant field Hj; x) =¢/Ty is the equilibrium 
isothermal magnetic susceptibility; y = [1+ 

H? (c/b)]-!= Cm /Cu is the ratio of specific heats 
of the spin system for constant magnetization and a 
static field; w is the oscillating field frequency 
(in deriving (3) it was assumed that the time de- 
pendence of & and @ is given, as for 7, by the 
factor exp (iwt), since steady conditions are 
being considered) and w = gHy. It is found easily 
and directly that the solution of (3) is given by 


E=x, n+ i [8x] + (x, — x) Mon) lo. (4) 
Here x), and x, represent the susceptibility of 
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the paramagnetic in parallel and perpendicular 
fields, respectively (obtained in reference 2) and 
6 is the gyration vector (obtained in reference 1), 
which is parallel to 2. Substituting (4) into (3) we 
obtain the complex magnetic susceptibility tensor 


ae —is 0 
se iS °) (5) 


3. In order to obtain the refractive index of a 
wave traversing a paramagnet we now make use 
of Maxwell’s equations 


curlE=—B/c,  curlH’=D/c. (6) 


Here H’ is the magnetic field in the material. 
Since the specimen is regarded as electrically 
isotropic we have 


D = cE; (7) 


We denote by 7’ and b the variable parts of H’ 
and B, sothat b=7n' + 47&. In paragraph 2 it 
was shown that & = yn; since paramagnets are 
only weakly polarizable we shall assume that 

& = yn’. Equation (4) then gives 


b= (1+ 4ny,) a! + 40 xn] 


+ 4n (x ih 49) (lon) Io. (8) 


Substituting (7) into (6), eliminating E and making 
use of (8), we obtain the wave equation for 17’, 
which for a plane wave is represented by 
(en?) * [ko (Koy) —'] + (1 + 4ry,) 47 
+ 4ni [8xm'] + 4 (x, —x,) (lon) bo = 0, (9) 

where n is the index of refraction and k) is a 
unit vector in the direction of wave propagation. 

We now consider a wave propagating in the x 
direction. Projecting (9) on the coordinate axes, 
we obtain a set of homogeneous equations for the 
vector components of 7’, the solution of which 
gives two values for the index of refraction. Thus 
two waves are possible in the x direction. From 


the solution we find that one of these waves posses- 
ses the index of refraction 


ny = Vel 4: Any i) (10) 


and a magnetic vector parallel to 1, (so that 
Ny =ny=0, n; ~0). For the other wave we have 
the refractive index 


a, = {e((1 + dry ,)— 1678? / (1+ dry J}. (11) 


and a magnetic vector lying in a plane perpendicu- 
lar to 1) (so that nz =0). The second wave is 
elliptically polarized with the following relation 
between nx and ny: 
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7, = i4nd4),0/ (1 + 4x’), (Li 


which shows that the x component of 7’ is con- 1 
siderably smaller than the y component, since 
x; and 6 are of the order of x) ~ 10° (see 
reference 1). 

4, Let us now consider the interference of the 
waves indicated by (10) and (11) inside the para- | 
magnetic. An rf wave impinges at the point x = cq 
on a plane-parallel paramagnetic plate which is 
perpendicular to the x axis. The magnetic field | 
of the wave is linearly polarized in the yz plane | 
with the components | 

| 


Ne = (Mp COS %) eft, Ny = (No sin a) er, (133), 


where a is the angle between Hy) and 7. Taking) 
the boundary conditions into account and ignoring y 
reflection of the incident wave (since we are in- | 
terested only in the change of polarization but not 
of intensity), we obtain at a point x inside the 
plate the two waves: 


N, = No COs a exp {iw (t —n,x/c)}, 


, = No Sina exp {iw (t —n, x/c)}, 
5 4r8 , 
UP sty + amy, Ny 
the complex refractive indices of which are given 
by 


(15) it is sufficient to obtain the results in the yz 
plane, since the x component of the magnetic field 
disappears when the combined oscillations emerge | 
from the plate. Introducing the notation | 


. O mm 1) . 
a, = Sina exp Soe 5 = —— fx, 


(0) " @ ’ 
a, = COS &@ ex frtes — = — — 
2 No By Cc ny x) ? 85 Cc n 


and eliminating the time t from ny and 75, we 


obtain the equation of an ellipse: 
(1, / a3)? + (ni, / a)® — 2 (xf, mf, / a10,) cos 8 = sin®8, (18) 


where 6 = 6,—6,;. This ellipse is rotated with re- 
spect to the coordinate axes through an angle which! 
is the sum of qa and the angle of paramagnetic ro-- 
tation 8, by which we mean the angle between 7 

in the incident wave and the major semi axis of 

the polarization ellipse of the emerging wave. 

The ellipse can be put into canonical form by a 
transformation of the axes, and for the angle of 
rotation g =a@+f8 we obtain 


(19) 


it is evident that we have gy=a at x=0, as is to 


tan 2p = 2a,a_ cos 8 / (af — a}); 
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! be expected. We now take the very small suscepti- 


bility of paramagnets (x) ~ 107°) into account. 


Since xX;, xX and 6 in (10) and (11) are of the 
order of xy) (see reference 1), we can extract 


_ approximate values of the square roots in (10) 


and (11) and obtain corresponding approximations 
for cos 6 and for the exponentials in a, and ay. 
Equation (19) then gives 


cos a& 


a +p =tan {S22 [y - S(t = ny)z|t. 20) 


Considering also that the investigated effect is very 
small in paramagnets, in virtue of which we may 
assume sinf~ 8B and cosf$~1, we finally ob- 
tain from (20): 


B= —(r V /C) (x1 a 1 ) (sin 2a) x, 


where x” is the imaginary part of the susceptibil- 
ity. 

It is evident from (21) that the angle of rotation 
depends in first approximation only on the differ- 
ence between the absorptions of the waves corre- 
sponding to (10) and (11). This angle also exhibits 
periodic dependence on a, vanishing at a=0, 
1/2, 7.... The angle of rotation also depends 
on the frequency of the oscillating field and the 
magnitude of the de field. 

5. In experiments on paramagnetic rotation it 
is customary to determine the dependence of the 
angle of rotation on the static field for a constant 
radiation frequency. To plot the 6(H)) curve 
we must use the expressions? 


(21) 


(1+2 (w? + o?)] tT, © 


MMe ee op age’ GP) 
: (Ft, + 1,) 0+ (1 —F)? 25, w 
2H = Xo Hes C7) 7,702]? we G: we Taye w’ (23) 


where F=1-y increases monotonically from 0 
to las Hp increases. 

All the rotation experiments known to us were 
performed at frequencies for which Tw was very 
close to unity and Tew was so large that spin- 
lattice relaxation was practically absent. For 
Tew > 1, Eq. (23) then gives 


ja =7o(1 — FY) 7.0 / [i (li FA 2207], 


It is evident from (22) and (24) that the static field 
H) enters into the expression for 6 both directly 
through wy) and F and through the isothermal 
spin relaxation time Tg. For some paramagnets 
experimental data have recently been obtained? 

on spin absorption in parallel fields which may 
possibly indicate that Ts is dependent on the ex- 
ternal field (although this is still unaccounted 


(24) 


for) or perhaps that the theory of reference 2 

is inadequate for these cases. However, a number 
of investigations!»® show that the theory of Shaposh- 
nikov? is applicable with Tg independent of H) for 
a large number of paramagnets over broad fre- 
quency and temperature ranges. 

When this is so, Eqs. (21), (22), and (23) give 
a very definite dependence of 8 on Hy. The shape 
of the 8(H)) curve can, of course, differ depend- 
ing on the substance. In some substances Xi is 
very weakly dependent on H);® the curve B = 
f{(H)) is then similar in shape to the absorption 
curve in perpendicular fields (22), with the single 
difference that since xj and xj are equal at 
Hy) = 0 the rotation curve starts at the coordinate 
origin (which is physically expected, since with 
Hy = 0 there is no gyrotropy and there can be no 
rotation). We also note from an analysis of the 
rotation curve given by (21), (22), and (24) with 
Tg independent of Hy) that except for Hy and 
Hj) = 0 the rotation either vanishes nowhere or van- 
ishes twice. 

6. Not much experimental information has been 
published concerning the effect that we are consid- 
ering. So far as we know the first such data were 
given in reference 7 for powdered MnSO,:°H,O 
at about, 9.4 x 10° cps at room temperature. In 
this paper the experimental curve B=f(H)) was 
given for H) ranging from about 2.7 x 10° to 
4.7 x 10° oersteds, with a maximum for Hy at 
about 3.4 x 10° oersteds and with no intersection 
of the horizontal axis. The review article by Goz- 
zini® gives the curve in reference 7 together with 
a curve for MnSO,°H,O (communicated privately ) 
obtained under the same conditions but carried to 
about 5.8 x 10° oersteds for Hy, as well as measure- 
ments of the given effect in certain radicals. The 
curves given in reference 8 possess a single max- 
imum but do not intersect the horizontal axis. 
Hedvig?® gives experimental results for the depend- 
ence of the rotation angle on the angle @ between 
the static and oscillating fields for the organic free 
radical diphenylpicrylhydrazyl at about 9.4 x 10° 
cps at room temperature; this relation can appar- 
ently be characterized by sin 2a. Battaglia et al 
and Hedvig note especially that the sign of the ef- 
fect does not change. In these papers the experi- 
mental results are not discussed from a theoret- 
ical point of view. 

A recent paper by Imamutdinov, Neprimerov 
and Shekun!? gives the experimental 6(H)) curve 
for powdered MnCl,*4H,O at room temperature 
at about 9.4 x 10° cps with some theoretical dis- 
cussion. 

The rotation curve given in reference 10 begins 
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at zero, has a sharp maximum in the positive re- 
gion, passes through zero again at Hy) = 4 Xx 10° 
oersteds, has a very indistinct minimum in the 
negative region and then monotonically approaches 
the horizontal axis slowly from below. The theo- 
retical discussion is as follows. In (21) (given in 
reference 10 without derivation) the expressions 


— Xow “I | 
a 2t (@p — o)? + 1? | 


1 
(o +o? + | > (25) 


1 = (foo/2)/(o® + 7), (26) 


are substituted. It is stated! that for lack of a 
satisfactory theory of the complex paramagnetic 
susceptibility of solids these expressions were 
obtained by using the theory for a paramagnetic 
gas consisting of identical particles with spin 2. 
It is then stated that if we assume the relaxation 
time T in (25) and (26) to increase with Hy these 
equations “describe the experimental results well 
both qualitatively and quantitatively.” Regarding 
the postulated increase of 7 with the field the 
writers refer to Gorter’s book’ and Kurushin’s 
papers.°® It is also stated that the phenomenolog- 
ical theory of Shaposhnikov® likewise apparently 
leads to (25) and (26). 

7. A comparison of the experimental data from 
references 7—9 (in Sec. 6) with the discussion of 
the theoretical rotation curve given by (21), (22), 
and (24) (Sec. 5) indicates agreement between these 
experimental results and our theory. The follow- 
ing must be stated concerning the experimental 
rotation curve given in reference 10. For powdered 
MnCl,-4H,O at room temperature and at a fre- 
quency very close to that used in reference 7, 
Kurushin obtained the experimental curves of 
x{ (Hp) and xj (H)) using the same apparatus 
that he had described in an earlier paper.® These 
results, which will be published in the near future, 
show without any doubt that up to Hy of the order 
6 x 10° oersteds the Xj; (Hp) curve is everywhere 
below the xj (Hj) curve. It follows (see (21)) 
that in the given region of field values the rotation 
curve £(H)) can become zero nowhere except at 
the origin Hy) = 0; however, the experimental 
curve in reference 7 passes through zero for 
Hy = 4 x 10° oersteds. It must be added that for 
MnCl,°4H,O under the given conditions many ex- 
periments!»® support Shaposhnikov’s theory with 
Tg independent of Hy; but in this case, as was 
noted at the end of Sec. 5,an analysis of the 6 (Hy) 
curve shows that except for H)=0 the curve has 
either no zero or two zeros, in agreement with 
the experimental results of Kurushin that have 
just been mentioned. 

With regard to the theoretical discussion in 


L. M. TSIRUL*NIKOVA 


reference 10 we may state the following. Although | 
(25) and (26) are actually derived on the general| 
equations of Karplus and Schwinger?! for the com- 
plex suecen ay of an ideal gas in the special 
case of spin 4 and perpendicular and parallel 
fields, we believe it would be incorrect to use (25) | 
and (26) in the theoretical explanation of the ex- 
perimental rotation curve given in reference 10. 
Under the given experimental conditions the spin 
system of the paramagnetic is practically iso- 
lated from the lattice, since Tew > 1. Therefore 
for XII we must use an expression that acces g 
to adiabatic spin-spin relaxation in the absence of © 

spin-lattice relaxation, as we did in Sec. 5 [see | 
Eq. (24)]. It is also evident from (22) that xj does}. 
not contain Tg at all. A comparison of (25) and 
(26) with (22) and (24) shows that when T = Tg 
(25) coincides with (22); however, (26) is not trans-- 
formed into (24), which corresponds to adiabatic 
spin-spin relaxation and is obtained from (23) for 
Tew — ~, but (26) does correspond to isothermal 
spin-spin relaxation and is obtained from (23) for 
Taw — 0. We also note that if we follow the author 3) 
of reference 10 by accepting (25) and (26), we can- 
not fully check their statement that theory and 
experiment are in good qualitative and quantita- 
tive agreement for Tt increasing with Hp) since 
the specific dependence of tT, on H is not given. 
We must add that if in (25) and (26) we understand 
T to mean Tg [which is required if (25) is to 
agree with (22)], then we are not in accord with 
the reference to Gorter and to Kurushin® with re- 
gard to the dependence of Tg on Hp. In our opin- | 
ion Gorter’s results cannot be used for any defi- | 
nite general conclusions regarding the dependence 
of Tg on Ho, while the cited papers of Kurushin 
indicate that tg is independent of Hp. 

8. We have plotted the 8(H)) curve given by 
(21), (22), and (24) for MnCl,°4H,O under the 
experimental conditions of reference 10 with Tg, 
taken as 0.24 x 107® sec (see reference 6). The 
curve starts at zero and remains entirely in the 
positive region with one maximum, after which it 
drops monotonically and practically reaches the 
horizontal axis for Hy of the order 8 x 103 oer- 
steds. This rotation curve agrees with the ex- 
perimental curves of yj(Hy) and Xi Hy) that 
were obtained by ene (see Sec. 7). 

The author takes this opportunity to thank I. G. 
Shaposhnikov and A. I. Kurushin for valuable sug- 
gestions and discussions. 
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A nonrelativistic solution of the Bethe-Salpeter equation has been obtained which includes 
terms of the order of the relative velocity of the particles. 


Thee Bethe-Salpeter equation for two identical 
Dirac particles with mass m and charge e has 
the following form in momentum space: 


(+ R44 p?—m) (+ R° — p— m) (0) 


=i, (EE vp — k) dk, (1) 
where K is the total, and p the relative, momen- 
tum of the system. We always set h=c=1, and 
the scalar product of any two vectors q and 7T is 
taken aS QT = QyTy = GoTo — 4471 — G2T2 — 4373- The 
index a refers to the Dirac matrices belonging 

to the first particle, and the index b, to those 
belonging to the second particle. We have vy) = 8, 
V1,2,3 =BO1,2,3 and G=qypyp. Finally, 

CED rig etic al Vine (O) pobeg ton ye: 


We multiply both sides of (1) by the operator 
fe eet tanh petra, 


and obtain in the coordinate system in which the 
two-particle system as a whole is at rest (K=0, 
Ky) = 2m—E, where E is the binding energy ) 


[(m— + Po) — (7? +m?) 
x [(m—5-— po) — (p? + m)]$(p) 
= Fs [(1 + 89) m— + po + (a*P)| 
x | (1 + BY) m — > — po — (a*p)| 


a0 
x |S oe bate, (2) 
In the nonrelativistic case, E/m «1, and the 
wave function ~(p) differs from zero appreciably 
in the region of small momenta, |p/m| =v <« 1, 
where v is the relative velocity of the particles, 
and of small py (the magnitude of py is of the 
same order as E). In the following we shall be 
interested in the solution of equation (2) with an 
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accuracy up to and including terms of order v. 
On the right hand side of (2) we can therefore 
neglect the terms k% and (a@2a@b) under the in- 


are smaller than the Coulomb potential by the fac-4 
tor v? (reference 2)]. Discarding all terms of if 
higher order of smallness, we rewrite Eq. (2) in | 
the form 


Beller: + \4(p, po) 
=5 [Fa +094 SP ][h a + py— 0] 


% eee t = 0) d’k 
where ¢(p)=%(P, po). We also used the relation || 


(2(P. po) deo = 2nh(p, # = 0). 
Multiplying both sides of Eq. (3) by the expression | 
exp (— ipot) 


2n (pp —E/2—p?/2m)(p9+ E/2+p?/2m)  (4))) 
and integrating over py under the assumption that || 
m in (1) has an infinitesimal negative imaginary 
part (this gives rise to the infinitesimal terms . 
+id and —i6, where 6>0, in the first and sec- | 
ond parentheses of the denominator of (4), respec- | 
tively), we obtain, for t>0, | 


e= exp{—i(E/2-+ p?/2m)t 4 a | 


Ee ep ay iar 


b | 
x [5d +64 eae k, t=0)d%. — (5)) 


For the following it is convenient to introduce 
the notation 


bi = & (p) ss) 6), 
y(p)  o™*(p) a 
where ¥%(p), ¥*1(p), ¥*2(p), and w*3(p) are! 


| 


! 
| 


| 


} 


NON-RELATIVISTIC SOLUTION OF THE BETHE-SALPETER EQUATION 


two-rowed functions. Furthermore we set 


p(p, = 0) = p(p). (7) 
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Using (5), (6), and (7), we find the following equa- 
tions for the determination of the components of the 
wave function (7): 


(E + ir) 2° (0) = aes | ge FP —&) + SP gmp — ky) — FP gm p—) — PCP) om ip_iy]are, 8) 
(2 +S) em = 5 oP op — my — SEM empty |e, ®) 

(6+ 2) e@) = 5) 4 [SP ew —& + SUED om ip —y lore, (10) 

(E+) en) = | ge Re oF oho ae a 


It is seen from equations (8) to (11) that y1(p) 
and y2(p) are of the order of the relative ve- 
locity v, and the function y%3(p) is of the order 
v?. In contrast to this, the function gy? (p) con- 
tains “large components” which do not reduce to 
zero for v =|p/m|— 0. Since we are interested 
in the wave function (7) with an accuracy up to and 
including terms of order v, we shall discard the 
térms containing g”1 and g”2 on the right hand 
sides of Eqs. (8), (9), and (10), and set the function 
y*3 equal to zero, as it is of order v*. Further- 
more, we replace the integral over the variable k 
Eqs. (9) and (10) by (E+p?/m) @% (p), using 

Eq. (8). As a result we find that the large com- 
ponents of the wave function (7) satisfy the Schrod- 
inger equation, which in x space has the usual 


form* 
Ge V24 ae ) = Eo®(x) (12) 
a V+) #0) = EF), 
The small components are given by 
a) b 
p(x) = FV) q6 (x), pte(x) = — FV) 96 (x), 
p™ (x) = 0. (13) 


In the mixed representation ~(p,t), obtained 
from ~(x,t) by a Fourier transformation with 
respect to the spatial coordinates x only, the 
wave function corresponding to the Bethe-Salpeter 
equation (1) has, according to (5), the following 
form for t>0 (with an accuracy up to and in- 
cluding terms of order v): 


b 
°(p) —F 9) 9° (p) ee 
p(p, t) = aa exp = i(> = i) i 
eA ee / (14) 


For t <0 the exponent in (14) takes the opposite 
sign. It must be emphasized that the two-rowed 
(four-component) function g?%(p) in (14) satis- 
fies the Schrédinger equation and is also an eigen- 
function of the operators of the total angular mo- 
mentum of the system and its projection. This 
means that the function 9°(p) satisfies, in the 


*Equation (12) was obtained by Bethe and Salpeter’ as the 


nonrelativistic limit of Eq. (1). 


spinor indices, the corresponding operator equa- 
tions of nonrelativistic quantum mechanics. Ex- 
pression (14) is also valid for the mesonic inter- 
action of the nucleons; however, in this case the 
Coulomb potential in the Schrédinger equation (12) 
must be replaced by the Yukawa potential or its 
generalization. 

With the wave function (14) we can calculate 
the annihilation probability for bound particles 
(positronium) in the P state.*»4 With the help 
of formula (14) it is possible to take account of 
the Coulomb interaction between the electron and 
the positron in the pair production by photons, 
such that the expression for the differential cross 
section contains all terms of the order of the rel- 
ative velocity between the pair of particles. If 
Eq. (1) is to be solved with an accuracy up to and 
including terms of order v’, the expression for 
the interaction energy between the electron and 
the positron will differ from the known result® 
by the absence of the exchange interaction, since 
Eq. (1) does not include exchange forces. To ob- 
tain the correct result, Eq. (1) has to be replaced 
by an equation of the Bethe-Salpeter type which 
contains, together with the ordinary interaction, 
a specific exchange interaction between the elec- 
tron and the positron arising from their virtual 
annihilation.® 
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The mechanism of resonance scattering of low-energy gamma rays is discussed. It is shown 
that this scattering is of the nature of nuclear resonance fluorescence and that excitation of 
the nucleus can be described by means of one-nucleon transitions. The gamma-ray scatter- 
ing cross section is calculated on the basis of the shell theory. Excited level widths are es- 
timated from the Fermi gas model and the results obtained by Signell and Marshak! in con- 
nection with the theory of nucleon scattering. The results are in satisfactory agreement 


with the experimental data. 


1h scattering of gamma rays with energies 

Ey < 30 Mev exhibits two maxima, one of which 

is in the giant resonance region and is accounted 
for by the dipolar vibrations which can be excited 
in all nuclear matter. The other maximum* is 
below the particle threshold; Fuller and Hayward® 
have obtained experimental evidence that gamma- 
ray scattering in this energy region depends essen- 
tially on nuclear structure. The scattering cross 
section at the giant-resonance maximum increases 
relatively smoothly with the atomic number A, 
whereas the “subthreshold” scattering maximum 
varies sharply depending on the nucleus. The 
variation is especially great in the case of nuclei 
with a closed shell structure. It has also been 
found that scattering in this region exhibits a few 
very sharp resonances. 

It was the purpose of the present work to deter- 
mine the mechanism of gamma-ray scattering in 
the subthreshold region. It was assumed that scat- 
tering occurs at separate one-nucleon levels and 
can be described as nuclear resonance fluores- 
cence. In the dipole approximation the cross sec- 
tion for gamma-ray scattering on a nucleus is given 
by 

2 etm?h? ln 
> nn 


(1. 1) = 3 age ED (Ey Spore y a a, (0) 


n’ 


Here w is the frequency of the scattered gamma 
ray; M is the nucleon mass; I is the total width 
of the intermediate (excited) level; fyy is the 
oscillator strength for a transition from state n 
to state n’ and is defined (when the gamma ray 
is polarized along the Z axis of the nucleus) by 


*Bethe? has given a rough qualitative explanation of this 
resonance based on competition between reactions. 
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Lan! =2Mi- (Ene a En) | Z nn! ?. 


We shall consider real transitions correspond- | 
ing to resonances. In the given approximation and {. 
for E < Ejpy as a rule one transition corresponds F 
to each fixed ground level. Therefore only one tera) 
in the sum on the right side of (1) is important. | 

Schréder’s method‘ was used to calculate the 
ground and excited nucleon levels. Although the 
calculation took strongly complicating factors into 
account — the Coulomb interaction of protons with- } 
in the nucleus, the spin-orbit interaction, the dif- 
fuse nuclear boundary — this method permits a 
relatively simple and clear solution of the problem. .| 
On the other hand, consideration of these factors 
results in a more accurate charge distribution 
within the nucleus and in potentials that are in 
agreement with the phenomenological model of 
Feshbach, Porter, and Weisskopf.® 

In the assumed model the radial part of the 
wave equation for neutrons is given by 


d? yay (05 “@+1 2M 
tae toe ani oe tear lenge ee 


where 


V = Vn — 0.88 (V2 Vy oN (2) 
In (2) Vy _ is the potential for neutrons, while the 
second term represents the spin-orbit interaction. 
The specific character of Vy for Pb? is given 
in reference 4. 

A Coulomb interaction term must, of course, be 
added to the equation in order to determine the pro- 
ton levels; in this procedure Schréder was followed 
exactly. ue 

The total potential V(r) + (f?/2M)1(1+1)r72 
was approximated by the parabola 


' RESONANCE SCATTERING OF LOW-ENERGY GAMMA RAYS ON NUCLEI 1023 


KS 
+ 


iy ib aA Gael 


The parameters u, rj, w, are clearly functions 
of J and j. The eigenfunctions En,J,j are given 


by 


En, 1,7 = —U+ (h/W) V 2u/M (n—1)2), 


and the solution of the radial part of the wave func- 


tion is given by 


Rn, 1,7; (7) == NrAH a [a (r — ry) exp [— a? (r — r,)? / 21, 


where N = (a/7'/22%1)!/2 is the normalization 


mfactor, a= Vv 2Mu/w?h? and Hy is a Hermite 


polynomial. 

The matrix elements for dipole transitions 
which are important in the given energy region 
were obtained by numerical integration. 

The excited level width [ was determined as 
follows. A nucleon which has been excited through 
the absorption of a gamma quantum may return to 
the ground level immediately by emitting a gamma 
quantum of the same energy. This process is rep- 
resented by the radiative width Ty given by® 


po ght! (+1) (Aj +1) (20 +1) 
: L [QL + 1M? 


x [C (UL; 00) Y (iti a Ly) ho <— k mi. 


where 1, j pertain to the final state, l’, j’ pertain 
to the initial state, L is the emission multipole 
order (in our case L=1), C is a Clebsch-Gordan 


- coefficient, W is a Racah coefficient, and my, is 


the radial part of the transition matrix element. 

The nucleus can also return to the ground state 
by means of a cascade gamma transition, which 
can be calculated roughly.’ The width for medium 
and heavy nuclei at Ey ~ 8—9 Mev is found to be 
0.2 —1.0 ev, which is considerably smaller than 
Ty for a direct transition to the ground level and 
can thus be neglected. 

However, it is also possible for the given nu- 
cleon to be scattered by another nucleon in the 
ground state; the width [,, corresponds to this 
possibility. In order to determine [gg approxi- 
mately we use the picture of nucleon-nucleon 
scattering in the Fermi gas model; in order of 
magnitude it is found that® 


Too =e Oipsh {(E, — Er) / Er}?; Se OS 


Here v, is the velocity of the excited nucleon, 
o is the cross section for scattering by another 
nucleon, p is the density of nucleons which can 
efficiently scatter the excited nucleon. The last 
factor in the expression for Ig¢ takes the ex- 


clusion principle into account; ali states below the 
Fermi energy Ef (in our case Ep = 32 Mev) 
are filled, with vacant states above this level. 

The nucleon-nucleon scattering cross section 
o0 was calculated using results obtained on the 
semiphenomenological theory with which Signell 
and Marshak! gave a good account of experimental 
findings. In the energy interval of interest here 
(6—9 Mev) the scattered phases in the cross sec- 
tion were calculated by extrapolating the results 
of this theory. 

The total width of the excited level is thus 
[=T,+TIge. The following results were obtained 
when the foregoing method was applied to reso- 
nance scattering of gamma rays on Ni*®, Cu®, 
Pb28 B i209) Sntl8 ang 7127, 

In the case of the Ni*® nucleus the proton tran- 
sition 1f7/2—~1g9/, is important. A proton in the 
excited state 1 89/2 undergoes 1P, scattering* 
on a neutron in the ground state 1f;/. Experi- 
ments actually measure the integrated cross 
section 


CAT, . 4) x \e(r 1) dE, 


averaged over the energy interval (integration is 
performed over the interval of interest, which in 
our case is of the order of 1 Mev). Taking this 
into account, at Ey =7 Mev we obtain a(y, y) = 
2.6 mbn, which is in good agreement with experi- 
ment. 

Cu® differs from Ni® by the addition of one 
proton in the 2p3/ state and four neutrons, of 
which two are in the 2p3/, state and two in the 
1f5/, state. An excited 1g9/, proton can also 
be scattered by the latter neutrons, thus increas- 
ing IT. The cross section corresponding to the 
proton transition 1f;/, > 1g9/2 is thus reduced, 
becoming 2.5 mbn. The experimental result is 
a(y, y) = 1.8 mbn. 

The most efficient transition in P is 2fr7/5 
— 2859/2. The excited neutron is scattered by the 
Lhyif, proton; the calculation gives o(y, y) = 
16 mbn. 

The calculation for Bi?” is practically the 
same as for Pb?"® since only one proton in the 
1hg/, state is added, which is without appreci- 
able effect. The cross section is the same as 
for Pb2°8 and the results for Pb?’ and Bi2” are 
in good agreement with experiment. The efficient 
transition in Sn'!® and I?" is 1f5/. > 1gy/, (AE 
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*It should be noted that only P scattering is important. It 


can be shown by a direct calculation that S scattering, al- 
though possible, makes a negligible contribution since it 
corresponds to a very large value of I,, (tens of kev). 
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~ 7 Mev). The width of the excited state is given 
by ry 825. ev (Dogs ev). \a(77 7) Sor snité 
is 12.5 mbn, which corresponds to the measured 
value. In I!" there is practically no change in 
the basic features of the 1f5/, ~ 17/2 transition. 
However, three protons are in the 17/2 state; 
there are fewer possibilities for a transition and 
the probability is diminished. The calculation of 
a(y, y) gives 4.8 mbn, which can be compared 
with the experimental o(y, y) <3 mbn. Thus, 
just as for the Cu® nucleus, the calculation in- 
dicates that the cross section tends to decrease, 
although not so sharply as occurs experimentally. 

The crude model that we are using must be 
regarded as only a first approximation, although 
it enables us to derive all of the basic features of 
gamma-ray scattering on nuclei in the subthresh- 
old region. Relatively good agreement with ex- 
periment is obtained for both the cross section 
and its variation as we pass from a nucleus with 
closed shells to another which possesses extra 
nucleons. 

Our theory has assumed a spherically symmet- 
rical nucleus, although many nuclei are actually 
deformed. In most cases this deformation is 
small and its effect on gamma-ray scattering can 
be calculated by the method of Moszkowski,’ who 
showed that for small deformations an energy 
level can be described by 


E=E + EM + EM q+... 


where d=4e, and €« is the ratio of the differ- 
ence between the semiaxes of the ellipsoid de- 
scribing the nucleus to the radius of the equivalent 
Sra Sas ‘ 
sphere; Enlim is defined by 
Oi i one Jee ts 8n? 
: pa are Se 


TL Tee 


Here Eatin is the energy in the case of spherical 
symmetry and f is a coefficient which in our case 
of an oscillator type of potential equals one-half. 
Confining ourselves to first order terms in the 
expansion of E with respect to powers of the de- 
formation d and considering as a specific exam- 
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ple the proton transition 1f5/, ~ 1g7/2 in ea ! 
(assuming for simplicity that Am = 0), we obtain | 
d=0.02 (the quadrupole moment of [!27 is 46 x | 
10-28 em? and R=1.2A%3x10-8 cm). Instead | 
of a single resonance at Ey = 7 Mev we obtain 
three less strong resonances (since the levels 
are now only doubly degenerate); one of these is 
33.6 kev above, while the other two are 3.8 kev 
and 92.6 kev below, the previous resonance. The 
splitting is much larger than the resonance widths 
(~ 300 ev). 

On the basis of the foregoing we note that the 
maximum of the subthreshold resonance need not 
necessarily coincide with the threshold of the 
(y,n) and (y, p) reactions but may be slightly 
shifted toward lower energies. This effect de- 
pends to a considerable degree on the specific 
distribution of the levels between which radiative 
transitions occur. 

In conclusion the author wishes to thank B. T. 
Geilikman for his interest and valuable suggestions. |) 
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We discuss the problem of determining the complete set of optical constants of a conductor. 
It is shown that for an isotropic conductor this set consists not only of the index of refrac- 
tion and the absorption coefficient, but also of two real quantities corresponding to a com- 
plex boundary impedance. The real part of the boundary impedance determines the surface 
losses in the conductor, while the imaginary part of the dielectric constant determines the 
volume losses. We have formulated dispersion relations which connect the real and the im- 
aginary parts of the complex surface conductivity. We have considered fluctuations in the 
electromagnetic field in the conductor and have obtained the correlation functions for the 


field components of a metal filling a half-space. 


l. In a preceding paper by the author! the theory 
of the optical constants of conductors was consid- 
ered for the case of radiation obliquely incident 
on the surface of a bulk, conducting body. We 
evaluated then the anomalous skin-effect by intro- 
ducing a boundary condition at the surface of the 
conductor corresponding to the presence of a sur- 
face current. The surface conductivity evaluated 
in that way leads to additional losses correspond- 
ing to a diffusive scattering of the conduction elec- 
trons at the metal surface. In the following we 
shall discuss the problem of the optical constants 
of a conductor and we shall consider fluctuations 
in the electromagnetic field and pay attention to 
some electrodynamical relations, taking into ac- 
count the presence of a boundary impedance z = 
y~! which connects the surface current density i 
with the tangential components of the electrical 
field: 

i = 7(o) ({E—n(nE)}, (1) 


y(w) is the complex surface conductivity, n 

the outward normal to the surface of the conduct- 
ing body. We have taken here the time depend- 
ence in the form eit. We have for an aniso- 
tropic conductor, and also for a crystal of cu- 
bic symmetry, instead of (1) 


L — Yaa (2) 


where Yqp is the second-order conductivity 
tensor. 

2. If we do not take the anomalous skin ef- 
fect into account, the optical properties of con- 
ductors are characterized by a complex dielec- 
tric constant 


D=cE, ¢() =(n— ix)? =& + ite. (3) 


Here n is the index of refraction and x the 
absorption coefficient. With the same degree of 
accuracy with which we may neglect the anoma- 
lous skin effect, these quantities fully determine 
the optical properties of a conductor. In the re- 
gion of the anomalous skin effect, on the other 
hand, when the mean free path is larger than or 
comparable to the penetration depth of the field, 
the complex dielectric constant, and thus n and 
Kk, do no longer determine all the optical con- 
stants of the conductor. The problem therefore 
arises of determining the complete set of opti- 
cal constants in that region. There is in the 
literature essentially no elucidation of this pro- 
blem. 

The majority of the papers considering the 
anomalous skin effect in the optical region are 
devoted to a microtheory and because of the 
complexity of the equations of the microfield 
they are restricted to a study of the case of 
bulk metals.* The discussion is appreciably 
simplified in the case when the absolute magni- 
tude of the complex dielectric constant is ap- 
preciably larger than unity. One can then use 
Leontovich’s boundary conditions? and they lead 
in such a limiting case to the fact that the opti- 
cal properties of a bulk metal are completely 
characterized by the complex surface imped- 
ance (see reference 3). Moreover, it turns out 
that one can introduce an effective complex 
dielectric constant and thus neg¢ and Koge.4 


*See the papers quoted in reference 1. 
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These quantities characterize the conductor, 
however, only in the region where €eff is 
large, and only for the case where the dimen- 
sions of the conductor are large compared to 
the skin-depth 6, i.e., for bulk conductors. 
As an example we point out that the electrical 
polarizability of a sphere of radius R which 
determines the scattering and absorption of 
light in the case where R is small compared 
to the wavelength of the radiation both in a 
cavity and also inside the particle is equal to 


Cece ee SH), 

One can use the complex dielectric constant in 
optics in the region of the anomalous skin effect. 
This is because even in the infrared region the 
condition v/w «6, where v is the velocity of 
the conduction electrons, is satisfied. If we are 
interested also in terms of the order (v/wé)? 
we must take into account the spatial dispersion 
of the dielectric constant and instead of Eq. (3) 
use an equation of the form® 


D=cE+aV?E-+ bgraddivE. (4) 


Since the boundary impedance corresponds to an 
effect of the first order in v/w6 we need take the 
anomalous skin effect correction into account only 
when for some reason or other y turns out to be 
excessively small. This can, in particular, occur 
in the case of specular reflection of the conduction 
electrons from the metal surface, a case which is 
of little practical interest. In metals, however, 
diffusive scattering takes apparently always place 
and y is by no means abnormally small. Because 
of this one can with great accuracy use Eq. (3), i.e., 
neglect the spatial dispersion of the dielectric con- 
stant. If y is not abnormally small the spatial dis- 
persion can be appreciable only for large v/w6 
when any expansion of (4) in powers of such a pa- 
rameter becomes invalid.* 

In essence the complete answer to the problem 
of the optical constants of a metal when the anoma- 
lous skin effect is taken into account is contained 
in what has been said. In addition to the complex 
dielectric constant there enters namely, into the 
complete set of optical constants also a complex 
boundary impedance, i.e., two real number y, and 
Y2 (Y=% + iy¥2), which are, like n and x, func- 
tions of the frequency of the electromagnetic field. 


*The case when ¢ tends to zero is an exception. This 
case corresponds to the possibility of the propagation of 
plasma waves. The velocity of propagation of these waves is 
essentially determined by the spatial dispersion of the dielec- 
tric constant. 
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The optical properties of a conductor are then com; 
pletely characterized by € and y, independent of | 
whether or not ¢ is large. We note that the boun- || 
dary impedance can in any case not be neglected 
(or rather, its real part cannot be neglected ) whenij 
the imaginary part of « is small, which occurs i, 
when 6 < 1, where J is the conduction electron 
mean free path. 

In the case of an anisotropic conductor we have 
instead of (3) 


1D). = SupE a, (5) i 


which gives us together with (2) the complete set 
of material equations which determine the optical 
properties of metallic crystals. 

3. We shall consider some consequences of the | 
Maxwell equations and the material equations given | 
above which enable us to obtain useful relations for | 
optics when the anomalous skin effect is taken into | 
account. First of all we consider the boundary 
conditions at the interface of the conductor with 
a vacuum (the generalization to the case of an 
interface of a conductor with a dielectric or with 
another conductor is obvious). The presence of 
a surface current leads to the following boundary 
condition for the tangential components of the mag- | 
netic field (we shall take p = 1): 


Curl H = n x (H™°4_ HY*°] = 4zi/c. (6) 


The component of the magnetic field normal to the 
surface as well as the tangential components of the 
electrical field are continuous 


pct =Hmee Ey®* = EPCs, (7) 


The normal component of the electrical induction, 
on the other hand, is discontinuous because the 
surface current density i leads by virtue of the 
equation of continuity to the presence of a surface 
charge density. If we take the time dependence in 
the form elt, we get for the surface charge den- 
sity o = (i/w) divi. The last boundary condition 
is therefore of the form 


Dy*°— Det (4ni /w) divi. (8) 


Because the vector i lies in the surface, there is 
in the first part of this relation no normal deriva- 
tive, and only the tangential derivatives of the tan- 
gential components of the electrical field enter 
therefore according to (1) or (2) and these are con- 
tinuous because the normal components of the mag- 
netic field are also continuous. 

Using the boundary conditions (6) — (8) we can 
determine the heat released inside the conductor. . 
The energy current flowing through the surface of 
the conductor is namely equal to 


Ae $ dS (n [EY8* x HY2°] 


Ss \ av KE a HS) + $ dS (iE), 


where the first integral is taken over the whole 


(9) 


- volume of the conducting body, and the second 


one over its surface. Taking the time average 

and using Eq. (1) we get for the average quantity 

of heat Q released in the conductor per unit time 
the following expression (we neglect the imaginary 
part of the magnetic susceptibility ): 


WEQ 


ase 4x 


\@V E* + 1, § dS (E? — (HE). (0) 
We see that if we neglect the imaginary part of the 
magnetic susceptibility, the energy absorption is 
determined by the real part.of y (surface losses ) 
and the imaginary part of « (volume losses). It 
follows in particular from this that while €, < 0, 
Y; must be positive. 

In the case of an anisotropic conductor we have 
instead of (10) 


£3 > p AS (Vin + Vee) EE; (11) 


4, We considered above the surface current (1) 
for the components of the electromagnetic field with 


a well determined frequency w taking into account 


that y(w) is some function of the frequency. The 
possibility of such a dispersion of y follows, gen- 
erally speaking, already from the fact that, for in- 
stance, in the isotropic case the surface current 
density at a given moment is determined in the 
usual way by the values of the field at the preceding 
moment (see, for instance, reference 3). One can 
thus show that y,(w) is an even and y2(w) an 
cdd function of the frequency w. 

One can easily obtain the dispersion relations 
which connect the real and imaginary parts of the 
boundary impedance. To do this one can, for in- 
stance, follow the derivation given in reference 3 
for obtaining the dispersion relations for the com- 
plex dielectric constant. The result is 


2 ay . 20: ° 
Pee 8 rn, 204 
0 


0 


11 (*) aK, 


x? —o 


(12) 


In the neighborhood of x? = w? one must take the 


principal values of the integral in (12) as is usual 
in dispersion relations. To obtain the dispersion 
relations it is necessary to take into account that 
y(w) has no singularity as w—0. This is in 
accordance with the fact that y is finite in the 
static limit. Apart from this y(w) must decrease 
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when the frequency increases. One can verify that 
this condition is also satisfied by using the free 
electron model which is, generally speaking, the 
better applicable, the higher the frequency of the 
variable field. 

Indeed, the surface current density produced 
by the collisions of the electrons with the surface 
of the conductor and their subsequent diffusive 
scattering is as far as order of magnitude is con- 
cerned equal to i= enLAvw, where e is the elec- 
tron charge, n the number of electrons per unit 
volume, L the depth of the surface layer in which 
the electrons, which undergo noticeable collisions 
with the surface, lie. It is evident that under the 
conditions when the frequency of the variable field 
is large compared to the collision frequency of the 
electrons, L will be equal as to order of magni- 
tude to the distance traversed by an electron dur- 
ing one period of the variable field, i.e., L~ v/w 
(where v is the root mean square velocity of the 
electrons). Furthermore, w, the probability for 
the diffusive scattering of the electrons, is never 
larger than unity. Finally, the change in the elec- 
tron velocity under the influence of the variable 
field is as to order of magnitude (not taking phase 
amplification into account) equal to Av ~ (e/mw)E 
according to the equations of motion of a free elec- 
tron. It is thus clear that y < e*nv/mw?. A more 
rigorous evaluation, also based upon the free par- 
ticle model but using the transport equation, gives 
y = 3e*nv)/16mw*, where vy is the velocity on 
the Fermi surface and m the effective mass. 

The generalization of Eq. (12) for the aniso- 
tropic case is completely obvious. 

5. We shall now consider the problem of the 
fluctuations in the electromagnetic field when there 
is a complex surface resistivity. It is usual when 
considering fluctuations in the electromagnetic field 
to introduce a “strange” fluctuating induction cor- 
responding to spontaneous electrical and magnetic 
moments produced in the body as a result of the 
fluctuating charge oscillations (see reference 6 and 
Chap. XIII of reference 3). In accordance with this, 
the material equations take the form 


Dz (@) = ag (@) Eg () + Ka (0), 


Ba () = pag (@) He (m) + Le (w), (13) 
and from the Maxwell equations we get 
Ka (w) = —eagE,(o) — © curl ,H(o), 
Ly () = —paple(o) += curl, E(o). (14) 


The correlation between the strange inductions is 
then determined by the equations (our notation 
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differs from the one in reference 3 by the oppo- 
site sign of the frequency w) 


(Ka (ty) Kg (Te))o = ih (C2p — Spa) 8 (Te — M1) 


x coth (hw /2xT), and so on (15) 


Here x is the Boltzmann constant. The formulae 
which we have written down solve in principle the 
problem of determining the electromagnetic fluc- 
tuations in any body, if there are no surface cur- 
rents present. 

It is also in our case natural to supplement the 
material Eq. (2) with a fluctuating surface current 
density g: 


i, (©) = 1,5 (@) Ey (@) + g, ()- (16) 


Substituting this material equation into the boun- 
dary condition (6) we obtain the following relation 
in addition to Eqs. (14): 


£, (0) = — Tag (@) E, (@) + (c/4r) curl H (). (17) 


One can say that the fluctuating surface current 
density g is caused by the fluctuations in the scat- 
tering of the electrons at the metal surface. 
Equation (17) is analogous to the first equation 
of (14). In order that we can use the known results 
of the theory of electromagnetic fluctuations it is 
convenient to construct a symmetric scheme and 
to introduce a surface equation similar to the sec- 
ond equation of (14). The possibility of formulating 
such an equation can physically be connected, for 
instance, with the fact that the probability for an 
electron spin flip at the surface of the conductor 
is different from zero (see, for instance, refer- 
ence 7). We can thus write 


Curb eas (Reo Be ee oe (18) 


where b/47 is the surface magnetization density. 
Introducing the strange fluctuating magnetic in- 
duction density 7, we have 


med 


bx = Vag (o) (Hp +He )th, (19) 


l= — 4 Yap (Hg + Hem9)4 <u x [Et _EY**] 4. (20) 


Since according to (18) the tangential compo- 
nents of the electrical field are discontinuous we 
must replace in Eqs. (16) and (17) E by, for in- 
stance, (EV2¢ + RMed)/2, Moreover, it is con- 
venient to introduce instead of the fluctuating sur- 
face current density g a fluctuating surface elec- 
trical induction k. We get then 


he (©) = —— tu (@) (EX*+ EBM) 


tc 
pecs d 
OS LAS See le 


(21) 


VC PASSTEEN A} 


where 


b, (0) = (4n/io)g, (0), tag = (48/0) Taq (22) 


Relations (20) and (21) are completely analogous: 
to the volume relations (14). The form in which 1 
they are written makes it therefore immediately | | 
possible to write down the following formulae for | 
the correlations between the incidental surface 
inductions: 


(R, (t1) Rg (T2)) 


= th (Nag — Na) > (Ife — FJ x n) coth (hw / 2xT), 


(1, (r1) Ly (t2)) 


= ih(V,, — ve) o([f2—t1] x n) coth (hw /2xT), 


CAN) (23) fi 
In Eqs. (23) there occur surface 6 -functions and { 
not volume 6 -functions, in contradistinction to 
Eq. (15). This is, of course, connected with the 
fact that in the expressions for the change in en- 
ergy k and 7 enter into a surface integral which 
is taken over the boundary surface of the body. 
Taking (22) into account we have the following ex- 
pression for the correlation between the incidental 
surface currents: 


(,. (TM) Za (t2)) 
= = (Yas ate tae) 8 (({rfz2—T,] x a) coth (hw / 2xT). (24) i 


From Eqs. (23), (24) and the Onsager relations in 
the case of bodies which do not possess a “mag- 
netic structure”*® and which are not in an external 
magnetic field the following equations follow 


Yap = Year “leg = gar Tag = Vpas (25) 


If, however, the system is in a constant magnetic 
field H, we have 


Tag (H) = Yq (—H). (26) 


6. Equations (21) — (23) together with Eqs. (14) 
and (15) make it in principle possible to determine 
the fluctuations in the electromagnetic field in a 
conductor in the region where one can apply the 
material equations used by us. We shall in the 
following consider as an example the fluctuations 
in the electromagnetic field in an isotropic metal 
in the case where we can neglect the imaginary 
part of the dielectric constant and the magnetic 
susceptibility, but where it is necessary to take 
the real part of y into account. Such a case cor- 
responds just to the region of the anomalous skin- 
effect. One can then drop the strange fluctuating . 
volume inductions, since it is evident that the 
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fluctuations in the field will be caused only by 


| 
j 
| 
| 


the incidental surface current density g. 

Assuming that the metal fills the half-space 
Zz <0, we can write down the system of basic 
equations necessary to solve our problem in the 
following form 


curl E(w) =i(/c)H(o), 


curl H(w) = —i(w/c)E(o), 2z>0, 


curlE (w) = i(w/c)H(o), 


curlH(w) = —i(w/c)cE(o), 2<0, (27) 
(c/4n)n x [H™o __HY?°] 
= (E—n(En)) +g, 2=0. (28) 


Solving the Maxwell equations (27) with the boun- 
dary conditions (28), using, for instance, Fourier 
transforms, we can express the electromagnetic 
field in the form of a functional of the fluctuating 
surface current density which is afterwards aver- 
aged by means of (24). We give the final relations 
which determine the spatial correlations of the 
components of the electrical field strength: 


Ea (ty, ©) £9 (Fa, 0') = 8 (o +0) (EES Jos 


(1) (2) wes 2he® ho 
(E. Es oe =a coth ~> 


Ve (o)— 9g — 2 Ve(— o) — g)} 
Ww Rew aa OF {i(@/c) la gq 
ny toe \Vi—g+Ve—@ + (4n7/ ©)? 


x [FC +11 GAP) Can — basbse) + HEHE qbusbre| 
x Jo(2 ea 
x|Ve(—o) —9 ©) Ae 7 5p2 (1 — Suz) 
+ VEO) — 4 Gf baz (1 —8p2) | (SRV G) 
+(1—|1—aAP) 
“ss 28 (13,2) (1 So) 
ee Cop h)| A “RV 4G), Zy 22 <0; 
(eB. mates aor Rey 
Sea ONE ies —22(V1—9)*]) 
[Vt =Go+ Vie 6 & 4ry fc) P 
+ | 1 — gA|?) (8ag — Saz5e2z) + a @asbs2| 


xa RV q)—iVaqil—aAP 


P 
ate 
al 


aay Faget — te 
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+ VIG 88.2 (1— Bon) | (2 RVG) 


az) (1 — 8gz) 


Se See Vai. 


+(1—|1— 9p) | “27 


Zi; 2a Us 


ceo 


(E BP) 5 = 


i 


se exp {—i(w/c)[aV1—q+2Ve(—o)— ql} 
[Vi-q+Ve—q+ (my /o)P 


x 1] +11 ~ 4A) (ag — Buebp2) 


ieee eau le 


Sy at iar ema 


qBasdse| J (2 RV 9) 
— iV G|1— GAP [Ve oy — 9 280 (1 — Bu) 
BEY tengo se(tees | nor V4) 


Te ae Aye oe en) 


Be (Sag — Ba25p2) | Ja 2 R Vay. 2 > 0, Ze 0: 


(29) 


Here R=r,-—Y,, Jn is a Bessel function, and A 
is defined by the formula 


4 4 e 4n 71 
WS Wis tyes} t+ veg tt 
There is no summation over repeated indices in 
Eqs. (29). One can find the correlation formulae 
for the magnetic field also by completely analogous 
means. 

Equations (29) enable us, in particular, to ob- 
tain the following expression for the density of the 
energy of the electromagnetic field outside the 
metal: ‘ 
ue coth a 7 Re af {\a q 


mc* 
0 


Wo = Zo (E*(t) + #2 )o = 
+\dq-qexp(—222Vq—1) 


x||Vi=q+Ve—q i 


aR ee 
+|1+s Vis -=tyimal |}. 
The integral over q from zero to unity gives the 
radiation energy density which does not depend on 
the distance and corresponds to the energy of the 
wave field. The second integral over q from 
unity to infinity in Eq. (30) corresponds to the 
energy of the quasi-stationary field which de- 


(30) 
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creases away from the surface of the conductor. 
At large distances this diminution is determined 
by the relation 

ho 


oyp RE 


kaye 
Wy quasi Dnet coth 


4 

x4 peepee rey 1 Oo (31) 

In the case where the absolute magnitude of the 
dielectric constant is large compared to unity the 
expression for the energy density of the quasi- 
stationary field can essentially be obtained directly 
from Eq. (1.18) of Rytov’s book® if one substitutes 
in that equation for the dielectric constant ¢€eff = 
(Ve +4my/c)*. This possibility is caused by the 
fact that in the region of large values of ¢€ the 
presence of a surface current can be taken into 
account by introducing just such an effective di- 
electric constant.! 
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An analysis is given for resonance absorption of ultrasound on paramagnetic nuclei in a 
simple cubic lattice under the assumption that the spin-lattice interaction is due to nuclear 


quadrupole forces. 


Absorption factors for the spin transitions characterized by Am = 1 


and Am = 2 are obtained for arbitrary directions of propagation and polarization of the 


acoustic waves. 


1. INTRODUCTION 


Wien acoustic waves of frequency v are prop- 
agated in a paramagnet located in a magnetic field 
Hy, resonance absorption of the sound can occur if 
the condition h v = g8H) is satisfied, where g is 
the splitting factor and B is the Bohr magneton. 

An analysis of this problem was first given by 
Al’tshuler! who showed that the acoustic absorp- 
tion is similar to first-order spin-lattice relaxa- 
tion. Al’tshuler gives the following general for- 
mula for resonance absorption of ultrasound: 


An NhvV 
A? kTov,), 2, 


(ome — 


[<m, ny —1| #’|m', nn) -, (1) 


where N is the number of magnetic particles per 
unit volume, v is the acoustic velocity, V and T 


are the volume and temperature of the paramagnet, 


V4/2 is the half-width of the absorption line, and 
<m,n,-—1|%’|m’, n,> is the matrix element 
for the spin-lattice interaction for the magnetic 
sub-levels m and m’ and the lattice states 
Ny—1 and ny. The absorption factors have been 
computed by Al’tshuler for a number of materials 
on the basis of the relaxation mechanisms pro- 
posed by Waller and Kronig and Van Vleck. 

A number of experiments»? have shown that 
nuclear spin transitions can be induced by ultra- 
sonic waves. Menes and Bolef* have also observed 
resonance absorption of ultrasound on In! nuclei 
in InSb. 

In the present paper we consider the nuclear 
quadrupole relaxation mechanism and consider 
resonance absorption of ultrasound on nuclei. 


2. SPIN-LATTICE INTERACTION OPERATOR 


The energy of the electric quadrupole interac- 
tion of the nucleus with the electric field of the 
crystal lattice is given by° 


A comparison between theory and experiment is made for In!!® in InSb. 


NOVEMBER, 1959 
A 2 cad 
Ho= YS) (= 4) QuyVE*, (2) 
a=—2 
where 
Qo = A[3/?—1( +.1)), 
VE’ = + Sie ejt7 (327 — rj) = 9} VE}, 
i j 
aes ea ae 
VE" we ery 2; (xj; Kiy;) = ae 
i 
Z V6 2 +2 —5 es +2 
Qi2= = Aly, VE Sey, (j  ty)) =| VEF", 
i i 


ALO /2T ar i 
eQ= 1 |Yer a1 +I], 


i= 721). (3) 

1 and a) are the operators for the spin and quad- 
rupole moment of the nucleus, ej and rj are the 
charge of an elementary volume in the nucleus and 
its distance from the center of the nucleus, ej and 
rj are the charge of the neighboring ion and the dis- 
tance between it and the nucleus, y is a quantity 
which is introduced to take account of the following 
three factors: the increase in the interaction due to 
the large quadrupole moments induced in the elec- 
tron shells of the atom by the quadrupole moment 
of the nucleus, the reduction in the interaction be- 
cause of the polarization of the atom by the crys- 
talline field, and the increase in the interaction 
because of the covalent bonding. It is proposed to 
determine the quantity y experimentally. 

Equation (2) does not take account of lattice vi- 
brations. In order to take these vibrations into 
account Ij in Eq. (2) must be written in the form 


Rj + Ukj where Rj is the equilibrium position of 
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the ion and uy; is the relative displacement be- 
tween the nucleus in question and the correspond- 
ing ion of the lattice. For simplicity we consider 
a cubic lattice and the six neighboring ions. Their 
equilibrium positions, in a coordinate system with 
origin at the nucleus and with axes parallel to the 
C, axis of the crystal, are at the points R,,, (+a, 
0,0), Rg 4 (0, a, 0), R;¢(0, 0, =a), where a 
is the lattice constant. The displacement of the 
ion from its equilibrium position is usually written 
in the form 


Le > »; [Cys cos (ke) + Go: sin (k¢)] us, 
ORO 
where g is a vector normal to the wave, whose 
magnitude is given by || = 2mav/v; k is the 
position of the ion (components expressed in units 
Ore) us is the normalized polarization vector. 
The relative displacement of two neighboring 
interstices of the lattice will be: 
Uri = S19) 9x95 ($) Us, Wes = Yuga (9) us etc., (4) 
@ § e 8 
where qs(y) characterizes propagation with wave 
number g and polarization 6. The index k, which 
corresponds to the initial nucleus, will be dropped 
in the following. It should be recalled that u, = 
=U5, Us ——Uy, Us — —Ue. As is well known® 
<ny —1|qs($) | m> = [nh / 4nMyy”, (5) 


where M is the mass of the crystal. 

Writing rj = Rj + uj we expand AE@ about 
the equilibrium distance between the ions | Rj Nea: 
Limiting ourselves to first-order terms in uj, 
since we are interested only in the first-order 
processes: 


VE (u) = SVE; (0) + S10 (VE}) / Oujslr;—r, 4s, (6) 
i es 


(O(VEN) / Oujlrjarj= Xj(1—ZjRi 0) 


Substituting (7) in (6), when ej =e, we have 
MER (U)=\VE: (O)-hisedaakiny 4-5, ene. 
and, similarly, 
VE*? (u) = VE** (0) + (V6 /2) ea [tise ittgy + tye + ittgel, 
VE" (a) = VE=" (0) 
++ (V 6/4) ea™ [3 (ugy — ty} 2i (Ug, + y,)]. (8) 


In what follows, in Eq. (8) we will drop the term 
VE@(0) since it causes only an unimportant shift 
in the levels. Using (2), (3), and (8) we write the 
interaction operator in the form 


A. RY KRESS EE, Al 


He, = B(38I2 —1 (1 +4)] [ure + Usy — 2tss2I, 
bie =B (me = Tela [Usx E iUsy + Uz + itgz], 
HS "/e Ble [3 (Usy — Wax) ck 2i (uy + Usz)), 


(9)) 
where 
B == 3e?Qy / 21 (21 — 1)at. 


eh does not cause transitions in the spin system 
and must be discarded. 


3. MATRIX ELEMENTS FOR THE SPIN-LATTICE 
INTERACTION AND THE ABSORPTION CO- 
EFFICIENT 


between the direction of propagation of the acoustic!) 
waves and the magnetic field and the various pos-__| 
sible polarizations of the acoustic oscillations. 


Perpendicular Propagation of the Acoustic Waves 


The magnetic field is along the z axis and the 
ultrasound propagates along the x axis. In this 
case only u, = —U, is different from 0. Equation | 
(9) yields } 


be — B ae +- lay Ujz, Wes = 1/, BI. [— 3uyx = 2ittyy}. | 


a) For transitions of the spin system with Am 
=1 different from 0 the matrix elements corre- 
spond to oscillations polarized along the z axis: 


Cit ip ara tere 
= Bdm|1,f.4+ Ll,j mF 1) Gy —1) uz! n). 


From Eq. (4), for a given frequency and polariza- 
tion it follows that uyz = ~xqz(y~). Then 


{ny — 1] uy2| ny> = (2nav /v) [nh [402M] *, 
and the matrix element 
{m|fst.4+ Ll,|m= 1) = 
= (2m —1)V (I+ m) (I —m + 1). 
Thus, 
<m, ny —1| H#x1|m=F 1, ny = (Ba/ 0) (nyhv/ MY". (10) 


Substituting (10) in (1) we find the absorption factor 
ois = PDEN?/T, 


where 
P = 9ne*N, /k = 2.05.104, 


D = Qy? (J? (27 — 1)? a®v%w,uy2, d= + 


Ny = Nd/u is Avogadro’s number and yw is the 
molecular weight. 
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TABLE I 
a a ay a irl Fa 
I e-t0% en a-10°cm| v*1075 40-“y2 ee n?. | D-4028 
cm/sec 
| 
Br?? in LiBr 3/2 28 2.745 3.9 3 12 A, ND 
Br’? in KBr 3/2 28 3.29 3.39 One WW 12 0.54 
Br in AgBr 3/2 28 2.88 3 20 42, A; 6.4 
I as 2 KI 5/2 —46 Sali? 2.9 25 80 40 0.69 
In**” in InSb 9/2 AN PRs s | 576 144 


b) For transitions of the spin system with 
Am = 2 different from 0 we have the following 
matrix elements: for x-polarization (cf. also 
reference 7) 


erence 9; v is obtained from the elasticity con- 
stant; (c,4,) given in reference 10; the mean line 
width for the nuclear resonance is taken as 104 
sec!!! The quantity y* is taken from the experi- 
mental data of Wikner and Das,!* who computed the 
Vp due to the quadrupole moment of the electronic 
Shell of the atom. However, the theoretical relax- 
ation times computed by these authors, Ty, do 
not coincide with the experimental values TR. 
According to the general theory given by Kranen- 
donk° the spin-lattice relaxation time T is pro- 
portional to y~?. It is reasonable to assume that 
Vins which takes account of all effects and agrees 
with experiment, will be given by yi = ypT7/TR. 
In Table II are shown values of o for transi- 
tions from the lower magnetic level with m =I. 


dm, ny —1|#,.| mF 2, n> = — (8Ba/2v) (nhy / My”, 
for y -polarization 

<m, ty —1|Hx.|m¥F 2, n> = + (iBa/v) [nhy / MY“ 9, 
where 7 = (I+m) (I+m-—1)(I—m+1) (I-m+2). 


In this case the absorption factors are 


of = /,PDypv?/T, ox, = PDypv?/T. 


Parallel Propagation of the Acoustic Waves 


The magnetic field and the direction of propa- 
gation of the acoustic waves are along the z axis. 
Only u; is different from 0. Equation (9) now 
yields 


Hai =B ae aK Die [Usx = iusy, 


4. CONCLUSION 


Because of the lack of data, a comparison of 
theory with experiment is possible only for In!® 


p .=0. 
ee in InSb.‘ The authors propagated ultrasound at a 


Thus only transitions with Am =1 are possible. 
For x-polarization 


(m,n —1|Hx1|mF1, m> = (Ba/v) (n,hv/ M)"E, 
for y -polarization 
im, ny —1|#a1)mF1, 2.) = + (iBa/v) (nv / M)*E. 
The corresponding absorption factors are 
of, = PDEv?/T, oj, = PDEv?/T. 


From these general formulas it is possible to 
find the numerical values of o for a number of 
materials whose pertinent parameters are known. 
These parameters and the quantities £2. n? and 
D are shown in Table I. The quantities @ and I 
are taken from reference 8; a is taken from ref- 


frequency v = 9.976 Mcs ina InSb single crystal 
located in magnetic fields Hy = 10.69 x 10° gauss 
and Hy, = 5.35 x 10° gauss for the Am =1 and 
Am = 2 transitions respectively. These authors 
observed clearly defined resonance absorption 
peaks and also investigated the dependence of 
these peaks on the angle @ between the magnetic 
field and the direction of propagation of the acous- 
tic wave. The values 9=0 and 7 correspond 
to maxima for the Am =1 transitions and minima 
for the Am = 2 transitions; the values 6 = 1/2 
and 37/2 correspond to maxima for Am = 2 
transitions and minima for Am =1 transitions. 
The resonance peaks are given in relative units. 
Minimum absorption corresponds to one relative 
unit oj, maximum corresponds to 7. The ratio 


TABLE II 
—————————————————————————————————— 
Le 401? ot, 7-100" ee 401? | of 7.107 of 2.107 
Br’? in LiB 0.295 0.64 0.295 0.295 0,295 
Br”? ia KBr 0.413 0.28 0.13 0.43 0.43 
Br’? in AgBr 1.5 3.4 1.5 1.5 1.5 
I??? in KI Ade 12.7 5.7 | 11.3 11.3 
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of the absorption maxima for the transitions char- 
acterized by Am =2 and Am =1 is 0.66 + 0.8. 
To make a comparison with experiment we find 
the dependence of the absorption factor on the angle 
6. Let the magnetic field be along the z axis and 
let the acoustic wave be propagated in the xz plane 
at an angle @ with respect to the z axis. Since 
o is proportional to ¢? all the ot must be mul- 
tiplied by sin? @ andthe oa! by cos? 6. If we as- 
sume that waves of all three polarizations propa- 
gate, in the notation of Sec. 3 


als ail. AE fl i I] 
Oy = Oy + Ojy + 72 + Fix + Sy + S12 


= PD#(2cos?9-+ sin?®), 0, => PDyPsin®?®, (11) 


Since P and D are positive, o, has maxima for 
6=0 and m and minima for 0 = 17/2, 31/2; 2 
has maxima for 6 = 7/2, 37/2 and minima for 
6 =0, 7, in accordance with experiment. 

The theoretical ratio of the maximum values of 
0, and o; can be obtained taking o, at 0=0 
and o, at 6=7/2 in Eq. (11): 


(max o / Max o,)7 = 137? /4-2-6% = 0.41. 


It is noteworthy that of all the materials considered 
in Sec. 3 this ratio is less than unity only for InSb. 
The estimate was made out under the assumption 
that the linewidth is the same for Am =1 and 
Am = 2. However, as is noted by the authors, the 
linewidth for the Am = 2 signal is somewhat 
smaller. Consequently, with an exact calculation 
of the widths (max o,/max o,)T would increase. 
At those values of 6 for which there is theo- 
retically no absorption, o = 0.4 If o) refers to 
usual nonresonance absorption then it, and oyp = 
60), can be estimated numerically from the dimen- 
sions of the crystal and the nonresonance acoustic 
absorption factor Ononres- Unfortunately the data 
on Ononres and on the velocity of sound and y? 


As, (RL RES Sale «| 


required for a numerical calculation are not avail- ] . 
able in the literature. A rough estimate indicates 
that for agreement of max ojp and max o;T it 
is necessary to take y >2x 10° at room temper- | 
ature. \ 
In conclusion we wish to express our gratitude 
to Prof. S. A. Al’tshuler for his valuable advice andj] 
interest in this work. ' 


15. A. Al’tshuler, J. Exptl. Theoret. Phys. 
(U.S.S.R.) 28, 38, 49 (1955), Soviet Phys. JETP 1, 
29, 37 (1955). | 

2W.G. Proctor and W. H. Tanttila, Phys: Rev. | 
98, 1854 (1955), 101, 1757 (1956). I 

3W.G. Proctor and W. A. Ribinson, Phys. Rev. 
104, 1344 (1956). 

4M. Menes and D. I. Bolef, Phys. Rev. 109, 218 
(1958). 

5 J. Van Kranendonk, Physica 20, 781 (1954). 

61, D. Landau and E. M. Lifshitz, Ksanrosaa 
MexaHvuka (Quantum Mechanics) OGIZ, 1948. 

TO. Kraus and W. H. Tanttila, Phys. Rev. 109, 
1052 (1958). | 

8 J. Blatt and V. Weisskopf, Theoretical Nuclear | 
Physics (Russ. Transl.) IIL, 1954. 

°G. B. Bokii, Bsegenne B kpucrassoxummo (Intro- 
duction to Crystal Chemistry ) Moscow University 
Press, 1954. 

10T,. Bergmann, Ultrasonics (Russ. transl.) IIL, 
380, 1958. 

ER. Andrew, Nuclear Magnetic Resonance 
(Russ. Transl.) IIL, 1957. 

12. G. Wikner and T. P. Das, Phys. Rev. 109, 
360 (1958). 


Translated by Translated by H. Lashinsky 
285 


“soviet PHYSICS JETP VOLUME 36(9), NUMBER 5 NOVEMBER, 1959 
> 


"al 
y 
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The depth of penetration of an electromagnetic field into a semi-infinite plasma in a mag- 
netic field perpendicular to the plasma boundary is calculated. 


rune! and Shafranov” have considered the pene- 
tration of an electromagnetic field into a uniform 
electron plasma which fills a half-space in the 
presence of an external magnetic field perpendic- 
ular to the plasma boundary, However, the ion mo- 
tion, which is important at low frequencies, was 
not taken into account in references 1 and 2. 

In the present work we determine the depth of 
penetration of circularly polarized electromagnetic 
waves for the case of perpendicular incidence with 
the ion motion taken into account. The plasma fills 
the half-space z>0O. The external magnetic field 
Hy is perpendicular to the plasma boundary. It is 
assumed that the time dependence of all quantities 
can be written in the form eit (Im w =—-0). 

It is also assumed that the frequency w is so 
large that “close” collisions can be neglected. In 
the case of specular reflection of the electrons and 
ions from the plasma boundary, using the kinetic 
equations for the electron and ion distribution func- 
tions and Maxwell’s equations we find (cf. refer- 
ence 1) for the electric field in the plasma: 


E'*)(z) = Ex (z) Lik, (2) 


2cE‘+” (0) ¢ cos (wnz / c) 
aie To \ nz — git) (n) z (1) 
0 


where 


= OF 
e*) (n) = 1+ iVr > Ge 2a Oy 
o=e,t 
Ww (2) —— Pet (1 + = \e"dt) > 


0 


2a=(V2Ban)?, zt) = (1 oH /o)/V 2 Bat, 


Ba = UT ic = (Te / mac)”, OF — Are*ny / Ma, 


OH a Cally | Mac. 
When a =e the subscript refers to electrons, 
and when a =i toions. The quantity Tq is the 
temperature of the gas of particles of type @, 


mass Mg and electric charge eg (ej =e >0), 
ny is the equilibrium electron density. E‘*)(z) 
is the electric field associated with the extraor- 
dinary wave, E‘)(z) is the field of the ordinary 
wave. 

In the general case, when spatial dispersion 
due to the thermal motion of the electrons and 
ions must be taken into account, Eq. (1) for 
E“)(z) is extremely complicated. However, it 
is possible to find an asymptotic expression for 
E“)(z) for large values of z which is deter- 
mined essentially by the equilibrium distribution 
functions for the charged particles at high veloci- 
ties v (v >vq, where v7 is the average thermal 
velocity ). 

We denote the depth of penetration of the mag- 
netic field into the plasma by the complex quantity 
6{7?, which has the dimensions of length 

5 =\ [Hs @) 4 iH, @))dz/ [Hs (0) iH, ()).* (2) 

0 

Similar expressions are used for the depth of pene- 
tration of the electric field (E), the electron cur- 
rent (je), and the ion current (jj). Except for the 
factor iw/c the quantity in (2) is the surface im- 
pedance of the plasma. Using Eq. (1), from Max- 
well’s equations we have 


ee) 


sie) 2c ( dn (3) 


To ) ye ¢(=) J 
ts am (n) 


a2) = — (c2 /wre'*)(0)) / 3, (4) 


—1 
staat et Ve ee (ee d 

Lanter 2 we) (0) ’ nz —e(*) (n) . 
where 


g(t) (0) ae e'*) (n) ee 
= 1 — Q2/0(oF | 0%, |) — Q?/o(o + of). (6) 
We determine the quantities in Eqs. (3) — (5) 


for a number of limiting cases. 
1. We assume that ee | >> 1 for those values 
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of n which make an important contribution in the 
integrals (3), (5), (spatial dispersion is neglected). 
Then, from Eqs. (3) — (5), assuming that «)(n) ~ 
e‘+)(0), we have 


8i#) 2 8) §\*? (+) 


Joe 
iF 8) z= ic /w Ve+(0). (7) 
In particular, at gyromagnetic resonances 


86) = (c/Q.) (1 —| of |/)”, 


© |r|, 


@ WH. 


=) = (c/ Q) (1 — oy / 0)”, 


Since n ~ | €‘+)(0) |¥? in Eqs. (3) and (5), the con- 
dition |z“| >1 is satisfied if 


c/ us, |e(+)(0) |e Sol, (8) 


The inequality in (8) is not satisfied for very 
large values of | €*)(0) |. 

Below we consider the cases opposite to that 
given in (8). In these cases the depth of penetra- 
tion of the electromagnetic field into the plasma 
is determined essentially by the thermal motion 
of the electrons and ions. 

2. We assume that the chief contribution in the 
integral in (3) is due to those values of n for which 
fel. ‘Thea 


e+) (n) wiVin/2 QF / w?8,n. 
Whence it follows that in (3) the values n ~ 
EA w2Be V3, are important. The condition 
|z&)| «<1 is satisfied if 


(co / v¢.Q,) | 1=F | of, | /@f4<1. (9) 


The depth of penetration of the magnetic field 
in this case is given by 


> co th fy 
iP es (It \V > ree 
A comparison of Eqs. (10) and (7) shows that be- 
cause of (9) |6,| > |6{ |. Equation (10) deter- 
mines the surface impedance of the plasma when 
there is an anomalous skin effect (cf. also refer- 
ence sl). 

Furthermore, if (9) is satisfied we have 


5 =a Ts 
SHOES evs) V > aa 


(10) 


lily (yg 8) « 
shoes. ay 
| re y 
(a). 27 | of, | OH 
tick: (lz © Jv) om 
2) = (0/04) 8 for [8a(o £on)i<vr, (13) 
ait) = ae) for |8.(o £wy)|S>er. (14) 


It follows from Eqs. (9), (10) and (11) that |6{* | 
« |6§*?| « |6,|. In the case of an electronic gy- 
romagnetic resonance w © | wf| and the depths 
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of penetration of the electron current, the ion cur-- 
rent, and the electric field of the extraordinary 
wave are reduced markedly. 

3. Suppose that w «| w%|. We assume that 
|z&| > 1 and bale? 4 «1. Then 


e*) (n) = 4 QF/ oy Fi V2/ 2 Q7/ 0? Bin. 


If the second term on the right side of Eq. (15) is 
much smaller than the first Bjn > Wy /w; then 
the important values in the integrals in Eqs. (3) 
and (5) are n ~ Q3/¥V wok, . In this case 


(15) 


‘| 


8) — (ic /Q) (+ on / 0)”, 


st) — *) = 4 (ic/Q) (14 0H/0) (4 04/0)", 


5 ei ma (Or /@)(1 £0n/)/x™, 


where 


x) — Ine, 7) =—Ina —in/2, 


a=Vr/2 cwi, V wi, /v4Q, Vo: 
The condition Bjn > oH /w is satisfied if 


a <1. The inequalities |z&)| >1 and | 2 | 
<1 are satisfied when 


amv /mv 1, all4o/o%|<1. (19) 


oh 
(20) | 


In the case of a gyromagnetic resonance w * 
(c/Q,) (1 — wy / ©). 


If, however a@ >> 1, when w « | w% |, even in 
the absence of resonance w * wh we can use kq. 
(7) for the ordinary wave. When w ~ wi, we can 
neglect the first term in Eq. (15) as compared with 
the second (for the ordinary wave). In this case 
in the integrals in Eqs. (3) and (5) the values n ~ 
(22 / wB; )/3 become important. The condition 
| 2{- )| «1 is satisfied if, oho a> 1, 


cent 


In this case the depth of penetration is given by 
, 


HAVES. 


Of = C/, Ong eon 


a| of, eee it 


(21) 


SP = 


(22) 


In conclusion the author wishes. to express his 
gratitude to A. I. Akhiezer and M. Ya. Azbel’ for 
their valuable comments. 


‘Vv. P. Silin, Tp. MAH (Trans. Physics Inst. 
Acad. Sci.) 6, 199 (1955). 

2B. D. Shafranov, J. Exptl. Theoret. Phys. 
(U.S.S.R.) 34, 1475 (1958), Soviet Phys. JETP 7, 
1019 (1958). 
Translated by H. Lashinsky 
286 


mo OVE T PHYSICS JETP 


. POKATILOV 
Kishinev State University 


Submitted to JETP editor November 15, 1958 


VOLUME 36 (9), NUMBER 5 


NOVEMBER, 1959 


RESONANCE OF CHARGE CARRIERS PRODUCED BY AN ULTRASONIC WAVE 


J. Exptl. Theoret. Phys. (U.S.S.R.) 36, 1461-1464 (May, 1959) 


The interaction of charge carriers situated in a magnetic field with the electric field pro- 
duced by an ultrasonic wave is considered. The power absorbed in unit volume is calcu- 
lated for charges with scalar and tensor effective masses. The curve for absorbed energy 
has peaks where the ultrasonic frequency is nw) (n being an integer and Wy the cyclotron 
frequency of the carrier), provided the relaxation time T > 1/ Wy. Because the ultrasonic 
wavelength is about 10° times smaller than that of light at the same frequency, polarization 
effects should be absent in experiments on ultrasonic resonance; this prevents the use of 
cyclotron resonance in semiconductors with a high concentration of free electrons. 


Tue experimental successes of the ultrasonic 
technique have made the problem of the interaction 
of charge carriers with sound waves one of current 
importance. 

The transport of electrons by ultrasonic waves 
has been studied by Gurevich! and Parmenter.” In 
the present communication we consider the effect 
of ultrasonic waves on the electron gas of a semi- 
conductor situated in a magnetic field. 

We shall solve the problem in the classical ap- 
proximation for which the de Broglie electron wave- 
length must be smaller than the sound wavelength: 


Ne (1) 


Using inequality (1) and the known values of the ef- 
fective mass of the charge carriers and of the speed 
of sound cp, one can derive a limiting temperature 
when the carriers are non-degenerate and a limit- 
ing concentration when they are degenerate; below 
these limits the formulae derived below are justi- 
fied. 

We use the method of the deformation potentia 
and write the interaction energy of an electron with 
an isotropically deformed crystal in the form 


W = (Ux + Uyy + Uzz), (2) 


where a is the deformation potential and ujj are 
the components of the deformation tensor. Then 
the force acting on an electron is 


134 


F = %Quoy, Cos (wt —xy + 8), (3) 


if the deformation is caused by a monochromatic 
wave moving along the y axis. The magnetic field, 
H, is taken to be along the z axis. The radius 
vector of the electron r can be written as the sum 


of two components: the vector R, referring the 
electron to the center of its orbit, and r,, the 
displacement of the center of the orbit in the time 
t from the instant of its last collision. The prob- 
lem of finding r, in the general case for the force 
(3) reduces to the solution of a non-linear differ- 
ential equation. However, if 


|x| <I, (4) 


the additional phase can be neglected, leaving only 
KRy in (3). The value of y,; can be obtained by 
considering the limiting case of a uniform electric 
field: E = E,) cos wt. Solving the kinetic equation 
with this force, we obtain for the magnitude of the 
displacement of the center of the orbit under reso- 
nance conditions 


eEot 1 3° ue 
| Y1o| = GPSS ES TONG 
Mo 4+ 4+ Oe 


From (5) it is seen that if augyyTw9/mej < 1, 
inequality (4) is satisfied. Not having data for 
comparison with experiment, we will assume that 
the parameters lie within the limits necessary for 
the latter inequality to be satisfied. As an example, 
it can be shown that if c) =5 x 10° cm/sec, m = 
Meg, TW) =5, then augyy should be smaller than 
104 ev. 


CE == XU yy- (5) 


1. THE POWER ABSORBED IN UNIT VOLUME 


Because the field created by an ultrasonic wave 
is strongly inhomogeneous, instead of using the 
kinetic equation, as was done, for example, in ref- 
erences 5 and 6, we resort to a direct average of 
the energy absorbed by the individual particles. 
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In the interval of time At between two succes- 
sive collisions, let u(f;, B, At, vj) be the energy 
change of the charged particle with velocity com- 
ponent v,; perpendicular to the magnetic field, 
with 8 the initial phase of the motion and with 
B, the phase of the force. After the time At, 
having changed its energy by u, the particle 
moves from the energy level ¢—u to the level e. 
In unit time and unit volume the number of such 
transitions will be 


f (e —u) exp (— At /7+) dAt dB dBy 
At A eis 


~ pale) —u sh) SE apa, (6) 


where f(«€) is the distribution function normal- 
ized to the number of electrons in unit volume. 
Multiplying (6) by u and integrating with respect 
to B and ~,; from 0 to 27, with respect to At 
from 0 to o, and over all the energy levels, we 
obtain the expression for the absorbed power U: 


72 
x \ \ \ ( UR FE exp (— At /z) 2 de, dey dB,ap. (7) 
0000 
Here, €; is the orbital and «| the residual part 
of the energy, and pde de) is the number of states 
in the energy interval dejde)). 
According to (3), when sia is satisfied: 


u(8,, 8, At, v1) = 
x j cos (wot + 8) cos (wt —xR sin (wot + B) + By) dt. (8) 


0 


FoyVo 1 


Substituting (8) in (7) and completing the integra- 
tions with respect to B;, 8, and At, we obtain 


2 J2(z)  T(A + 1202 + 720?) a 
ae n n i 
* 2 di \\ oe v0? — T?w?)? + 472m? Oe peereet et) 


where z2=KR, Wy =Nw, and Jy is the Bessel 
function of the n-th order. 

As expected, in the limiting case in which 
kK —0, when T=const, Foy = const, and classi- 
cal statistics are used, (9) goes over to the well- 
known formula of the classical theory of cyclotron 
resonance (see reference 5). 

To simplify calculations with Eq. (9), we will 
assume that tT =const and use classical statistics, 
After straightforward manipulation we find that 


2 co 2 2 
2a2u2 w2 tN n?(1 + tr + 12?) 


= oyy 0 
kT py Cee 702 — 722)? + 472? 


eX Tn (xa (10) 


where I, is the Bessel function of argument x = 
(w/w )?kT/me} . 
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In the figure, curves constructed with the aid of | 4 
(10) are given for Tw) =5 and 1, and kT/mc? = 
0.5; they show the relative amount of absorbed 
energy: UkT/ 2a*ufyywiTN , where N is the con- 
centration of electrons. 

For Two =5, resonance peaks of the first, 
second and higher ordérs are clearly visible. For 
TW) = 1, resonance maxima are observed starting 
with the third order. The increasing height of the 
peaks with increasing order is explained by the 
linear dependence of the force (3) on the frequency 
of the ultrasonic wave for constant deformation 
amplitude. The broken line is the curve for con- 
stant force amplitude. The more complicated 
nature of the absorption curve compared with 
cyclotron resonance is connected with the pres- 
ence in (9) of the additional variable z= kR. 


2. ULTRASONIC RESONANCE FOR AN ELLIP- 
SOIDAL SURFACE OF CONSTANT ENERGY 


We will consider a hexagonal crystal and limit 
ourselves to the simple case in which the energy 
minimum is in the center of the Brillouin zone. 
The calculation for a more complicated surface 
can be carried out when the practical need arises. 

The z axis is taken parallel to the principal 
symmetry axis of the crystal. The x and y 
axes are chosen so that k is directed along the 
y axis. The magnetic field is taken along a line 
lying in the xz plane. The equations of motion 
of an electron in this case are (see reference 5): 


Px = MtCOS Spy, Py = 0, Sin 3p, — a; Cos $ px, 


Pz = — @ sin Dy, Op, = eH / cme, ls (11) 


The quantities mz, and mj are determined from 
the formula for the energy, which, under the as- 
sumptions made above, must have the form 

© = (p2 + p?)/ 2m, + p2/ 2m,. 

Integrating (11), we find 

+= IRS cos (Wot + 8) + Vets 

y = — Rysin (wot + 8), 

Z = Rz COS (Wot + B) + Vozt; 


(12) 


(13) 
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Ry = (2, / mz)” (w/w?) cos 9, 

Ry = (2e, / m)"*(1/), 

Rz = (2m, )” («4 / 2) sin 9, 

5 = wf Cos? S -L wo, sin? 9. (14) 
We introduce the new variables 


Be me "Dx, Ey — m: "p,, E. = ane. (15) 


In € phase space the vector £\, describing the 
residual motion of the center of the electron orbit 
is perpendicular to é a describing the orbital mo- 
tion. Therefore, introducing a cylindrical system 
of co-ordinates with axis along é\;, we obtain for 
the number of states in the energy interval de jde)), 


ode, dey = 4 (mim,)"€, dé, dé / (Qnk)®. (16) 
The force (3) in the case under consideration is 


F = xtloyyQ; Cos (wt — xR, + 8), (17) 


(here a, is one of the two unequal components of 
the deformation potential tensor: ayy = ayy = a ~ 
azz = ag) 

At 
U = yy OoRy {cos (wot + 8) cos (wt —xR, + 8,)dt. (18) 


0 


After substituting for u, the integration of (7) 
with respect to angular variables leads to a for- 
mula differing from (9) only in the replacement of 
a?/m by aj/m,. 

Using (16) and integrating further with respect 
to €; and é), under the same assumptions as 
were used to obtain (10), we arrive at an expres- 
sion which can be obtained from (10) by substitut- 
ing 
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2 2 O 
9 = (eH / mc)’ > we = w; cos? & + ww, sin? 9, 
X—>X, = (O/ Mo)? RT / mice, 


where co; is the velocity of sound in a direction 
perpendicular to the symmetry axis. 

If the ultrasonic wave is directed along the z 
axis and the magnetic field along the x axis, we 
find U~ az . If t is weakly dependent on the di- 
rection of the magnetic field, then measure- 
ments of the heights of the resonance maxima 
for various directions of kK and H enable one 
to evaluate the relative magnitudes of the com- 
ponents of the deformation potential tensor. 

In conclusion I regard it as a pleasant duty to 
express my gratitude to Yu. E. Perlin for useful 
discussion and valuable observations. 
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Various forms of the equations of motion of an electron with an arbitrary dispersion law 
in a uniform magnetic and arbitrary electric fields are considered. A transition from 
the exact equation to approximate ones involves neglected values which are estimate. 
Special attention is paid to the nondiagonal terms (due to neighboring energy bands ). 


i a previous paper! the equation of motion of an 
electron with an arbitrary dispersion law in a mag- 
netic field was obtained and solved. In the present 
paper this solution is extended to the case in which 
in addition to the uniform magnetic field H = Hz 
there is also an arbitrary electrical field V in the 
crystal and, consequently, the eigenfunction of the 
electron satisfies equation: 
e2H2y? 
2moc? 


WV F or 
— 5 AY — ivy Hy 5 + ( By. ahy BY 0) 
(Vp is the periodic field of the crystal). In the ab- 
sence of external fields (V=0, H=0) Eq. (1) has 
a known solution (s is the number of the energy 
band): 


dus = eft, (kK, r) = er) Ons (k) e274; (2) 
h 
E = E,(k) = >) Ans e*. (3) 
nh 


For crystals with a center of symmetry the co- 
efficients bp, (k) in the expansion of the Bloch 
function (2) are real, even functions of arguments 
k+ 27h. They satisfy relation: 


Di Ons (2) Ons:(k) = Sse". (4) 


Any sum over all h of the form 2Xf(k+ 27h) isa 
periodic function of the wave vector k and can be 
written in the form completely similar to (3). Tak- 
ing advantage of this, let us introduce the notation 


Atl44; 
te © 


bgs (k) 
eels 
x ak! oak: art 
IAB ik 1 
= > 1ap§ h, s, s’ ée PE Brnoss* —— Bae (5) 
m 
gathtls b f 
bgs (k) ne _ (ky + Ingo) 
Ly aple able 2 efter 
x Oki Oky? Oks ig 
Vitale 
ao >) Cin hone (6) 
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Generally speaking, in order of magnitude, 


qgithtls Chiles = QqQithth-1 (7) 


Bits ae 


(a is the lattice constant), with the exception of 
the special cases examined below. 

In the following discussion the properties of the | 
Bm coefficients, expressed by formulas (8) through || 
(10), are important: 


Biteeeh polis 1p Oiee so) (8). 


When s ~s’ these coefficients are different from 
zero [therefore they are the principal representa- 
tives of the neighboring bands, i.e., of the nondiag- 
onal terms of Eq. (1)] and have the property: 


Bmes' = — Bme’s ete. (9) 
Notice also that 


000 
Bixee = 8 gs" Omos 


(10) 


We seek the solution of (1) in the form of expan- 
sion: 


¥=>\ 2,0) et us(k + iy/a2, 1) dk, (11) 


i is the unit vector of the X axis, a) = Vfic/eH 
is a quantity having the meaning of the least “radius _ 
of rotation” of a free electron in a magnetic field. 
For fields H « 10° oersteds, Q) >a (a is the 
lattice constant). With a field H = 104 oersteds, 
€=a/Q~ 107), 

The equation of electron motion in k space, 
i.e., the equation for gg(k), will be obtained by 
substituting (11) in (1), multiplying by the integrand 
function elk’ ry,» ( k’ + iy/ ae, r), and integrating 
over the entire space. 

In reference 1 we retained only the first two 
terms of the expansion with respect to parameter 
<? = a*/a? (e° and «?); here we retain terms 
~e?, €?, and ¢4, and neglect only terms ~c¢® and 
exponentially small ones of the type exp (—1/e?), 
For this reason the equation will be cumbersome; 
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however, simpler forms will be used below, and 
in each case we shall be able to assess the error 
resulting from ignoring the small terms. Terms 
of the order ¢«® or exp (—1/e?) (recalling that 
usually ¢€ ~ 10°?) will hardly be necessary, and 
thus the equation written below can be considered 
as accurate as equation (1): 


D Ansexp {ikn ira | 8 rial 


1 010 
ge > = {Bmsw > Ans (m+ m) 
Om, s’+s n 
x exp {ikn -- al Qsr (As - a 
a2 a 


0 


‘ih? 100 010 m BS 
sie = Cmss’ = mE Br’ &y (42 ae a) “i re Hae, 
Ors’ 


ey) Bans oo Be (kV (ki —k +573 + 2nh 
ms’ 1,! ly! Lg! £ a? 
I,h 


X (fer — By)" (ky — Be)” (eg — hs)" dk’ = Eg, (k). (I) 
We have introduced here the symbols 


V (x) = Wee V (r) dz, (12) 


j is the unit vector of the y axis, and g(k,, kp —k}, 
ks) is understood for g(k, —k%). An explicit ex- 
pression for the term of the order ag‘ is written 
out in the Appendix. 

The “magnetic terms” of Eq. (I) contain no com- 
ponents with h #0, because they are exponentially 
small [~ exp (—1/e?)]. Let us explain the cases in 
which we can drop these components in the last 
term connected with the electrical field V(r), of 
the left part of (I). 

This can be done, for example, in the particular 
case when V(r) reduces to a polynomial (and, in 
addition, H =0), since then (12) will be expressed 
in terms of 6(k’ —k+ 27h) and its derivatives, 
while the point k! = k-—2z7h lies outside the ele- 
mentary k-space cell over which the integration 
is performed. If V(r) is an analytic function 
having no poles with V(«) =0, and if the dis- 
tance at which it essentially disappears is equal 
to A, then the integral (12) for h #0 will be of 
the order e-A/a, or even exp{—(A/a)?}. 
Therefore when A >a itis possible to drop 
from (I) terms with h «0 as exponentially small. 
If however V(r) has apole (for example, V ~ 
1/r) or merely a discontinuity of the derivative 
at any point (for example, e~@T), the terms with 
h #0, generally speaking, cannot be dropped. In 
these cases an additional investigation of (I) is 
necessary. 

Let us now examine the problem of the influence 
of neighboring bands. It is best to examine first 
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the nondiagonal “electrical” terms. Two obvious 
questions arise: 1) at which V(r) are the non- 
diagonal terms most substantial, and 2) which 
features of the neighboring bands are capable of 
making their contribution to (I) more substantial. 

The answer to the first question comes from 
the fact that, according to (9), BQ’, = doo; ice., 
when s=s’, there are no multipliers (kj —k,)4 
etc. in the integrand of (I). Therefore the contri- 
bution of neighboring bands will be small if V (r)) 
is a smooth function, varying little over the lattice 
constant. If V(r) changes substantially over the 
distance A, and A >a, then the contribution of 
neighboring bands can be written as a series in 
powers of the small parameter, a/A (beginning, 
generally speaking, with the first power of this 
parameter, since Bye #0). We assume, of 
course, that coefficients BY’ (meaning also 
Bus, and Bel) are of the order a [see Eq. (7)]. 

The answer to the second question is exactly 
connected with the possible deviations from the 
relation BY, ~ a. We recall that these values 
are determined by formula (5), which in the given 
case has the form 

D1 Binsy = 5" bans Obay / Oh. 
m h 

Thus the coefficients B!% can be very large if 
derivatives dbp,//dk; are large. If we express 
Eg(k) by bhg using formula Eg, = f ViesHdkgdt 
and expand E, is powers of (k,—-k®)? near the 
point of effective mass, the derivatives dbp, /dkj 
and 8bhs/ ak? will enter the coefficients of 
(kj —kt)?. Therefore, generally speaking, the 
larger these derivatives, the smaller will be the 
effective mass. Thus, we can expect anomalously 
large values of Boe in cases in which effective 
mass m* in the neighboring bands is anomalously 
small (as was pointed out in another way by 
Adame? ), or in general the coefficients bpg, and 
consequently the energy, have an anomalously rapid 
variation with change in the wave vector. Thus, for 
example, in the approximation of weakly bound elec- 
trons, for values of k close to the boundaries of 
the band, we have dby/dk; ~ a(h’/moa*Vg), which 
can also be written as dbp, /0k, ~ amy/m*. Here 
Vg is the Fourier coefficient of the potential, and 
in this approximation Vg « h’?/m,a’, and there- 
fore 9b/dk is not of the order a, but is signifi- 
cantly greater. The coefficients BY, increase 
correspondingly, and along with them the contri- 
bution of the neighboring bands. 

The diagonal coefficient B2% can also become 
anomalously large for the same reason, but the 
contribution of values B! with large |1| is gen- 
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erally less, because of the factors (kj—k;)/i in 
the integrand. 

The influence of the neighboring bands in the 
“magnetic terms” of Eq. (I) is usually weaker and 
is easier to evaluate, since there is always a small 
multiplier ap 2 standing before each nondiagonal 
magnetic term. Therefore their contribution cannot 
be greater than aa)7B°'®, while at the same time 
the contribution of the neighboring bands in the 
“electrical terms” is of the order B'°/A. Here 
A is the distance at which V(r) changes signifi- 
cantly,* a)/a ~ 10? and ay~ 210% cm with 
fields H ~ 104 oersteds, so that a?/a ~ 1074 cm 
If A «a?/a, the effect of neighboring bands in 
the “electrical” terms is more substantial than in 
the “magnetic” ones. 

If the contribution of neighboring bands can be 
considered as a perturbation, it will be less than 
the foregoing estimates, because the product of 
rapidly oscillating (for levels not too low) and 
noncoincident functions gg and gg will enter 
into the perturbation matrix element. In the case 
in which the electrical field is absent,! this gives, 
in addition to multiplier a *, another multiplier 
€ = a/Q, or even an exponentially small one.T 

In the case when V(r) changes so slowly that 
we can drop in Eq. (I) terms with h + 0 and the 
nondiagonal terms describing the neighboring 
bands, Eq. (I) assumes the simple form 


>) Ansexp {ikn — inyne / 202} g, ( e k, — Z ; ts 
n 0 


+] g,(k)V (k — ky dk’ = Eg, (k). (I) 


If we set here H = 0, i.e., ae =o, the first term 
on the left will simply take the form Eg (kK) gg (k), 
while Eq. (II) changes into the Slater equation? 
written in the k representation. A particular 
consequence is the effective-mass method. The 
Vannier function method used by Slater and sev- 
eral other authors makes it difficult to evaluate 
errors which occur in going from the accurate 
equation (I) to the “quasi-classical” equation (II). 
Equation (II) is of the integro-difference type. 
In a number of cases it can be written also ina 
differential-difference form. This includes, in 
particular, the case when V(r) is a polynomial. 
For each term of the polynomial x®yMz/ there 
is a corresponding Fourier component 


(xrymZlieny = i OED Bey S(k—ke) ib 

*The distance at which V(A) ~ E,(k)— E,:(k) (see the 
last of the examples given below). 

tDepending on whether the k trajectories are intersected 
in zones s and s’. “Trajectory” means the intersection be- 
tween a surface E(k) = const and a plane perpendicular to the 
magnetic field. 
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[the 6-function is taken to mean everywhere 
eikrg; without the multiplier ( Qnr)73 ]. After 
integrating with g(k) in (II) this term takes the 
form 
jrtm-+t gntm+t g (kk) / Ok? OR™OR!. 


Consequently the integral in (II) can be written 
in this case in the form of a differential operator 
V (&, ¥, 2), where & =i0/dk;,, ¥ = i0/8k,, 2= 
i0/dk3. Equation (II) takes the form 


>) Ans exp {ikn — inne / 202} g, (Ri, Re — my / 02, Re) 


+V (id /@k;, id / Oke, id / Oks)g, = Eg, (k)- 


Equation (II) can be written in the same form 
also in the general case in which integration with 
respect to k in (II) can be extended over the en- | 
tire k space (which corresponds to replacing the F 
quasi-momentum with the momentum). 

The left part of (III) can be represented com- 
pletely in operator form, if we account for the 
fact that, as shown in reference 4, the first sum i 
in (III) (under the condition of using the operation. | 
of total symmetrization‘ ) can be written as 
Es. (Ray es eh where %, =k; — (1/ia?) 3/dk: 


<a tgs te Bs) a. +V (iq) e= Fa AV) | 


As an example, let us examine the motion of an 
electron in crossed electric (V = Fy) and mag- 
netic fields. We first neglect the nondiagonal 
terms, thereby obtaining the equation 


_ myn n Geasipe 
Dy Ansexp {ik — i332} g(t —Ge) + OF ope = 


(IIT) | 


E, (4 — 


Eg, (k). 


(13) 


As shown in reference 5, the quasi-classical solu- 
tion of equation (13) does not differ at all in prin- 
ciple from the solution of the equation when F = 0. 
The electron in this case moves in k-space along 
a trajectory shifted in the direction perpendicular 
to both fields. It is easy to show that nondiagonal 
terms will give a correction of the order ¢® or 
less (see footnote*) compared with the correspond- : 
ing diagonal ones. | 

As another example, let us examine the motion 
of an electron in a field V = Fy without a mag- 
netic field. Neglecting nondiagonal terms, we 
obtain from (13): 


Es (k) g, (k) + iFog, / Ok, = Eg, (k). (14) 
A solution of this equation is 
g, (k) = exp {= | 1B — E(k) deh. (15) 


For a free particle, when E(k) = f2k?/2m, we ob- 
tain the k-representation Airy function.’ With an 


| 
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_ arbitrary periodic E,(k) we obtain the k-repre- 
_ sentation of a function which could be called the 
_ “Airy crystal function.” 


We recall that the eigen- 
function in ordinary space is expressed by formula 
(11), which in the given case has the form Vg = 
J 8s (K) Yksdk. If the field F is weak, this inte- 
gral can be computed by the steepest-descent 
method. Since %,, contains a multiplier eK, 
then W oscillates in the interval where the deriv- 
ative with respect to ky of 

he 

4 
fay —7-\[E — El dks 

0 
vanishes. From this we immediately get a number 
of known facts concerning the motion of an electron 
in a uniform electric field. The motion of a free 
electron is bounded on one side, and the motion of 
an electron in a band is bounded on two sides by 
the limits ymax = (E-Eg min)/F, ymin = 
(E-Eg max)/F. Outside this interval, Y dimin- 
ishes exponentially. 

Now let us examine the motion of an electron 

in a field V = Fy, with allowance for the nondi- 
agonal terms (assuming them to anomalously 
large). It is sufficient to examine two bands, s 
and r. Equation (I) in this case will be written 
in the form of the system 


iFdg,/ Ok, + (Es — E)g,+iFBg.=0, 


iF dg, / Ok, + (E, — E) g, —iF Bg, = 0. (16) 


Here the property (9) is accounted for and the sym- 


bol B= )) Be retkM is introduced. By substi- 
tuting 


g, = exp {ze \[E— 5 (Es + Ep) | dhah de, 

g, = exp \\ [e- (ih Ey dk} by 

we bring system (16) to a more symmetrical form 
iFo. + (Es — Ex)4s + iF Bb, = 0, 

iFd) — (E,— Er) br — iF Bhs = 0. 


Assuming the field F to be weak, we seek a quasi- 
classical solution. We find that if we write yg = 
exp (i@,;/F), the solution for the second band has 
the form jy =iF 4, exp (i@;/F), where 4, and 
@, can be expanded by powers of iF. 


(17) 


B2 
gs op 


B iF ( B ) 1 Ses sy, 
hie ESE, / Bee ser 


“8 


dk, +..., 


Or 5\(Es— En) dks ze Fah 


@, = (18) 


In this manner, the solution has the following final 
form: 
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i) 


Re ke 
4 ° , . 2 
g.=exp{ Ae E;) dk, 4 iF\ a dk, - ra 
rr Ss i 


ih iFB 
Sree Ge oe ae 
fond < ade 
X exp | gp \(E — Es) dhe + iF | ; oe dk, ++ a (19) 


Q 0 


In these formulas we can interchange s and r 
and thereby obtain a second solution. 

As expected, the weaker the field F, the less 
the significance of the second band. Its contribu- 
tion is the more significant the larger B is and 
the stronger the bands overlap, i.e., the smaller 
the difference Eg—Ey (for a given k). If the 
difference Eg (k)—E,(k) is very small in any 
region of k values, while the value of B is large, | 
the contribution of both bands may become com- 
mensurate. 


APPENDIX 


Terms of the order 1/o{ in Eq. (I) have the 
following explicit form: 
1 


4 
atau Tee Es = at > 


= 
m, s’ 


020 ; ; 
Briss: eke») Ans’ eon (my, z's 1)? Qe 
n 


x (ke — a) == JB, > Bare ay (# — =) 
) mS” 


2 
% 


Qik? 100; Pllo ) 4 my 
ear >, (Bunss’ ais Cmss’) eke Bee [ te = or 
m, s’ 


{ ; 
2 oy Anse‘k" nens &, ( ky — =) 
i / 


Ge FOO) rae my 
— ig Sy Bite et By (Re } 


m, s 
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The possibility of constructing a unitary and macroscopically causal scattering matrix in 

a theory with an indefinite metric is examined. The construction is carried out in the 
framework of perturbation theory by means of the interaction Lagrangians of the complete 
(physical plus sum of nonphysical) fields. By a special choice of the spectrum of the non- 
physical fields it is possible to satisfy the requirements of unitarity and macroscopic caus- 
ality in the second and third orders. These requirements cannot, however, be fulfilled to- 
gether in the fourth order; thus within the framework of our assumptions it is not possible 
to construct a unitary and macroscopically causal scattering matrix in a theory with indef- 


inite metric. 


] - Recently much attention has been given to the 
ideas of Heisenberg, who has proposed the intro- 
duction of an indefinite metric in the space of the 
state amplitudes, for the purpose of eliminating 
divergences. This program leads to the appear- 
ance of a number of difficulties associated with the 
necessity of introducing “nonphysical” fields that 
have negative norms, and with violation of the con- 
dition that the scattering matrix be unitary. Sev- 
eral schemes have been proposed, however, that 
make it possible to eliminate the “nonphysical” 
states from the asymptotic expressions for ob- 
servable quantities and to restore the unitary 
character of the scattering matrix. 

The papers in question do not deal with the 
problems of causality, which certainly are of 
great interest. In the present paper we examine 
the question of the possibility of constructing a 
macroscopically causal theory with indefinite 
metric, on the basis of rather general postulates. 

Following Heisenberg, we shall assume that 
the complete space H of state amplitudes decom - 
poses into two orthogonal subspaces: Hy, the 
subspace of physical state amplitudes, and Hp, 
the subspace of “nonphysical” state amplitudes. 
As is done in reference 2, we introduce the op- 
erator P that projects the complete state am- 
plitude onto the subspace H, of physical state am- 
plitudes and is such that P = P* = P*, We rep- 
resent the complete field x(x) in the form 


% (x) = So (X) + S$) Cn Pig (%)s (1) 


where (x) is the physical field of mass m 
and ~m,(X) is a “nonphysical” field of mass mn, 


VOLUME '36 (9) 7 NU MBE 


NOVEMBER, 


and impose the following commutation conditions: 


{Po (x), Po(y)} =D(x—y), 


{Ping (X)> Pm (Y)} = &n Din, (% — Y), 


where €, =+1. In accordance with this the 
bracket for the complete field x(x) is 


{X(x), X(y)} = D(x—y) = D(x —y) + A(x—y), (2) 
where 


A(x—y) = Dench Dy, (X — ¥). 


In what follows we shall use the term “nonphysical 
bracket” to denote A(x-—y). By a suitable choice 
of €n, Cn, and mp we can always secure regular- 
ity of the function D(x-—y) on the light cone. 

In references 1 —3 the theory with indefinite 
metric has been constructed by the use of the con- 
cept of the scattering matrix in the complete space 
H. As has been shown in reference 4, within the 
framework of perturbation theory it is impossible 
to have any theory of such a sort that satisfies the 
condition of macroscopic causality. In the present 
paper we give up the idea of the scattering matrix 
in the complete space. Assuming, however, that 
the interaction occurs between the complete fields, 
we introduce the concept of the interaction Lagrang- 
ian of the complete fields. 

2. _The problem is to construct a scattering ma- 
trix S connecting the asymptotic expressions for | 
the physical state amplitudes of the subspace Hy, 
and which should be expansible in a series in the 
interaction constant 
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SSeS, 


We shall use the hypothesis of adiabatic turning on 
and off of the interaction. Then S is a functional 


of the “turning-on intensity” g(x).° 


We impose the following conditions on S: 

1) Relativistic covariance. 

2) Unitarity: SS* = 1. 

3) Weak causality. We formulate this condition 


_in the following way: suppose there are two non- 
overlapping space-time regions G,; and Gy, in 


which the interaction is turned on with the respec- 
tive intensities g;(x) and g)(y), and such that 
xy. Then the difference 


Rip = Ss (21 + 82) —S (g2)S 5) 


must go to zero with sufficient rapidity as the “dis- 


tance” between the regions increases; the necessary 


degree of rapidity of this approach to zero will be 
discussed later. 

4) Furthermore we require that Si be a poly- 
nomial function of the complete-field Lagrangians 
and operators P; we emphasize that in the present 
paper we are using perturbation theory, and there- 
fore we require that all the above conditions be ful- 
filled in each order independently. 

It is easy to show that an Sh satisfying the 
first and fourth conditions is a polynomial func- 
tion of operators P and Sj, where 


L4+S,+S,+...=Texp {il L (yg @)dx}=S@. 


The matrix S(g) has the form of the usual scat- 
tering matrix in the complete space. Without as- 
signing to it any meaning, we shall hereafter use 
only its formal properties of unitarity, SS* = 1, 
and strict causality® 


S (gi + 82) = S (82) S (1). 


3. We now proceed to the direct construction 
of a matrix S that satisfies the conditions listed 


above. 
We shall first examine S correct to the second 
order. The most general form for (S), is 


(= Pid Sy aS, SiS, 1S,PS,) P..3) 


The coefficients of the first two terms are chosen 
from considerations of correspondence with classi- 


cal theory. 
From the unitarity condition we have 


apa 1 0, (4) 


In order to make use of the causality condition 
we consider the expression 


=a a,+a,—1=0. 
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(Riz)2 = P [(@ + a) Sy (G2) Sy (G1) + (@2 — 1) Sy (2) PS (21) 


+ QS; (81) Sy (ge) + G25) (G1) PS; (g2)] P. (5) 


We must require that this quantity go to zero with 
increase of the “distance” between the regions G, 
and G». Let us expand this expression by Wick’s 
theorem and examine the terms not containing con- 
tractions. These terms do not depend on the “dis- 
tance” between the regions, and therefore their 
sum must be identically zero. From this consid- 
eration we get 


a+ 2a, + 2a,—1=0. (6) 


Then from Eqs. (4) and (6) we have 


a=l, a, = —*/.+ ia, a, = —(—*/2+ a), 


where a is an arbitrary real number. Therefore 
the right member of Eq. (5) can be rewritten in the 


form 
P [(*/e 92) Sy(82) el — Psi) 


+ (a + ta) Sy (gi) (1 — P) S; (g2)] P. (7) 


This expression can be handled conveniently by 
means of the following lemma, which will be proved 
in the Appendix. 

Suppose that in the expression 


PIL(P, %4(%8,)---%n(%e)s %(Ys) +++ %m(ys VP) 


II is a polynomial function of the operators P and 
x, the x,; being points of the region G, and the 
yi, points of the region Gy. Then the necessary 
and sufficient condition for the expression (*) to 
be equal to a sum of terms each proportional to a 
“nonphysical contraction” depending on (Xk; —y;:) 
is that it be possible to put (*) in the form of a 
sum of terms of the type 


PIMP Ss. 3 1, (%e,) met (y2,) 3) 


WPI(PY wa. X (tz,)--.) (C1 — P) PMs(P,..-xX,(ys)-- +) 


a 


(8) 


Returning to the expression (7), we see that ac- 
cording to the lemma it is equal to a sum of terms 
each proportional to a “nonphysical contraction” of 
fields from the regions G, and Gy. Thus a suffi- 
cient condition for causality in second order is that 
“nonphysical contractions” approach zero rapidly 
with increase of the “distance” between the regions. 

On the other hand, if in the expansion of the ex- 
pression (7) by Wick’s theorem we take the terms 
that depend linearly on contractions, which by the 
lemma are necessarily “nonphysical,” we can note 


KPH (Pee sy, (mal. Sau) eee 
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that they are of different operator structures. And 


since only the contractions depend on the “distance” 


between the regions, the expression (7) will go to 
zero with increase of the “distance” only if the 
“nonphysical contractions” go to zero. 

Thus the necessary and sufficient condition for 
the fulfillment of the causality condition for S in 
second order is that the “nonphysical contractions” 
of fields from the regions G, and Gy, go to zero 


with increase of the distance between these regions. 


Let us examine the behavior of the contractions 
D (x—-y) with increase of the “distance” between 
x and y. For simplicity we confine ourselves to 
scalar fields. Three cases can arise: 1) A< 0, 
2) X>0, 3) A=0, where A = (x’-y*)? — (x-y)?. 
From the explicit form of the contractions® we 
have in the first case the following asymptotic 
expression: 


D(x—y)~Vm(—-2) mY =X). 


It is seen that for spacelike intervals 2D (x-y) 
falls off exponentially. In the second case the 
asymptotic expression has the form 


D(x —y)~V mr “exp{timVr}, 


*/s exp {— 


i.e., for timelike intervals 2 (x-y) oscillates 
(the gradual falling off does not prevent the prop- 
agation of particles through macroscopic times). 

As was first shown by Fierz® in a discussion 
of the first type of regular theory proposed by 
Heisenberg,! precisely this fact leads to the vio- 
lation of macroscopic causality in second order, 
owing to the propagation of “nonphysical” particles 
through macroscopic times. 

We can, however, try to change the asymptotic 
behavior of the “nonphysical contractions” and 
thus remove this objection. In fact, if instead of 
the discrete spectrum (1) we introduce a spectrum 
in which each “nonphysical” field is averaged over 
a suitably small range of masses with some weight 
factor, for example a Gaussian distribution, the 
contraction of a “nonphysical” field takes the form 


4 (ai m2 
Din, ={ + exp 4. iE \ Dn (x — y) dm, 


and the asymptotic expression for the “nonphysical 
contraction” gets an exponentially decreasing fac- 

tor because of the averaging of rapidly oscillating 

functions: 


A(x — y) aie “WV mn 
xexp {tin Vd} exp {—n“Fh. (9) 


At the same time the regular behavior of the func- 
tion D(x-—y) on the light cone is not destroyed. 
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Thus by the use of a “smeared-out” spectrum of 
the “nonphysical” fields the causality condition 
can be fulfilled in second order also for timelike | 
intervals.* 
As has been shown by B. V. Medvedev (private?) 
communication), the violation of causality in sec-} 
ond order in the case considered by Fierz is easy i 
to understand if we go back to the connection of 
the theory with indefinite metric with nonlocal | 
theory. In fact, in the theory with indefinite metriil 
one is actually using a Pauli-Villars regularization) ) 
with finite masses 1) 


1 1 1 ne 1) 


ian ae | Pa, eee yea fe 
m p te my p le i.) 


m? — p?—ie m? — p?— ie 
(for simplicity we consider one “nonphysical” i 
field). The cut-off factor (m?—m?)/(mj-p?-ie}}- 


to the vertex. Such a situation corresponds to a 
nonlocal theory with a factorizable form factor. 
The violation of causality in the case of a discrete :) 
spectrum of “nonphysical” fields is due to the fact;} 
that for the resulting form factor the Chretien- | 
Peierls conditions’ are not fulfilled, because such | 
a form factor has a pole on the real axis of the | 
squared momentum. Our way of introducing the 


pretation, since we in fact achieve the removal of i 
the singularity by integrating a generalized func- | 
tion in a class of sufficiently smooth functions,° 
i.e., we achieve the fulfillment of the Chretien- 
Peierls conditions. 

Thus by choice of the coefficients a, a4, a . 
and of a special form of the spectrum of the “non- | 
physical” fields one can satisfy the conditions of 
unitarity and causality of S in second order. We 
have finally for (S)» the expression 
6) =P[1+5,4S, #4, +i) Sil — P) SP, dan 
which contains one arbitrary real parameter a. 

4, Before going on to further orders, we note ‘ 
that: 

a) the contractions %(x-—y) of the physical 
fields fall off slowly for timelike intervals (we 
cannot require fast falling off, since then there 
would be no propagation of physical particles 
through macroscopic times), 


*We do not examine here the fulfillment of the causality 
condition for regions lying along the light cone. It can, how- 
ever, be shown, by use of the Chretien-Peierls method,’ that 
the causality condition can be fulfilled in this case also, if 
we introduce the “nonphysical” fields in the way that has. - 
been described. This result is not needed in our further argu- 
ment. 


i b) the “nonphysical contractions” fall off ex- 
_ ponentially both for spacelike and also for timelike 
intervals, 

c) the lemma formulated above is valid. There- 
fore a necessary and sufficient condition for the 
fulfillment of the causality condition in the higher 

orders is that the differences (R,.)y be sums of 
terms of the form (8). 

The possibility of choosing only such terms 
leads in the third order of perturbation theory to 
the following expression for (S)s: 


(S)s = P «(S)x + Ss + (— ¥/2 + ia) [S; (1 — P) Sp 

peed Op (is PS BSP, 
It can be checked by direct verification that the ex- 
pression (11) is unitary. We note that (S)s de- 
pends on the parameter a introduced in the sec- 
ond order; i.e., in the third order the degree of 
arbitrariness has not increased. 

5. Finally, let us examine S in fourth order. 
Here, as in the third order, the causality condition 
demands that (Ri.), be a sum of terms of the 
type (8); after simple but very cumbersome cal- 
culations this condition gives 


(11) 


(S)e = P {(S)s + Sa + (— "Ve + ia) [Si (1 — P) Ss 
+ S,(1 — P)S2+ S3(1 — P)S,;— 8S, (1 — P) 8,1 — P) S, 
— S,(1 — P) S,(1 — P) 8S, — Sy (1 — P) 8S, (1 — P) S, 
+ S,(1 — P)S,S, (4 — P) SyJ 


+ 6S, (4 — P) S,PS, (1 — P) S,} P, (12) 
where in order to satisfy the requirements of caus- 
ality we must have 


pratt S gt shy (13) 


For (8), the requirement of unitarity reduces 
to 


bt b+ a? (14) 


Sin => 0. 


Comparing Eq. (13) with Eq. (14), we get a? + 4 = 0; 
that is, the parameter a, which was introduced in 
the second order as a real quantity on the basis of 
the requirement of unitarity, must be purely imag- 
inary. 

Thus we arrive at an obvious contradiction: the 
conditions of unitarity and causality in fourth order 
are in conflict with the condition of unitarity in 

second order. 

To get a clearer idea of the nature of the viola- 
tion of causality, let us impose on the coefficient 
b only the condition (14) obtained from the unitar- 
ity condition for (S)4; but not the condition (13), 
and examine the structure of the terms that vio- 
late causality. These terms in (S),4 are 
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P{(T/aa? + */g + ia + 18) S,(gi)(1 — P) 
*S1 (81) PSi (ge) (1 — P) Sy (g2) 
+ (— Moa? —*/, + ia + iB) Sy (ge) (1 — P) 
XS (G2) PS; (g1) (1 — P) Si (g1)} P, (15) 


where £ is an arbitrary real number. 

From the structure of the expression (15) it is 
clear that it can be put in the form of a sum of 
terms each proportional to a “nonphysical con- 
traction,” but these contractions depend on the 
“distance” between points in the same region 
(G; or G,). Since of course “distances” between 
points in the same region can be arbitrarily small, 
for the fulfillment of the condition of causality we 
have to require that the “nonphysical contractions” 
vanish for arbitrary “distances”. In this case we 
practically arrive at the ordinary theory, since 
the contractions of the complete fields reduce to 
those of the physical fields, and as a result of the 
action of the operator P normal products of com- 
plete field operators are equal to normal products 
of the corresponding physical fields (see Appendix). 

On the other hand, if we set a= -—f, then the 
expression (15) reduces to a sum of terms each 
proportional to a contraction of the physical fields, 
depending on the “distance” between points of the 
regions G; and Gy. By introducing a “smeared- 
out” spectrum of physical fields we can, of course, 
arrange matters so that their contractions fall off 
sufficiently rapidly with increase of the “distance” 
between the regions. But, as was noted above, this 
leads to the impossibility of the propagation of phys- 
ical particles through macroscopic times. 

6. Thus we have shown that even the weak caus- 
ality condition is incompatible with the unitarity 
condition for the scattering matrix S connecting 
the asymptotic state amplitudes of the physical 
subspace Hj, if it is constructed by means of the 
interaction Lagrangians of the complete fields. 

This result is not unexpected, because also in 
nonlocal theory, with which the theory with indef- 
inite metric is closely related, it has not been 
possible to reconcile the conditions of unitarity 
and causality.® 

Naturally the question of the construction of 
a theory with indefinite metric without use of the 
idea of the complete-field Lagrangaian is at pres- 
ent still an open one. 

In conclusion we emphasize once again that this 
discussion has all been within the framework of 
perturbation theory. Therefore we have not 
touched at all on the question of the possibility of 
compensation between violations of causality and 
unitarity in different orders. This extremely in- 
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teresting possibility remains open as before. Un- 
fortunately the realization of such a program, like 
every attempt at any considerable advance beyond 
the framework of perturbation theory, encounters 
very serious difficulties. 

We take occasion to express our deep gratitude 
to B. V. Medvedev for his constant interest in this 
work and a number of helpful suggestions. We also 
express our gratitude to N. N. Bogolyubov, D. V. 
Shirkov, and M. K. Polivanov for a helpful discus - 
sion. 


APPENDIX 


Proof of the lemma. It is easy to convince one- 
self that 


a a= at 
Po = gh P, Pes ) = of Pp, 


gn P=0. 


Here g{*) and g§- are the positive- and negative- 
frequency parts of the physical field, and gf" and 
g{ have the same meaning for a “nonphysical” 
field. The signs of the frequencies have the same 
meanings as in reference 5. Then the action of the 
operator P on anormal product of complete-field 
operators y is: 

Vek CM Cy eee Xe (Xe) ae: 


Pont 0, 


= P Gor (Xb) - +» Pon (Xe): P. (A.1) 


Proof of the sufficient condition. Using Wick’s 
theorem, we can put II, and II; in the form 


Tl, = >) A(Xz,, . 00 Xe di. : 


I, = B(yi,,..- 


where A and B are coefficient functions. Further- 
more, 


He) oot 


Z 


Yt )is+ Xi (Yr )-.6: 5 


PIgP = QiA (Xhys ++» Xe )2 + + Poi (He) + 02, 
(apap. Wereee Xb ) 
x B(Yty +++ Yt di +++ X,(%e,) Be ce k go. z; (91) 
= ATS. Xe BY --- 41) 


x DK (te = 91) 26-64, 4) +X, YE) ots 


where K(x,-—yjz) is the product of just those con- 
tractions of fields in which a field from Il, is con- 
tracted with a field from Il;. Then 

PIU3P = >) >) A (Xn, -- 


Hee By Ae ae 


Xx DK (xe SG) oe (Xe ) Sect (yi). a. Der(A) 


D; A. SLAVNOV andsA. Dy SURE ANG, 


On the other hand 


PYpPIgP = yd) A (ty + ++ 9 Xe) B (Yt ++ +» Yt) 
% DUK (te — Ya): ++ «Poe (Me) ++ P07 (Ys) 2-2 A.3)IE 


where A and B are the same in Eqs. (A.2) and 
(A.3), and K’ differs from K only in that all con—|, 
tractions of complete fields are replaced by con- 
tractions of physical fields. Subtracting Eq. (A.3) — 
from Eq. (A.2), we have 


! 
| 


Pi, (1 — P) My? = Deas (Xe, snes Xe) B(yu, eee Yt) } 
> DUIK (te — ys) — K’ (xe — yo): | 
er ne Poy (Xe,) Pe Pol (y) oo (A.4)) : 


sum of contractions of physical and “nonphysical” | 
fields and subtracting K’, we find that each term _ 
of the expression (A.4) is either equal to zero or 
proportional to a “nonphysical contraction,” as 
was to be proved. | 
Proof of the necessary condition. Suppose that | 


PIP = >) A (xp — y:) PIP, 
but 


A (xe — ys) P= Pr (%)(1—P)x(y)P. (AO) 


Substituting (A.6) into Eq. (A.5), we have 


PUP = D\Py(xx)(1—P)x (ys) PUP, (A. 


as was to be proved. 
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Limiting angular correlations near threshold are found for reactions that have as their 
final products an infinitely heavy nucleus and two, three, or four identical fermions with 


spin 3. 


Ie the treatment of reactions near threshold it is 
usually assumed that the final products of a reac- 
tion are in s_ states, since the contributions from 
non-zero orbital angular momenta can be neglected. 
If there are among the final products N >20+1 


identical fermions (o is the spin of these fermions), 


then they cannot all be in s_ states; even at thresh- 
old wave functions satisfying the Pauli principle 
must in this case contain nonvanishing orbital an- 
gular momenta. Inclusion of effects of the Pauli 
principle leads to the appearance of angular cor- 
relations and to a change of the energy-depend- 
ences of cross-sections near threshold.! 


For uncharged products the limiting angular cor- 


relations (output channel energy E—0) caused by 
exchange symmetry can be calculated in a number 
of cases independently of the concrete mechanism 
of the reaction. This can be done in cases in which 
because of different energy dependences only one 
channel with a definite symmetry can contribute at 
the threshold. For charged products all channels 
(with different orbital angular momenta, with dif- 
ferent symmetries) have the same energy depend- 
ence at threshold, and to get the limiting angular 
distributions one must know the weights of the 
various channels. This requires further study of 
the concrete mechanism of the reaction. 

We here calculate the angular correlations for 
reactions that have as their final stages the emis- 
sion of N uncharged fermions with spin 3 by an 
infinitely heavy nucleus (N = 2, 3, 4). In this 
case a channel with definite symmetry corresponds 
to a definite total spin S. The dependence of the 
reaction amplitude (in the momentum representa- 
tion) on the momenta of the emerging particles is 
given near threshold by functions of the form 


f (Ky, ke,..-, kw) = Aa (Ra)i (Rasa + + + (Ra iT i ve by (1) 


which are the first terms of the expansion of the 
exact amplitude in powers of the momenta. Here 
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(kqa)i = Kai is the i-th component of the momen- 
tum of the a-th particle, Ag is symmetrization by 
the Young diagram corresponding to the given chan- 
nel, and Tix,, 4 is a certain tensor of the m-th 
rank that is independent of the momenta and con- 
tains the dependence of the amplitude on directions 
in space that are privileged for the given reaction 
(the rank m is the same as the lowest degree in 
the expansion of the amplitude in powers of the 
momenta!). In the general case one can construct 
for each channel several such functions differing 
only in the numbering of the particles. These func- 
tions (and their linear combinations) form the 
basis of a certain irreducible representation of 
the permutation group, of dimensionality r = 1 
(cf., e.g., reference 2). 

Analogously, a certain representation of the 
same dimensionality (that associated with the 
first representation) is given by spin functions 
of the form 


V(C7, 9a. ON) —— Ae II x(-.), (2) 


where x(dq) are spin functions of the a-th par- 
ticle (hereafter we shall write xy (oq = 3) =éq, 

xX (Og = -$) =Nq), and A® is symmetrization 
by the associated (transposed) Young diagram, 
which is obtained from the diagram for the coor- 
dinate functions by interchange of rows and col- 
umns. 

The cross section of the reaction is determined 
by the square of the “complete” amplitude, which 
is a certain bilinear combination of the coordinate 
and spin functions: 


r 


: Sy) = > Ciel Xe» 


Wligasal 


WAC Sho aioe Sich es 
sy = (| FP] Fecha d2.8(h2— 2mE) 


ee Py (81 Fr» ++ 


1 


6, Gy) L[ dQz. (3) 
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The correlation function py(3j) = pN(9191---9NON) 
is obtained by averaging the absolute square of the 
amplitude (3) over all directions in space and inte- 
grating over the possible distributions of the en- 
ergy among the particles; it depends only on the 
angles #3; between the various pairs of particles 
(ipa a2 arn ues N(N-1)/2). We emphasize that 
the meaning of the amplitude for a given channel 
(definite N, S, Sz) belongs only to the “complete” 
amplitude F, which involves all possible coordi- 
nate functions fj. If, for example, we are inter- 
ested only in the energy dependence of the cross- 
section, there is no need to construct the ampli- 
tude (3), since actually all we need to calculate 

is the degree m, which is the same for all the 

f;. For the calculation of the angular distribution 
it is already essential to know the weights with 
which the various coordinate functions occur in 
the amplitude (3). 

From the mathematical point of view the con- 
struction of the amplitude (3) means separation 
of the antisymmetric representation of the permu- 
tation group from the direct product of the two 
representations given by the coordinate and spin 
functions.2*? We note that although the construc- 
tion of the coordinate and spin bases is not an 
unambiguous operation, all bases lead to the same 
amplitude. The reaction amplitude has been found 
in the following way: an orthonormal spin basis 
and the corresponding representation were con- 
structed, then a coordinate basis was chosen to 
give the associated representation, and finally 
the antisymmetric function was separated out 
from the direct product of the two bases. 

1. N=2. The only contribution at threshold is 
that from the channel with S=0, since the channel 
with S=1 is suppressed by an extra power of the 
energy E in the cross section. The spin and co- 
ordinate functions 


L = (1 %2 — 1&2) / V2, 


give respectively an antisymmetric and a symmet- 
ric representation. The amplitude F=fy gives 
p2(S = 0) =const. If in virtue of some selection 
rule the channel with S=0 is closed (for exam- 
ple, if the total angular momentum in the final 
state must be different from zero), then the re- 
action goes in the channel with S=1, for which 


== CONST 


% = bbe, f=(k— Ra)iT ty 
F=fy, po(S=1)~n—%/3cos 9. 
We have written out only the spin function with the 
maximum value of Sz, since the channels with 
different Sz do not interfere and give the same 
angular dependences. 


A. EP GRAS THEN 


2. N=3. The reaction goes in the channel wi 1 
S = 4, for which the two bases (spin and coordi- | 
nate ) 


i es no) Es / Voc 
fo = [26 Eo"s — (G2 + tE2) Es] / V6, 
fe= (Fake) ly fo = (Ry + Re — 2kg)T 7 / V3 


give the same two-dimensional representation, 
with the following matrices for the interchanges 
of pairs of particles: 


ily 0) 4 1 anys 
My = Cues , Ms = 3 | yg pe | ’ 


4 1 is 
Ms hoa Vitent 


The amplitude and the correlation function have 
the forms 


; 8 
fa hhx2— fox Og (S — 1/5) HS er cos Oj. 


For the total spin S = Ye the representations 
are one-dimensional: 
x = b.bees, 


f = [(k — ha): (ta — Ra)e — (Ra — hes) — Ra)al Tie, F = fh 
ps(S = 4) ~ (n/2)(I— 4 S\cos? 9) | 


(my CO wal 8 ' 
“Tac >i cos 9;cos 34 — ay C08 9. 
i#k i 


3. N=4. The channels with S=0 and S=1 
have the same energy dependence yg, ~ E.' 
a) S=0. The spin and coordinate bases 


X1 = (Erte — Ms) (Ess — Nba) / 2, | 
Yo = (2boriss + Qa nabsés — Erte + be) (Ena + taka)}/2V 3 | 
Fr = {(kr — a): (ks — ha) + (Ra — Rae (i — Rada Tir, | 

fa = 42hukoe — Ohh + Chee Rake 
— (Ry + Re)i (Rg + Ra) — (Rg -!- Ra)i (Ri + Rede} Tik/ V3 


give the same two-dimensional representation, 
with the matrices 


SO 4 
Maa = Mya = ( ), Mig = Max =+( 
a) 4 _ 

V3 —4 

The amplitude and the correlation function have | 
the forms 

P= hye — fers, 

4 (S = 0) ~ F (3+ eos? 9) — 5 > cos 3; CoS Se 


£ t+k 


viet 1 
> cos 3, cos 3, — = » cos 9, 
£ 
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i 


where 


Dy cos 9; cos $,=cos 90s Sa 

; + cos 913 COS Dy, + cos 91, cos oat 

fb) S=1. The spin basis 

% = E,b> (Esta — Nats) /V 2, Xe = (Em — tbe) Ess /V 2, 


. Xs = “Ve {(ErNe + MEe) Ey — Exes (Esme -+ NsE4)} 
‘gives a three-dimensional representation, with the 
matrices 


00) —1 
Mae 1.0 —1-10)). Mu = 0 
Oe Oned 0 


RPS ees ey 
Ma = 4 rae 1 See ae 
—V2 2D 0 / 
Tee Vaan 
is eee (4) 
V2 —V2 0 


The coordinate basis 
ti = {(P — Re)e (Ri + Ra — Rg — Ra) 
— (Ry + ke — Rg — Rg) (Ry — Re) e} Tir, 
fe E {(Ry + Re)é (Rs Ra) (Rs ceo Rg): (Ri vile Rar 
+ Wksikun — 2Rakse} Tit, 
fs = V 2 {(k, — Ro)i (Ra — Ra)k — (Rs — Ra)s (Ri — Ra)n} Tir 


gives the other three-dimensional representation, 
with matrices that are the same as the matrices 
(4) except for a factor —1. The amplitude and 
correlation function have the forms 


F= fii fexe + fsx» 


n(S=1)~78 (6— Yicos* 5,) += >} cos 9; C08 % 


16 
Lek 


iY 
z aren! 
ores 2» cos 9; COS By - 2cos o;. 
iy 


The amplitudes that have been found can be used 
for the construction of angular dependences in re- 
actions with charged products, since although the 
ratio of the contributions of successive channels, 
~(Ze*mR,)*?, does not vanish for E—0, it can 
still be small. Unlike the case of uncharged par- 
ticles, the angular part does not depend on the dis- 
tribution of the energy among the particles (instead 
of the momenta we must insert the unit vectors 
ky /kq), and therefore the correlation function is 
the same as the mean square of the amplitude. 


In conclusion we emphasize that the basic con- 
dition for the applicability of the method used here 
and in reference 1 is the existence of a finite range 
of the reaction (the radius Ry). In this case the 
formulas we have obtained are the first terms of 
the expansions of the exact values (or their asym- 
ptotic expressions) in powers of ¢ = (2mE)'/?R, 
(cf. also reference 4). Besides this one assumes 
a sufficiently smooth dependence of the wave func- 
tion on the energy near threshold, i.e., the absence 
of resonance effects in the region <1. This con- 
dition can be violated, for example, if the entire 
system or some subsystem of the final products 
has an energy level (actual or virtual) near the 
threshold. Thus for two nucleons there exists 
near zero energy the virtual level € = 0.07 Mev 
(for S=0), and therefore for reactions with nu- 
cleons in the final state the range of validity of 
the threshold relations is further restricted to 
small values of the ratio E/e. In the range 
E/e £1 it is already necessary to take into ac- 
count effects caused by the interaction of pairs of 
nucleons.®»* Another example of a distortion of 
the threshold relations is the case in which the 
region £ <1 includes the threshold of another 
reaction (for two final products this effect has 
been studied in references 7 and 8). 

I express my gratitude to Professor I. Ya. 
Pomeranchuk for suggesting the problem and for 
a discussion, and to I. Yu. Kobzarev for helpful 
comments. 
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The Doppler effect is treated for motion of an oscillator along the axis of a gyrotropic ani- 


sotropic crystal. 


General formulas for the energy of the radiation are obtained; these can 


be used, in particular, to obtain formulas for the Cerenkov radiation of a charge and of a 
dipole. A number of properties of the radiation that are peculiar to an anisotropic, gyro- 


tropic medium are investigated. 


Tie Doppler effect has great importance in many 
fields of application. Hitherto only the case of mo- 
tion of a source in an isotropic medium has been 
studied; it has been shown that in the presence of 
dispersion, splitting of the Doppler frequency oc- 
curs (the complex Doppler effect!»?), In connec- 
tion with numerous investigations of the ionosphere 
(for example, with the aid of high-speed earth sat- 
ellites ) and of an electronic plasma, which in the 
presence of a magnetic field has the properties of 
an anisotropic and gyrotropic crystal, it is of in- 
terest to investigate the properties of the field of 

a radiator moving in such a medium. In this case 
there arise new effects, manifesting themselves 

in changes of the components of the electromag- 
netic field and in an additional splitting of the 
original frequency, dependent on the degree of 
anisotropy and on the value of the gyration param- 
CLer: 

In the present article, in order to elucidate the 
principal peculiarities of the phenomenon, we con- 
sider the problem of the field of an electric oscil- 
lator of arbitrary orientation, moving along the 
axis of an anisotropic and gyrotropic crystal. 

1, Let a point oscillator be moving with con- 
stant velocity v along the z axis, which coin- 
cides with the crystal axis; let the oscillator have, 
in its proper system of coordinates, frequency 
wo, electric moment pj cos wot, and magnetic 
moment mj cos wit. Just as in reference 1, we 
replace the moving oscillator by a system of 
“equivalent” electric and magnetic harmonic 
oscillators of density 


Po = geez cos (Sz) eens (x) 3 (y), 
my = yt-cos (Sz) eH" (x) (y), (1-1) 


where Wp = Vv1-— £2 wg is the frequency measured 


in a stationary system of coordinates, and py and 
my are the electric and magnetic moments of the 
oscillator in the stationary system of coordinates; 
they are related to pj and mj by the appropri- 
ate relativistic transformation formulas.!* The 
currents and charges at each point of space are 
determined by the formulas 


iop. +ccurl mg=— fo,  divps == pa (122) 


Thus the problem reduces to that of finding the 
electromagnetic field in the medium under consid- 
eration for given sources, when their density and 
therefore the field vectors depend on z through 

a factor exp [—i(w + wy) z/v]. 


Maxwell’s equations for the Fourier components | 
of the field in an anisotropic and gyrotropic medium) 


have the form 


curl H, = iktEs +4tje/c, div (Eq) = 4m, 


curlE, =—ikH., divH, = 0, 
where 
Sy ig 0 \ 
ae ig ey 0) - 
0 0 9 ) 


The magnetic permeability of the medium is taken 
equal to unity. 
It can be shown that the solution of the system 


(1.3) can be expressed in terms of two scalar func- | 


tions %, and w%, which play the role of potentials 
for (1.3), and which satisfy the equation 


Asti. = o1.atbs,9 = Anis, (1.4) 


-*We mention that the relativistic electric moment of a po- 
larizable circuit, with a magnetic moment oriented nee 
ular to the velocity, is to be calculated by the formula p, = 
(é, /c)[v x mo], where ¢, is the dielectric tensor of the material 


(1.3) | 


of the circuit (as is done in the work of Ginzburg and Eidman® ys 
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where 0; are the roots of the equation 


reds. £1\ 02 keg? € kigre 
3 [+ =) s — AE |ot + & st 8% <0, (1.5) 


and where 
a) . 
ae ee -c Si, — Rez dive i(otg — s*) & ' 
it oe, tex saw Ulvade sebE curl 2ja, 
S* = 89 (ke; —y?)/e, p= (wta)/2, 


o2 02 
“ok oT WA 


diVe jo = Ojox/ OX + Ojay/Oy. (1.6) 
The field vectors are found from the relations 


Bot = &Vi — Vo + = pio, 
Eaz = [(02 — 8”) 01 — (01 — 8”)be] / (02 — 93), 
He =(¢/ £)curlE,, (157) 


where E,, is the transverse component of the 
field, and where 6, and § are defined as oper- 
ators: 


en = (fea ent 5 (* =P: \ 
fen \ eng iénj)? ie po ipy , Y 
2 ; 
Cny = WSs (On — &S7/Eo) / &18% (5 — 34), 
Oe 2 2 2 
Eno = R*e,ug / 3n& (5g — 93), 
3 22 
Pr = ks®/o193, po= gk®s,/e,9193, n= 1.2. (1.8) 


We mention that the proposed method, apart 
from the case considered here, may prove useful 
for solution of the problem of excitation of a gyro- 
tropic medium by an arbitrary current. 

2. Of greatest interest are two physically dis- 
tinct orientations of the oscillator: parallel and 
perpendicular to the z axis. For simplicity we 
restrict ourselves to these two cases; the solution 
in the case of arbitrary orientation of the oscilla- 
tor can be obtained without difficulty from our for- 
mulas. 

a) Electric oscillator parallel to the z axis. 
The functions %, and % are found from the 
equations 


V ofise se Store = —(Si,9Po / 8&0) e—Ho+)2/28 (x) d(y), (2.1) 


where 
Po = PoV 1 — BP. 
The solution of (2.1) has the form 
die = (F1,2Po / 40e%) by,2 (r) e~Moten7i2, (2.2) 
where 
iH 
Pasa (t) = | Fe dg con (2.3) 


and where Hj!) and Hj?) are the Hankel functions 
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of the first and second kinds. In this case formulas 
(2.2), (1.7), and (1.8) fully determine the field. 

b) Electric oscillator perpendicular to the z 
axis. 

Let the moment of the oscillator be oriented 
along the x axis. In this case the oscillator ac- 
quires a magnetic moment directed along the y 
axis and equal to my = —fpp. On carrying out a 
calculation similar to the preceding one, we find 
from (1.4) for this case 


p 2 = 
Pio = To [i (si,9-+ R909) COS p += 


—— Wf] 


ae Obj, 


E 
—— (5;,2— Ss?) si —i(o+o)2/y 
- (9},2— s?) sin | aay e ; 


(2.4) 
where g is apolar angle measured from the x 
axis. The field vectors can be easily found with 
the aid of (2.4) and (1.7). Expressions for the 
components of the field of a magnetic oscillator 
are found in a completely analogous manner. We 
remark that the formulas obtained possess great 
generality. For example, the components of the 
Cerenkov radiation field of a dipole with moment 
™ can be obtained without difficulty from our for- 
mulas by setting w,=0 and pj=7); the compo- 
nents of the Cerenkov radiation field of an electron, 
by setting w)=0 and py =-—ive/w (see refer- 
ence 3). 

3. In the wave zone, by use of the asymptotic 
formulas for the Hankel functions, the components 
of the field can be expressed in the form 


aexp | i( ee z+ o1,ar — ot) |. 


If we require that the expressions for the field 
components have the form of a traveling plane 
wave with wave normal oriented at angle @ to 
the axis, i.e., that 


(3.1) 


wncos8/c = (w+ wp) /v, onsin®/c= 94,0, (3.2) 


then it is not difficult to obtain the condition for the 
Doppler frequency, 


© = W)/|1— Bn (a, 9) cos 81, (3.3) 


which agrees with the usual Doppler condition for 
an isotropic medium; but the refractive index 
n(w, 6) for the medium under consideration is 

a complicated function of w and @ and is differ- 
ent for waves of different polarizations. By sub- 
stituting (3.2) in (1.5) and solving the biquadratic 
equation, one can obtain the usual formula for the 
index of refraction of a gyrotropic medium. Cer- 
tain results of Frank! are also easily generalized 
to a gyrotropic medium; for instance, the angular 
width of a spectral line is determined by the for- 
mula 
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-b2n (n? — n5) (€1 sin? 0 + €2 cos? 0) 
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where T is the travel time of the oscillator. 

As in an isotropic medium, at oscillator speeds 
above that of light and at not too large angles, split- 
ting of the Doppler line occurs (the complex Dop- 
pler effect). A sufficient condition for this effect 
is (cf. reference 1) 


Bn (w, 9) cos 8 > 1. (3.5) 


An estimate of the derivative of the left side of 
(3.5) shows that the point 6=0 is a maximum, 
i.e., a necessary condition for the complex effect 
at superluminal oscillator speeds can be written 
in the form 


(: bg) 8? > 1. (3.6) 
For a plasma in a magnetic field, 
ed wo 
e=1 wo? — w2, ’ ey = | — oO ’ 
my OOH 
he ray) (o? — w3,) (3.7) 


(where wy = V47Ne2/m and wy =eH/me are 
respectively the plasma and gyromagnetic frequen- 
cies), and (3.6) takes the form 


(1 —on/o (© Eon) 8? > 1. (3.8) 


It is not difficult to see that (3.8) can hold only when 
w < wy for the extraordinary wave.* 

The condition (3.5) is by no means a necessary 
condition for the complex Doppler effect. In gen- 
eral the effect is possible at speeds much less than 
the speed of light in the medium, if only the follow- 
ing condition is satisfied (cf. reference 1): 


08 [On / Ow] cos 8>1. 


O=09 


(3.9) 


adele) _ Ba 


TBm,,2 sin 0 [2 — g? —e1e2 — nz, (&2.cos*O + a1 (1 + sin? 9))] ” | 


[g? (oj@ + hex)? cos? p— eter? (o? — 52)? sin2g] (s? — 33) 


As in the case of the superluminal complex effect,, i 
a necessary condition for fulfilment of (3.9) is } 


(8 la Va +g ai =n (3.1! | 
It has been shown‘ that the complex effect can occu, 
in a plasma in a magnetic field either at frequencif® 
near the gyromagnetic frequency of the plasma, ori 
under the condition «, +g ~* 0. 1) 

4. We consider the energy radiated by a moving L 
oscillator for two different orientations of it. The?) 
amount of energy emitted by the oscillator per unit rf 
length of its path we determine with the aid of 
Poynting’s theorem, using the asymptotic expres- | 
sions for the cylinder functions. After somewhat | 
laborious transformations we obtain, for an oscil- |} 
lator oriented along the velocity, 


2 2 2 2 (62 2 
de ae Fe of (s* — 65) i hd 5 (Se) d \ 1 
Frey TS (\ = ee wo dw \ Take ode), (4 


where the first and second integrals extend over 
the frequency ranges of(+w )) >0 and of(+wp) 
>0, respectively, and w>0O. The sign in +w 
means that the parentheses in (4.1) actually con- | 
tain a sum of four terms; +w, occurs in the first | 
two and —w, in the second two. We remark that | 
the terms with +w,) differ from zero only at superi| 
luminal oscillator speeds. } 
A similar calculation gives the amount of en- 


perpendicular to the velocity; in this case it is pos-} 
sible to obtain the distribution of energy density 
with angle gy. After a series of laborious calcu- 
lations we get 


dz —s- &rv? 2 a g?e2w (@ + Wo)? Gs -~ 07) ce 
O1(2 0 
[g? (of -L k®egW0)? cos? @ — eer? (o2 — 5%)? sin? g] (s? — 93) do | 
2a) > leat (0 ctcbo)” (Bi ae 22) (4.2) 
G5(+ 9) >0 
The total energy can be obtained without difficulty 
by integration over 9. dé me (4 — B2) x2 (ee (e182 — 1) — €1%2) 
We note the great generality of the formulas ob- de vs | \ 2 * do 


tained. In fact, by setting w)=0 and p}/2=m 
we obtain a formula for the energy of the Cerenkov 
radiation of a constant dipole with moment 7 in 
the proper coordinate system: 


*By extraordinary and ordinary waves will be understood 
those waves that reduce for g=0 to the corresponding waves 
in a uniaxial crystal. 


EEy (45 — *}) / 


* (Ez (e182 — 1) — e1*3) 
Le oy? do| ; 
E19 (xy — x5) 


[ler—n(@ 1) 2p 2p) ag 


f 


1's 


LA ATE Bh SA OO EA, A a NN is 


ally obtained for the energy of a Cerenkov electron 
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fora dipole oriented parallel to the velocity, and 


Thy 
iW 


eG Nahe see Pale DS ampli 
dz 2nv* } £1€9 (x2 — x2) Ww’ Aw 
*->0 2 
1 
@ 3 (es (e18% — 1) — e,%?) 
fakery sn OF doo (4.4) 


E,Fo (KX, — xX; 
2250 ( Pi 9) 


for a dipole oriented perpendicular to the velocity. 


and substituting in (4.1), a formula is automatic- 


flying at superluminal speed along the z axis 
(cf. reference 3). 

5. By way of illustration, we consider a uniaxial 
crystal. On setting g=0 in (4.1) and (4.2), we get 
d& p> ° 

Ch lO 
dz 4c?v? \ inte 


S?(+@ )>0 


for an oscillator parallel to the velocity, and 


(@ =E @o)*\ 
Pane) aw (5.1) 


dg Oe 
a = en Ss ( eee 2s" \odo 
S*( +0 )>0 ; 
p20) wo dw 
arr (5.2) 


(€1/€2)S?(4@o)>0 


for an oscillator perpendicular to the velocity. 
We notice that for w)=0, €,=€), and p?/2= 


m7 , formulas for the energy of Cerenkov radiation 


are obtained that agree with those obtained by 
Frank.° 
If we neglect dispersion — that is, if the con- 


; stants of the medium change little in the range of 
_ the Doppler frequencies emitted by the source — 


then it is possible to carry out the integration in 
(5.1) and (5.2). After simple calculations, (5.1) 
and (5.2) take the form, for Bve, <1, 


dB | / dz = wy'po V & (1 — 82)? / 3c8v (1 — B2e,)?, (5.3) 


dB, [dz = wy py (& + 3e)/12 c2v Ve (1 — B2e,)?. (5-4) 


For BVe, >1, the integrals in (5.1) and (5.2) di- 
verge; this is connected with the fact that in this 
case it is not permissible to neglect dispersion. 
We note that (5.3) indicates that the total radiation 
energy is independent of €,. Comparison of (5.3) 
and (5.4) also shows an essential dependence of 
the radiated energy on the orientation of the oscil- 
lator. For €,=€ 9, (5.3) and (5.4) reduce to the 
corresponding formulas for the radiation energy 


on cos 0 / 00 
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of an oscillator in an isotropic medium (cf. refer- 
ence 1). 

In a medium without dispersion, the frequency 
radiated by the oscillator is simply related to the 
angle at which this frequency is observed. That 
is, if in (5.1) and (5.2) we transform from integra- 
tion over w to integration over angles with the 
aid of 


1,2 = @/| 1 — Bry,2 (8) cos 6 |, (5.5) 


where 
Ny (0) aa Vas 


and if we consider the path of the oscillator to be 
finite and of length 7 (cf. reference 2), then we 
can obtain a formula for the distribution of the 
radiation energy with angle 9. After simple trans- 
formations it follows from (5.1) and (5.2) that 


1/nj (6) = cos? 6/e, + sin? 6 / eo, 


W | (8) = polegns (6) sin? 8 / 8c3ve5| 1 — n, (6) cos 6|> (5.6) 


for an oscillator oriented along the velocity, and 


t pootl | (18 — ny (8) cos 0)? n3 (0) cos © 
W1@,9)= 8030 e|1—Bra(0)cos0f> cos 6/8 
Se | 
114 — 8 Vex cos 0 [8 (5.7) 
for an oscillator oriented perpendicular to the ve- 
locity. For €;,=€, (5.6) and (5.7) reduce to the 
analogous formulas for an isotropic medium (cf. 
reference 1). 

6. The Doppler effect in a uniaxial gyrotropic 
crystal has a number of peculiarities as compared 
with an isotropic medium. As was mentioned by 
Pafomov,° in the range of frequencies in which the 
radial group velocity is negative (i.e., the projec- 
tions of the group velocity and of the wave vector 
along the radius have opposite signs), in order 
that the solution shall have physical meaning it is 
necessary to use advanced potentials. If in this 
case cos @ and cosy (@ is the angle between 
the z axis and the direction of the beam) have 
the same sign, there arise a peculiar “inverted” 
Doppler effect — that is, lower frequencies are 
radiated forward and higher frequencies backward. 
This same effect occurs if W; >0 andif cos 6 
and cos ~ have opposite signs. 

The projection Wy of the group velocity along 
the radius, in a gyrotropic medium, has the form! 


¢ |n? (e, cos? @ + €1 (1 + sin? 0)) —e} + g? — exe] sin 8 


Wide ~ O(@n 


(n/c) dan | dw 


Oo 


[2n?(<, sin? 0 + e2 cos? 0) — (e, — g*)sin?0 — e422 (1-+cos°6)| 


’ 


(6.2) 
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and the angles @ and g are connected by the 
relation 


On cos 6 / 00 
On sin 8 / 00 


tang = — 


[n? (e2 cos? 6 + € (1 + sin? 6))— ef + g? — eje9] tan 
n> (€1 sin? 0 + & cos? 8 + Ep) —_— 2e1€9 


(6.3) 


As was mentioned in reference 4, in a plasma 
with a magnetic field at angles 6 close to 1/2, 
in the range of frequencies 


2/2 (wz + V 404 ae wt)" Oe Vo + oH 


an “inverted” Doppler effect occurs. For a more 
general conclusion a more detailed study of for- 
mulas (6.2) and (6.3) is required. 

We point out, furthermore, that in a uniaxial 
anisotropic crystal without optical activity, if the 
crystal constants are determined from an oscil- 
lator model (as was done in reference 6), there 
exists a frequency range in which an “inverted” 
Doppler effect can occur at any angles. 

In closing, the author expresses his deep grati- 
tude to A. A. Kolomenskif for providing the theme 
of this work and for constant attention to its exe- 
cution, and also to Professors V. L. Ginzburg and 
B. M. Bolotovskif for valuable discussion. 
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The one-particle (direct ) mechanism of photonuclear reactions at high energies is inves- 
tigated on the basis of the shell model. It is shown that the ground state momentum distri- 
bution obtained from that model allows one to explain the forward shift of the maximum in 
the angular distribution of the photoprotons and leads to a correct magnitude of the reac- 


tion cross section. 


1. INTRODUCTION 


iiss study of photonuclear reactions at large en- 
ergies (220 Mev) of the emitted nucleons is im- 
portant because it gives a direct method of inves- 
tigating the correlations of the nucleons and their 


momentum distribution in the nuclear ground state. 


Of equal interest is the question on the interaction 
of the electromagnetic field with the nucleus at 
high photon and reaction product energies. The 
characteristic peculiarity of photonuclear reac- 
tions lies in the fact that the photon carries a 
momentum which is several times smaller than 
the momentum of the emitted particle. One there- 
fore has to provide for such a reaction mechanism 


which will secure the fulfilment of the conservation 


rules. The two nucleon (“quasi-deuteron”) model 
which was proposed by Levinger! and further de- 
veloped by Dedrik? and Gottfried* has been since 
fully confirmed experimentally* and is generally 
accepted as the model of photonuclear reactions 
at high energies. However, there exist also ex- 
perimental data not contained within the frame- 
work of the two nucleon mechanism. These are: 
(i) the presence of photoprotons with energy al- 
most equal to the maximum energy of the x-ray 
spectrum;°”® (ii) forward shift of the peak in the 
angular distribution into the range 20 — 50°;8)7 
(iii) direct observations of the (y, p) and (y, n) 
reactions at high photon energies.® 

In connection with the indicated facts the im- 
portance of the (one-nucleon) direct photoeffect 
has been repeatedly mentioned. In particular, this 
idea has been successfully applied to the region of 
the giant resonance.? 

In the present paper the one-nucleon direct 
photoeffect will be investigated on the basis of 
the shell model in its simplest form. The con- 


servation of momentum will be taken care of by 
considering that a bound nucleon possesses mo- 
mentum (the internal momentum distribution). 
Furthermore the forward shift of the angular dis- 
tribution will find an explanation analogous to the 
case of the atomic photoeffect.!° The well known 
success of the shell model justifies the hope that 
its wave functions will sufficiently accurately give 
the ground state momentum distribution of the 
nucleons. 


2. THE REACTION MECHANISM AND THE 
CROSS SECTIONS 


The basic assumptions which we will make are 
the following: 

1. The nucleus in its ground state can be de- 
scribed as a system of nucleons moving independ- 
ently in a certain spherically symmetrical poten- 
tial. The state of each nucleon is described by the 
orbital angular momentum 1, its projection m, 
and the energy ¢€7. The spin and magnetic moment 
of the nucleon will not be taken into account. This 
in the present case is equivalent to the neglect of 
the spin-orbit interaction. It should be mentioned 
that the disregard of the nucleon-nucleon interac- 
tions allows only to consider excited “hole” states 
of the daughter nucleus; the excitation energy of 
these states is included into the binding energy 
of the particular nucleon. 

2. The final state interaction is given by the 
optical model of the nucleus. 

3. The impulse approximation is applicable. 

In a system of noninteracting particles only 
transitions involving the excitation of a single 
particle can be induced by a one-particle operator 
like the interaction operator of the electromag- 
netic field with a system of charged particles. If 
we separate mentally the particle that makes the 
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transition into an excited state, then we can say 
that the remainder of the nucleus acts rigidly 
with respect to the electromagnetic disturbance, 
i.e., the electromagnetic field acts coherently on 
the nucleons that do not participate in the transi- 
tion. It is further known that the demand of keep- 
ing the center of mass of the nucleus fixed leads 
to the appearance of the so-called “effective 
charge” for both protons and neutrons. This can 
be understood as due to the absorption of photons 
by the recoiling remainder of those nucleons 
which do not make a transition. Thus there are 
two possible photon absorption processes by nu- 
clei within the framework of the one-particle 
mechanism: absorption of a photon by the nucleon 
making the transition and absorption of a photon 
by the remainder of the nucleons not participating 
in the transition. Clearly, a process of the first 
kind can occur only for the case of proton emis- 
sion. The above can be expressed as the following 
assumption: 

4. The interaction operator of the electromag- 
netic field with the nucleus can be written in the 
form 


ee acne (1) 


where e;, m;, and r;, — the charge, mass and 
radius vector respectively of the nucleon making 
the transition, Ze and M are the charge and 
mass of the nucleus, r, is the radius vector of 
the center of mass of the daughter nucleus, and 
j is the polarization vector of the photon. The 
necessary normalization of the electromagnetic 
field can be achieved by adding the factor 
(2h/ew)¥? in (1). 

We now introduce the center-of-mass system 
of the photon and the nucleus. In this system the 
’ nucleus moves with momentum K=-—k, and the 
two parts of the nucleus move with respect to its 
center of mass with momenta xX) and — xX). Then 
the wave function of the initial state can be written 
as 


VY (ry, tf.) = (22)—**h (r) efKR, r =f, — fe, 
R = (mr, + Mora) / M. 

After absorption of the photon, the wave func- 
tion describing the motion of the photonucleon and 
the daughter nucleus is ®(r,, ry) = (21) 2» Bs a 

As is well known, the reaction cross section 
is given by 


ds = =| M/p(E), (2) 


M = JOC: ra) VF (Fy, 2) drydte, o(E) = Ada, (2) 


G. M. SHKLYAREVSKII 


where k is the relative momentum in the final 
state. 

We introduce 

M' = (2n)5 [= \ @* (r,, Po) Eko] Vy (ry, 2) dridre 

Af 
aa — \ * (ry, ry) ekotj-V_V (11, Fe) dr,drs| 

and go over to momentum space. 

We write 


Mr, tf) = (22) \ C (ky, Ky) elkertkere) dk dks 
and insert this into (3). Going over to relative 


coordinates and recalling that the photon polari- 
zation is transverse and K=—ky, we obtain 


M = { ak,c ke ke) [= (eee j-Vo (r) dr 
TREE Ss Seas. 
— 22 = 81 | etter ka) j-Vy (6) dr |, (4) | 
where 
ke Sir keiaM aakis tegkay M4, 
k = (mk, — mk,)/M = (1,2 = M — m,). 


Clearly C(k,, —k,) is the amplitude of the mo- 


mentum distribution of the nucleon which is making \ 


the transition. It can be written in the form 
C (k,, —k,) = C (k,) =@r)-* [ether (r) dr. (5) 


Further, in the spirit of the impulse approxima- 
tion and taking into account the kinematics of both 
kinds of processes, we put in (4) k= kj), where 
ki) is the momentum of the emitted nucleon right 
after absorbing the photon: then both ky, —k?Z, and 
ki) + k,, represent that initial (internal) momen- 
tum which is necessary for the fulfilment of the 
momentum conservation law. Integrating (4) by 
parts we obtain the matrix element M’ in the 
form 


Mix (2n)%4\\ dk,c* (k,) Fx G (kyy — k's) 


Doon ava te 
— A G le + Ko) | jt, (6) 


where 
G (p) = (2x) Jeg (0) dr (7) 


is the amplitude of the momentum distribution in 
the nuclear ground state. 


3. COMPARISON WITH EXPERIMENT 


For the comparison with experiment one has 
to make a choice of initial and final state. As is 
well known for light nuclei the oscillator potential 
gives good results when applied to the ground state. 
The solution of the Schrédinger equation in momen- — 
tum space gives for the momentum distribution 


of a state with principal quantum number unity the 
following expression: 


G (po) = C exp (—po/2uhe9) DEY tet (Do/Po), (8) 


p where 
h C = AY IP (TF BD (I /uho, e904, 


E Pode lo Si ata Bek ak cos 8) 

(absorption of type 1) 

Po = WY = BR + ha + WRigko Cos 9) 
(absorption of type 2) 


_@ is the angle between k,, and ky, and yw is the 

| reduced mass. The only parameter in (8) — the 

_ characteristic oscillator frequency wy — is deter- 

_ mined by the condition that the rms radius of the 
nucleus agree with the experiment.!! 

The determination of C(k,) turns out to be a 
difficult problem. In the considered energy region 
the known approximate methods are not applicable; 
the exact computation of C(k,) requires the solu- 
tion of an integral equation of complicated charac- 
ter. It should however be borne in mind that the 
choice of the form and the parameters of the inter- 
action in the final state at large energies is rather 
problematical. Therefore an exact complicated 

_ calculation would actually not have a greater value 
than an approximate estimate based on simple con- 
cepts. This estimate is easy to perform with the 
assumption that the final state interaction can be 
described by an optical model. This provides in 
essence two effects: (1) The imaginary part of the 
potential leads to a decrease of the cross section 
of the direct photoeffect because of the appearance 
of cascades within the nucleus and (or) the exci- 
tation of compound nucleus type excited states; the 
latter receives also a contribution from the reflec- 
tion from the barrier. (2) After absorption of the 
photon, the nucleon experiences elastic scattering 
due to the real part of the potential, which will 
lead to a certain smearing out of the angular dis- 
tribution. 

The first effect can be easily estimated from 
the mean free path of the nucleon within the nu- 
cleus, the second — from the experimental elastic 
scattering cross sections. At high energies the 
barrier has a minor influence. This way one can 
as a rough approximation assume a plane wave for 
the final state wave function: gy (r) = exp (ik-r); 
then C (k,) = (27)776 (k-—k,). In order to deter- 
mine the momentum of the photonucleon within the 
nucleus, kj,), one still needs to know the depth of 
the potential well. Taking for simplicity a square 
well we have kj) = 2mh” (EnV — €7) where V 
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— the depth of the well; its value can be obtained 
from the analysis of the elastic proton (neutron) 
scattering in the framework of the optical model.'” 
Assuming circular polarization and averaging 
over the initial states, we obtain for the cross 
section of the one-particle photoreaction on a par- 
ticle with orbital angular momentum 1, in the 
center-of-mass system (for the (y, p) reaction) 


doe nile Wpiypr 
fic (pho)? mE, 


sin? OA 11) —= Ado a leew Ferd, (9) 
where p, = Vv 2mEp , Ep is the energy of the pho- 


tonucleon in the center of mass system, Ey is 
the photon energy; 


A® (1) = exp (—pi/2phoo) po (who)? » 
(ee Pio 4 05 Didi cos 0; 


Z—1 2 
Al (2) = 4— exp (—pi/2uhw9)p5 (uke9)—"2, 


Do = ae oF De =e Dele cos 9. 


F is a coefficient describing the absorption of the 
nucleons, Ry =1, y= 74; ands nh, = 455 For 
(y,n) reactions Al(1) = 0, and the factor 
(Z—1)/(A—1) has to be replaced by Z/(A-1). 


-30 
6/d2).10," cm*/sterad 


$7 : 
30 60 80 120 8° 80 60 90 100 06° 
a b 
Points: experimental data of Whitehead et al.,° curve A: 
calculated with a potential V = Vpw—5 Mev, B: calculated 
with a potential V = Vpw + 5 Mev, where Vpyw is the poten- 
tial (set B) of Riesenfeld and Watson.”* a: E, = 37 Mev, E,,= 
45 to 56 Mev; b: E, = 78 Mev; E,,= 90 to 110 Mev. 


We shall compare our results with the experi- 
ment for the C!? nucleus. We further choose those 
data where the (y, pn) reaction cannot take place 
because of energetic reasons. From the figure 
one can see that one can obtain agreement with 
the experimental points by varying the depth of 
the potential well for the final state. 

It should be mentioned that according to calcu- 
lation the transitions from the 1s,/. orbit in C” 
do not contribute more than 10% to the total cross 
section. Therefore the assumption that the nu- 
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cleons do not interact, which is particularly bad 
for nucleons in the 1s,/ state, cannot essentially 
influence the results. 

In conclusion the author expresses his thanks 
to Professors L. A. Sliv and I. M. Shmushkevich 
for a number of remarks. 
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A nuclear model assuming a core plus two nucleons in a shell with angular momentum j is 
considered. The energy is determined as a function of the parameters 6 and y for various 
values of the total angular momentum of the nucleons. It is shown that the minimum energy 
in the ground state corresponds to a shape of the nucleus without axial symmetry, provided 


that y >*/,. 


INTRODUCTION 


F OR a long time physicists were convinced that 
the atomic nuclei have spherical shape. The suc- 
cess of the liquid drop model of the nucleus 
strengthened this belief. However, the detailed 
study of the ground and excited states of the nu- 
cleus established the fact that many nuclei devi- 
ate from the spherical shape. In particular, this 
holds for nuclei whose mass numbers lie in the 
regions A> 225, 155<A<4185, and A~ 24, 

The nonspherical shape of the nucleus mani- 
fested itself in the presence of the rotational 
spectrum for the excited states, and in the large 
electric quadrupole moments of the stationary 
states of the nucleus, in the measurement of which 
great progress has been made thanks to the method 
of nuclear Coulomb excitation and the investigation 
of the y transitions in nuclei. 

The sizable deviation of the equilibrium shape 
of the nucleus from spherical symmetry remained 
unexplained for a long time. The first interpreta- 
tion was given by J. Rainwater! based on a study 
of the interaction of the nuclear surface with the 
outer nucleons, i.e., the nucleons which do not 
belong to completely filled shells. However, it is 
assumed in this and many later papers? ° that the 
nucleus preserves its axial symmetry. Formally, 
this amounts to neglecting those parts of the Ham- 
iltonian which are not diagonal in the quantum num- 
bers of the projection of the angular momentum on 
one of the nuclear axes. The energy of the inter- 
action of the outer nucleons with the nuclear sur- 
face therefore was averaged in effect only over 
nucleon states with a definite value for the angular 
momentum projection on this axis. 

It was shown recently® that many properties of 
the first excited states of even-even nuclei (the 
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order of succession of the spins of the excited 
states, their energies, and the probabilities for 
electromagnetic transitions between them) can 
be readily explained by assuming that the equi- 
librium shape of the nucleus can in first approxi- 
mation be represented by a three-axial ellipsoid. 
The nuclear ellipsoid of Bohr is characterized by 
the two parameters 6 and y; the relations 


Az = A_2 = (8/V 2)siny 


connect these parameters with the parameters ay, 
defining the shape of the nucleus: 


2 


R(X, —)=R+R >» 


w= 2 


Ay = Bcos 4, Opa 10> 


AY on (%; %)s 


in the coordinate system attached to the nucleus. 
Varying the “asymmetry” parameter y from 0 
to 1/3, with a fixed value 6B, induces a change 
of the nuclear shape from a prolate to an oblate 
elliposid of revolution. The value y = 30° cor- 
responds to a shape which is intermediate between 
the prolate and the oblate ellipsoids of revolution. 
In order to obtain agreement with experiment, it 
had to be assumed in reference 6 that in some 
nuclei the equilibrium value of y can reach val- 
ues close to 30°. This large deviation from axial 
symmetry calls for a theoretical justification. 
The first indications of the possibility that the 
equilibrium shape of the nuclei may deviate from 
axial symmetry came from the calculations of 
Gursky,’ the results of which were quoted in the 
paper of Wilets and Jean.® These calculations 
showed that the minimal energy of a nucleon sys- 
tem consisting of 55 protons and 91 neutrons mov- 
ing in the field of a three-axial ellipsoid corre- 
sponds to the values 8 =0.04 and y=7.5. Simi- 
lar calculations in the same approximation were 
carried out by Geilikman? for a three-dimensional 
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oscillator potential and by Zaikin'for a square- 
well potential. In these papers it is also shown 
that the minimum energy of the nucleon system 
corresponds, in a number of cases, to a nuclear 
shape without axial symmetry. Unfortunately, 
these numerical estimates lose in value owing to 
the fact that the spin-orbit interaction is neglected 
and a special form of the potential is chosen. 

In the present paper we propose a new method 
for the explanation of possible deviations of the 
equilibrium shape of the nucleus from axial sym- 
metry, which is based on a generalization (to nu- 
clei without axial symmetry) of the method of 
Bohr.” 


1. FORMULATION OF THE PROBLEM 


We consider a system consisting of a certain 
number of nucleons forming the core of the nucleus 
plus two equivalent outer nucleons in a shell with 
the definite angular momentum j. According to 
the Pauli principle the total angular momentum 
of the two nucleons can take only even values: 


et 0 OR oper (1.1) 


If, in the zeroth approximation, the coupling with 
the nuclear surface deformation is neglected (the 
nucleons move in the field of the nuclear core), 
the total angular momentum of the nucleon J and 
its projection M onthe ¢ axis of the coordinate 
system énf¢ attached to the nucleus are integrals 
of the motion, whose energy is determined by the 
operator Hp. States yyy differing in the values 
of J and M belong to the same energy, i.e., 


(Hp — Ep) dim = 0. 


In accordance with the unified model of Bohr and 
Mottelson we assume further that the properties 
of the nuclear core are determined by the oper- 
ators of the collective motion 


(1.2) 


1 3 5 Fs 
H, =5{ale— Je) + 6 (yp — Ja)? Heol — det, (1.3) 
#2 (1 8 /o, 0’ 
Hos = — 5p sede ey 
| ee Nes er Og C, 
+ ganar & (Sin 8rz )f Ta B°, (E74) 


where 
a = h? [4B B? sin? (y¥ — 2n/3)]}, 
b = h? [4B B* sin? (y + 2n/3)]?, c= A? [4B 8? sin? J+, (1.5) 


C is the elastic constant of the nuclear surface, B 
is the mass parameter, Iz, In, I¢ are the pro- 
jections of the total angular momentum of the nu- 
cleus, and Jg, Jy, J¢ are the projections of the 
total angular momentum of the outer nucleons. 
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We assume that the pair of outer nucleons in- 
teracts with the core as a whole. Then the oper- 
ator corresponding to this interaction can be 
written in the form 


Hint = TB [cos 1 (3J2 — J?) + V3 sin 4 (J? — Ja)I, (1.6))), 


where T is a parameter which determines the 
strength of the coupling between the nucleon pair 
in the j shell and the nuclear surface. 

The assumptions at the basis of the expression 
(1.6) require, of course, a detailed justification. 
They represent a different limiting case from that | : 
considered in the paper of Ford,®> where it is as- | 
sumed that the outer nucleons interact independ- — 
ently with the nuclear surface. The Hjp; intro- 
duced by Ford completely ignores the interaction 
between the outer nucleons. Ford’s Hamiltonian 
can therefore not be used in the study of the ef- 
fects connected with the pairing of the nucleons. 

In the present paper we shall postulate the inter- 
action (1.6). Moreover, we shall not neglect (as 
was done in references 2 to 5) the terms in the 
Hamiltonian which give rise to nondiagonal matrix 
elements with respect to the magnetic quantum 
numbers, i.e., we shall not assume that j3 = Q 

is a good quantum number. Therefore we shall 
not restrict the class of admissible nucleon states 
to only those states for which 


>a; = 0. 
t 


In those papers in which only states satisfying the 
subsidiary condition (1.7) are considered, the 
equilibrium shape of the nucleus will, of course, 
always turn out to be axially symmetric. 

If the motion connected with the changes in B 
and y is slow in comparison with the motion of 
the outer nucleons, we can apply the adiabatic 
approximation (which was also used in references 
2 to 5). Thus we calculate the energy of the whole 
system for fixed but arbitrary values B and jy, 
and determine the values 8) and y) for which 
the energy becomes a minimum. These values, 
then, will also determine the equilibrium shape 
of the nucleus. 

In the adiabatic approximation we can neglect 
in (1.4) the operators corresponding to the kinetic 
energy. Then the operator for the surface oscilla- 
tions takes the form 


| 


(1.7) 


Hy = eR (1.4a) 


The total angular momentum of an even-even 
nucleus in the ground state is equal to zero. The 
operator for the rotation energy (1.3) in the ground 
state can therefore be written in the form 


H? =*/,{ ad? + bJ2 + cd2}. (1.3a) 


_ The total Hamiltonian for the ground state of the 

! nucleus in the adiabatic approximation then has 

: the form 

(1.8) 


, In the next section we shall find the solution to the 
| equation 


v. 


| H=H,-+ Ho H?, + Hine. 


[H—E(B, 1)lp=09, 


which determines the energy of the system as a 
function of 8 and y. 


(1.9) 


2. CALCULATION OF THE NUCLEAR ENERGY 
AS A FUNCTION OF 8 AND y 


For the determination of the energy E (8, y) 
in Eq. (1.9) we write the wave function ~ in the 
form 


b= diam|JM)», 
JM 


| JM > = [(1 + 8mo)21 ” (bam + du, — m)s 


where J runs through the values (1.1), and M = 
0, 2, 4,...,J. Substituting (2.1) in (1.9), we ob- 
tain a system of equations for the determination 
of the coefficients aj). The secular equation for 
_ this system determines E (f, y). 
The non-zero matrix elements of the operators 
(1.3a) and (1.6) are 
CIM | Ho|JMy = SF" rr 4 1) — My +5 MP, 
<J, M+ 2|H®|JMy = (IM H2| JM + 2> = "F (JM), 
KIM | Hint| JM> = T B cos x (8M? —J (J + 1)], 


CIM | Hine | JM + 2> =" 3 TBF (JM) sin, 


(2.1) 


(2.2) 


where 
F (JM) = {(1 + 8uo) (J —M) 
x(J—M—1)(J + M4 1)(0+M 42))%, 


From this we see that J is an integral of the mo- 
tion, so that the equation for E(f, y) splits up 
into a number of simpler equations for each value 
J. 
For J=0 (pairing of nucleons with opposite 
momenta), the interaction between the surface 
deformation and the nucleon pair is zero in our 
approximation. In this case the nuclear energy 
depends on 8 and y only through Ep and the 
potential energy of deformation. Since Get72 
does not depend on y, but Ep obviously is weakly 
y dependent, we shall simply neglect the depend- 
ence of Ep on y in the investigation of the de- 
pendence of the nuclear energy on y. Introducing 
¢€=E(J)-—E(0), where E(0) is the nuclear 


ON THE SHAPE OF EVEN-EVEN NUCLEI 


1063 


energy for J=0, we consider the equation for 
the determination of € for J =2: 


%Ja(a+6)—6T Bcosy—e, 67 Bsiny + (a—b)V3/2 


6T Bsiny +(a—b)V3/2, 6TBcosy +(a+6)/2+2c—e| 0. 
Substituting (1.5), and expanding the determinant, 
we obtain the second degree equation 

5 9x Of? 27 cos 37 9 
<TLDaay VEO Mate Ade Dae 
where 
x= 6/(h7/B 6"), — b= 47 B/ (n7/BB"), (2.4) 


and h?/B£? is the energy of the first excited level 
of the nucleus. 

For a rough estimate of the quantity 7 we set 
T ~ 40 Mev, h?/B6? ~ 400 kev, and B= 0.2. Then 
we find from (2.4) 1 * 80. As the deformation pa- 
rameter £6 increases, the parameter 7 increases 
as ~ B°, 

In Fig. 1 we show the solutions of (2.4) as func- 
tions of y for the values /=10, 15, and 150. 


150 


0 
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FIG. 1. Nuclear energy as a function of y and of the quan- 
tity 1 which determines the coupling of the pair of outer nu- 
cleons (J = 2) with the nuclear surface deformation. The right 
hand scale gives the energy for / = 150. 


In the case when the pair of outer nucleons is 
in a state with J =4, the equation for the total 
nuclear energy has the form 


) 45 x? cos 3 81 78 
ie: 2 sin? 3y a ( 39% + 117 sin? 3y Sintoy, seesin= = 
9 2 
—70 cos 37 +5 (42 aL 
cos 3y 270 {MO : 
+ 51(815ee bl 42 ) Bre laa = 0, BED) 
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FIG. 2. The energy as a function of y and / for J = 4. 
The value of the energy is to be multiplied by 10 for / = 10, 
and by 100 for / = 100. 
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where x and lJ are given by (2.4). Figure 2 shows 
the dependence of three roots of (2.5) on y for the 
value 1=10 (solid curve). In the same figure we 
give the dependence of the lowest roots of (2.5) on 
y for 1=1 (dotted curve) and 7=100 (ash- 
dotted curve). 


3. THE SHAPE OF THE NUCLEUS AS A FUNC- 
TION OF THE STRENGTH OF THE COUPLING 
BETWEEN THE PARTICLES AND THE NU- 
CLEAR SURFACE 


We apply the results of the preceding section 
to the problem of finding the equilibrium shape of 
the nucleus. 

If each of the outer electrons is in the state 
j=%%, they can be paired only with the value 
J =0. Such a nucleon pair has no effect on the 
shape of the nucleus. 

If the nucleons are in the state j = Wy pairing 
ean occur for J=0 and J=2. According to 
Fig. 1, the state with J =2 has the lower energy. 
The minimum of the energy then corresponds to 
a nuclear shape with axial symmetry (y) = 0). 

A pair of outer nucleons in states with j = 7 
therefore does not destroy the axial symmetry 
of the nucleus. 
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If the nucleons are in the state j =°4, pairing |) 
can occur for J=0, 2, and 4. A comparison of 
Figs. 1 and 2 shows that the minimal energy for 
a given value J corresponds to the largest pos- 
sible angular momentum (J =4). In this case 
the equilibrium shape of the nucleus for /=1 
also corresponds to an ellipsoid of revolution 
(Yo = 0). However, as J increases, the equilib - 
rium shape of the nucleus corresponds to yp) #0. | 
As I reaches the value 10, the equilibrium shape | 
of the nucleus corresponds to 7) © 30°. Here the | 
deviation from axial symmetry reaches a maxi- . 
mum: the nucleus has a shape which is intermedi--| 
ate between the prolate and the oblate ellipsoids off, 
revolution. For 1=100, y ¥ 42°; for 1 >», 

Y) — 60°, i.e., the shape of the nucleus becomes | 
again axially symmetric. In the case of extremely) 
strong coupling between the nucleons and the sur- | 
face (8 large) our results are therefore the same} 
as those of Bohr and Ford. 

If the nucleons in the pair are in a state with 
j= Vie we continue to observe the same behavior 
as in the case j =. The minimal energy corre-~ | 
sponds to the largest possible value J. As the | 
quantity 2 increases, the equilibrium value of 
y changes from 0 to 60°. And the larger the 
value of J, the smaller is the value of 1 at 
which the deviation from axial symmetry begins. 

Thus the effect of the interaction of the nucleon | 
pair with the nuclear surface favors the pairing of | 
the nucleons with the largest possible value of J. | 
This effect therefore acts in the opposite direction} 
of the effect of the attractive interaction of the | 
fermions at the Fermi surface (in momentum 
space), which in certain cases (superconductiv- 
ity of metals) leads to a coupling of the fermions | 
with opposite spins and momenta. For sufficiently i 
small J the competition between these effects | 
favors the states with J=0. For large 1, on | 
the other hand, the states with the largest possible | 
J are more favored energetically. Owing tothe | 
Coulomb repulsion between protons, this occurs 
at smaller values of 7 for protons than for neu- 
trons. 

If the number of nucleons in the shell of angular: 
momentum j corresponds to a closed shell, this 
state will have only one total angular momentum: 
J=0. 

Using the formulas of reference 6 and the ex- 
perimental value for the ratio of the energy of the 
second excited level with spin 2 over the energy of 1 
the first excited level, we can determine the equi- | 
librium value yy, up to the transformation 
Yo 60-79. This ambiguity arises from the fact 
that the position of the levels and the transition 
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probability do not depend on the sign of the quadru- 
pole moment. These calculations lead to the re- 
sult that the greatest deviation from axial sym- 
metry (30° > yy > 27°) occurs in the nuclei 4Pd!, 
Beedt’s, ods, sole c: te, rePtae, meets and 
several others in which the number of protons dif- 
fers from the magic numbers 50 and 82 by two or 
four units. For T=40 Mev andvalues £6 calcu- 
lated from Coulomb excitation data, the parameter 
l, which determines the dependence of the nuclear 
ground state energy on y, lies somewhere within 
the interval 20 to 80. 

For nuclei with a ratio E(2’)/E(2) between 
the limits 2.9 and 20 (which corresponds to values 
of y within the intervals 20° > yp) >10° or 40°< 
Y) < 50°), the parameter 7 has the value 300 to 
600. Finally, for nuclei with nearly axial symme- 
ery, for which E(2’)/E(2) >23 (yp) <10° or 
Y) > 50°), the parameter J >1000. These experi- 
mental values are in qualitative agreement with 
the theoretical results. 
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A simple derivation is given of the integral representation for the causal commutator dis- 
covered by Jost and Lehmann! and generalized by Dyson,” which does not require the use of 
six dimensions. In the simpler cases (vertex part, two-particle matrix element) more de- 
tailed spectral formulas are found. On the basis of these formulas it is shown that the two- 
particle scattering amplitude — for real values of the energy in the center-of-mass system 
— is an analytic function of the square of the momentum transfer regular in the entire com- 
plex plane except for poles and cuts on the real axis. 


1b Jost and Lehmann! discovered an integral rep- 
resentation for the matrix element of the causal 
commutator of two Heisenberg operators A and B 


f(x) =<p, r|[A(x/2), B(— x/2)]| pr’), (1) 


where |p, r> is the state characterized by a total 
momentum p,, and r denotes all other quantum 
numbers. However the representation for f(x) 
which they found was not manifestly covariant and 
was rigorously valid only in the symmetric case 
(A =B). The generalization to the nonsymmetric 
case was carried out in an invariant form by Dyson 
by introducing six dimensions in momentum space. 

The main results of the present work consist 
showing that the general four-parameter Jost- 
Lehmann-Dyson representation for f(x) canbe 
made substantially more specific in the simpler 
cases and that it reduces to a two- and three- 
parameter representation respectively for the 
vertex part (when one of the states in (1) is the 
vacuum state and the other is a single-particle 
state) and the two-particle matrix element (when 
both states in (1) are single-particle states). Fur- 
thermore, a simple derivation of the general rep- 
resentation for f(x) is given, without recourse 
to six dimensions which, it seems to us, need- 
lessly complicate the proofs. 

The three-parameter representation for the 
two-particle matrix element permits a significant 
increase in the region of regularity of the scatter- 
ing amplitude as a function of the momentum trans- 
fer A? as compared to the region found by Leh- 
mann;? namely it is possible to show that the scat- 
tering amplitude (for real values of the energy in 
the center of mass system) is an analytic function 
of A? regular in the entire complex plane except 
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for poles and cuts on the real axis. 

It should be emphasized that we have not as yet 
succeeded in demonstrating the necessity of the 
limitations on the spectral function in the three- 
parameter representation of the matrix element 
for the scattering of two particles. 

For the sake of simplicity we ignore the spin 
dependence of the matrix elements in the follow- 
ing. 

2. Let us find a general representation for 
f(x) which makes use of the causality condition 


f(x) =0 for == x2—X? <0, (2) | 


This condition allows f(x) to be written in the 
form 


co 


j (x) = \ def (xy? — &). (3) 


0 


Let us introduce an auxiliary function 


ae (x) = f (x) 8 (x? — 2d?) (4) 


such that 
00 


f(x) =) ga (x) ane, (4") 


0 
It is easy to see that the Fourier transform $)2(q) 
of ,2(x) satisfies the wave equation with a mass 
A in q-space: 
(Ca — »*) G22 (9) = 0, 
Ca= — 0° / 0g? + 0?/0q2 + 0? / dq? + 07/0q2, (5) 
The solution of Eq. (5) may be expressed in terms 


of the value and the normal derivative of P2(qQ) 
on an arbitrary space-life surface 


x (9) = \ doa [e. (w), x | A(q—u, 2), (6) 


' 


t 
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where A(q, A?) is the odd invariant function of Eq. 


(5); 


and oq is an arbitrary three-dimensional space- 
like surface in q -space. 

% According to Eq. (4) the Fourier transform 
{(q) of f(x) is 


F(q) = \ en f(x) dtx =) G2(q) ar. (7) 


Inserting (6) into (7) we obtain the invariant Jost- 
Lehmann-Dyson representation in its most general 
form 


ar? \ doa | Gx (u), 2 lA (Gu; A*)e (8) 


Ou, 


F(q) = J 


0 


If we now write 


A(q—u, »*) =| e(q—u)8((q—u)? — x2) B (x2, 22) dee’, 


0 


where 


A (x?,d2) = 


2 e— #Px 
(27)* P| ae EP» 


and set 


lee) 


b(x?, wu) =| dd? @y2(u)A (x, 22), 


0 


_ then we obtain in place of Eq. (8) the following 


| 


0 
ie | 


F (q) =| dx?\ doa [$ («*, u) 


x eg — u)8 ((q—u)? — x’), ey 


i.e., the desired representation investigated in de- 
tail by Dyson.2* Choosing the surface uy =0 in 
Eq. (8’) we get the representation found by Jost 
and Lehmann.! 

From Eq. (1) it follows that f(q) vanishes in 
the region 


Py — (mi + (q—P))"*< qo < (m3 + (4+ P)*)*—Po, (9) 


where P=(p+p’)/2 and m,; and mg, are the 
masses of the lowest mass intermediate states 
|n,> and |n,> for which the matrix elements 


£40), rl|A|m><m|Blp’, ta 
and <p, r|B|nz><n2|Alp’, r’> 
fail to vanish. 


Dyson has shown that the representation (8’) 
satisfies conditions (9) if and only if the function 


*The function w (x7, u) is related to the function F(u, s) 
of Eq. (30), reference 2, by # (x?, u) =OF(u, x”)/dx’. 
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w(k?, wu) vanishes everywhere except for the re- 
gion** 
x? > max {0,m,—|P+ ul], m,—|P—u]} 
(Pu)? > 0. (10) 

We do not repeat that proof here. Let us only 
stress that in the derivation of Eq. (8’) as well as 
in the deduction of the limitation (10) on ¥(k?, u) 
there is no need whatsoever for introducing a space 
of six dimensions as was done in reference 2. 

3. The general representation (8) or (8’) depends 
on four parameters (A? or x? and the three compo- 
nents of the vector u). This is related to the fact 
that £(q) depends on four quantities (qo, qy, dg, 43). 
In the derivation of (8) or (8’) we have nowhere ex- 
plicitly made use of the invariance properties of 
f(x). We shall show below that it is possible to 
obtain more specific representations than (8) or 
(8) for the simpler matrix elements of the form 
(1) provided use is made of consequences of rela- 
tivistic invariance. In general f(x) may be ex- 
pressed in terms of the invariants x*, p-x, p’-x, 
etce.:f f(x) =f(x’, p-x, p’+-x,...) where the 
dots denote all other possible invariants beside x’. 
Consequently Eq. (3) may be rewritten in the formt 


f(x) = \ def02, px, p'x...)8(2—2). 


0 


(3’) 
We now use the relation*** 


**We note that the proof of necessity of the condition (10) 
in Dyson’s work cannot be considered complete. In the proof, 
Dyson introduced the concept of admissible hyperboloids 
(q—u)’— x? = 0, corresponding to values of u and x? satisfy- 
ing condition (10), and showed, using theorems of Jost and 
Lehmann! that for any twice inadmissible hyperboloid tha cor- 
responding value of w(x’, u) is zero. A twice inadmissible 
hyperboloid is a hyperboloid whose both sheets (lower and 
upper) are in q-space inside region (9). However, as is easy to 
see by drawing an appropriate figure, a majority of the points 
u and x? that lie outside the region (10) correspond to hyper- 
boloids (q—u)*— x? = 0 that have only one sheet inadmissible, 
i.e. the majority of the inadmissible hyperboloids is not twice 
inadmissible; and for just such hyperboloids Dyson did not 
show that the corresponding values of W(x’, u) are zero (this 
reservation applies equally to the cases of symmetric and non- 
symmetric regions). 

+Strictly speaking the function f(x) is an invariant only 
when multiplied by factors of the type (2p,)”; we ignore these 
factors. 

tEquation (3) is, of course, not unique. In particular, one 
may replace x, by + (x? + A’)” everywhere in f(A’, p-x...), 
such a substitution leads to the Jost-Lehmann! formula [see 
(14’)]. 

***This identity is easily verified starting from the paramet- 

ric representation. 
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ide a 
| do? A (x®, 2) A (x2, 22) 
=) A (x2, 2) B02, 02) de® = (2m) 28 (x79 — 4). (11) 
0 


Here A (x2, x2) = €(x)) A(x, K*), where A(x, k?) 
is the commutator function with mass xk, and 
€(X)) is the sign function. Introducing (11) into 
(3’) and denoting 


co 


0 (02, pxy..-) = (2n)*| dx2f O%, px...) e(x) BG2, ¥), 


(12) 


‘we find 
(oe) 


f(x) =) dep 62, px,...) A(x, ). 


0 


(13) 


From here it follows that the Fourier transform 
F(q) is 


7 (q) =\ o2\ dtu 62,u) 2(q—u)8((q—u)?—~), 
0 
(14) 
where 
aay 2 — tux 4 
Oe = aoe pre ye GK: (14’) 


The expression (14) for f ( q) coincides in form 
with the five parameter representation obtained 
by Dyson (formula (49) of reference 2, theorem 
“c”), which also follows directly from Eq. (8). 

For purposes of application (see reference 3) 
the derivation of restrictions of the type (10) on 
the spectral function @ (xk?, u) appearing in (14) 
is of greatest importance. That these restrictions 
are sufficient is obvious. That they are necessary 
has not yet been shown,* however one can hardly 
doubt the validity of the conditions (10) for 
@(x?, u). In particular it is clear from physical 
considerations that the only contributions to f(q) 
come from the admissible hyperboloids (q—u)* — 
K2=0, since only they correspond to possible phys- 
ical processes for which the matrix element of 
f(q) does not vanish. 

Let us apply formula (14) to some simple matrix 
elements. 


A (x?, x?) = (2n)-? \ da exp [i a x® + ix?/ 4a]. 


— co 


All relations and integrals encountered in this paper are to be 
interpreted in the distribution-theory sense. 


*In this connection see footnote **, page 1067. 
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A. Vertex Part 


The antihermitian part of the vertex function | 
is expressed in terms of a matrix element of the | 
form 


f(x) = <0] [A (x/2), B(—*/2)]|P>, 


where |0> and |p> are the vacuum and one- 
particle states respectively. In this case f(x) 
depends on three invariants: x p-x, and p’,* 


(153) 


sequently a two-parameter representation for f (qi 
should exist instead of the four- or five-parametel) 
representations given by Eqs. (8’) and (14). Indeec| . 
the function p(x?, p*x, p”) in Eq. (13) may be 
written in the form 


fee) 


o(x*, px, p?) =~ | ef (rn) 9 (?, a, p?) da, (16}) 


— 0 


where a is some scalar parameter. From this, 
taking into account Eq. (14’), we obtain 
+00 
O(x?, u) = (—i) | (2, a, p*?)8(u—ap)da. (1A) 
— co 


We now insert (17) into (14), integrate over d‘u 
and obtain 


Fg) =(—i)\ dee | dap a, a, p?) 


Xe(q=— ap) >((q—ap)? —x*): 


mutator 


je (9) = 8(x) F(x) exp (— sige) dx, 
we have the following spectral representation 


fos) + co 


fag) =| dx? | 


0 


da (x2, a, p?) 
((q — ap)" — ¥?) 


2 


Jo— 4 — is. 


(19) | 


The restrictions on the spectral function are the 
following: p is different from zero only in the 
region (p=0; Ppp =m; m, = my) 


if %< Mz! 
if Mz Q*xQ mM) 


if xn = My \} 


— Fahy —%) (<< YY g— (M2, —x)/m 
iy) | nh on <9 

a Me << a << Ve 
Thus in the case of the vertex part, which, except 


for unimportant factors is equal to fR(q), itis 
possible to derive a two-parameter (qa and Kk) 


*The function © (x,) may always be written as ©(p-x) be- 
cause p is a timelike vector with p,>0. 
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representation (18) and (19) instead of (14), by 
using relativistic invariance. 


B. Two Particle Matrix Element 
In this case 


f(x) =<p{[A 


and it is related to the matrix element for the scat- 
_ tering of two particles. 
Repeating the considerations of section A gives* 
+00 
i@=i “Sec | de 604,058, @elg—aP—$Q 


(x/2), B(—x/2)]|p (20) 


x 8((q—aP—8Q)*? —x*), (21) 
Se Can @) 
ay 0 (x2, a, 3, Q? 
IR) == — | da dB B\ a oe 3 QP—?’ 
—o©o 0 
qo ar Yo =i g, (22) 


where 


=(p+p)/2, Qa(p—p')/2; PQ=0, 


Ga 


A? — the momentum transfer; the region in which 
the p of Eqs. (21) and (22) is different from zero 
(in the frame P = 0) is given as follows: 


pis (ety +F 


if pp. ti 


ays 


(Hf tia ——*N2) po: A> \ i 
<! (( ma pre »  ¥L Me, 
0 0 


> 


Mz Q“xKmM, 


—14 |BA/Po|<a<l —|BA/Pol, 


x > mM. (23) 


Consequently the two particle matrix element has a 
three-parameter representation (a, 8, and K2 ). 

Let us note an important property of Eqs. (18), 
(19), (21), and (22). Inthe limit as p and p’ tend 
to zero they automatically go over into the well 
known formulas of Kallen-Lehmann‘ for the one- 
particle Green’s function. 

For the study of analytic properties of the ma- 
trix element for nucleon-meson scattering as a 
function of momentum transfer A’, it is more 


*This formula was derived by a different method by V. D. 
SkarzhinskiY (Thesis, Moscow State University, 1957). 
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convenient to consider instead of (20) a retarded 
commutator of the form 


F(x) =i9(x)<O|[ q(x/2), i(—x/2)] |p; BD, 


where j is the nucleon current and 7 is the right 
hand side of the equation for the nucleon field op- 
erators; p and k are the initiai momenta of the 
nucleon and meson. The retarded scattering am- 
plitude fp(q = (p’ —k’)/2) is equal, in this case 
(up to unimportant factors), to the Fourier trans- 
form of fp(x) and can be expressed in the form 
(22) with a different spectral function pi ; 


dad Bdx pr (x, a, B, p, k) 
(Pe —k)—ap+h—B PAI * 


ie (9) = 4 \ (24) 
The limitations on p; of the type (23) may be eas- 
ily obtained from conditions (10) by setting u = 

[a (p+k) + B(p—k) j/2 in the latter. 

In the center of mass system (p+k = 0; (p+k)? 
= wes m;=M+p; My, = 3) the entire dependence 
of fp(q) in Eq. (24) on A? is in the denominator. 
Carrying out considerations fully analogous to those 
of Lehmann? one can show that the scattering am- 
plitude fp (q) = fp (w’, A?) is regular in A? 
everywhere except for the following region on the 
real axis 
1 — 2. A2/k? 


> [1 + 8y3 (2m + p)/k? (w?— (m — 2u)?)]", 


To find the region in which the imaginary part 
of fr (w*, A?) is regular in A? it is necessary 
to use the general formula (14) (see reference 3) 
because expressions of the form (24) turn out to 
be insufficient. 


(25) 


1R. Jost and H. Lehmann, Nuovo cimento 5, 
1598 (1957). 

2F_ J. Dyson, Phys. Rev. 110, 1460 (1958). 

3. Lehmann, (Preprint) Nuovo cimento 10, 
579 (1958). 

4G. Kallen, Helv. Phys. Acta 25, 417 (1952). 
H. Lehmann, Nuovo cimento 11, 342 (1954). 


Translated by A. M. Bincer 
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J. Exptl. Theoret. Phys. (U.S.S.R.) 36, 1509-1512 (May, 1959) 


The dependence of the mean angle between the motion of particles and the axis of a shower 
on the distance from the axis is calculated. The case considered is that of an electron- 
photon shower averaged over the depth, with no account taken of ionization losses. The 
results of the calculation are compared with experiment. 


Papers on the three-dimensional cascade theory 
of showers have dealt with either the spatial dis- 
tribution functions of the particles, integrated over 
the angle variables, or the angular distribution func- 
tions, integrated over a plane perpendicular to the 
axis of the shower.! At the present time, however, 
in connection with the study of high-energy electron- 
photon showers in photographic plates, and also in 
the study of the soft component in the cores of ex- 
tensive atmospheric showers one needs a knowledge 
of the complete spatial and angular distribution func- 
tion of the particles. For the correct analysis of 
the experimental data it is particularly important 
to know the angular distribution function of the 
particles at a prescribed distance from the axis 
of the shower. This problem is extremely com- 
plicated mathematically, and here there is clearly 
no hope of getting an analytic solution. Therefore 
it is necessary to look for convenient approximate 
methods for solving the problem. It seems to us 
that in this case the method of moments can be very 
useful. Another possible approach is the numerical 
solution of the problem with high-speed electronic 
computing machines. But because of certain pecu- 
liarities of the electromagnetic cascade process 
— the energy spectrum of the particles goes as 
E~® and the multiplicity increases rapidly with 
the depth — the solution of problems of this type 
encounters grave difficulties, and there has so far 
not been a single electronic-computer calculation 
of the three-dimensional development of a shower. 
In the present paper we take the first step of 
calculating the average angle 0,(E, x) between 
the axis of the shower-and the motion of particles 
having an energy E and present at a given dis- 
tance x from the axis. A knowledge of the func- 
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tion 6, (E, x) given by the cascade theory will 
make it possible to proceed with more assurance 
in taking into account the effects of nuclear proc- 
esses in the development of a given shower, if the 
nature of the primary particle that produced the 
shower is not evident. We shall consider the 
“equilibrium” value of 0x (E, x), i.e., the aver- 
age obtained by integration over the depth of devel- 
opment of the shower. Since this function is pri- 
marily of physical interest for x <1, we neglect 
ionization losses. It can be shown that in an elec- 
tromagnetic cascade shower the number of par- 
ticles with energy E < 108 ev is small out to dis- 
tances x = Ex/Bos 0.1 (here x is expressed in 
terms of t as aunit, and Eg = 21 Mev). 

Let the position of the particle in the plane per- 
pendicular to the axis of the shower be given by the 
coordinates x and y. The direction of motion of 
the particle is given by the angles 0, and Oy in 
two mutually perpendicular planes with their in- 
tersection parallel to the axis of the shower. Let 
BEC is Bi, KoLy Oe, Oy) dEdxdydé ,déy be the num- 
ber of electrons with energy in the range dE, posi- 
tion in the area dxdy, and motion in the range of 
angles dO xd0y in a shower produced by a primary 
particle of energy Ey; and let I'(Eo, E, x, y, Oy, 
Oy ) dEdxdyd@x déy be the analogous number of pho- 
tons. We treat the scattering as multiple, in the 
Landau approximation.? The calculation is made 
in the small-angle approximation, i.e., cos 6 is 
replaced by 1 and sin @ by @. We neglect the 
backward current of particles through the boundary 
of the absorber at t = 0.3 

For the case in which an electron of energy 1 a 
is incident vertically on the boundary of the layer 
of material at t= 0, we integrate the fundamental 


MOTION OF SHOWER PARTICLES 


_ equations of three-dimensional cascade theory with 


respect to t from 0 to © and with respect to y 
and Oy from —» to . We multiply the equa- 
tions so obtained by 6} and integrate them with 


respect to 0, from —~* to © and with respect 


to x from —© to x). We then have: 


\ P (Eos Ey Xo, 82) 92 "d0, = Ly [Pon (Eo, By X0), Ton (Eos E, %0)] 


d 


2 


EB 
b(n — 1) Po, no (Bo, E, %) — 8 (Eg — E) Bn: 


CO 


\ I (Eo, E, xo, 8) 0¢4d8, 


—oo 


= Le [Pon (Eo, E, Xo), Von (Eo, E, Xo)I- (1) 


Here L; and Ly, are integral operators that 


_ give the effects of radiative deceleration and pair 


production; 6(E)—E) is the 6 function; and 6yo 
is the Kronecker symbol. We have introduced the 
notations 


Pon (Eo, Ey %0) = \ dx \ P(Bo, E, x, 0,) 9d8,; 
—oo —oo 


eed (Gs Eo) = 


\ dx | T(E, E,x,9,)0%d0,, (2) 


—co 


where 


HONE, be de Oy) \\ P(E, ES x, Y, 6, 0,) dyd6,; 


LN oe FY isee \\ i (ane EB x, y, ce 6,) dyd0,. (3) 
—€o 
The quantities in which we are interested are 


lee} co 


\ P (Eo, ES Xo, Pe) 0,6, \ IP ihe. yp Xo» 6,) d6,.; 


6P(E, x9) = 


OL (E, Xo) 


ae ( Sei aa oie so0) 2 | \ D2 Fe Big onl Oe al (4) 


d 
—oo 


In order to find them, we must examine the system 
(1) for ny=0. Then, using the explicit expressions 
for the operators L, and [eae we have 


co Z 
iE a 
\ Ly (Ep, iE XO» Ox) 6,d0, 1 \ Gere (= ah > v0) bo (ut) “ 
E55) 0 
1 


a, \ | Pe (Ep, EX Xo)— 


0 


18 
fap hoo [Fogo va) | (v) du 


\ RY Gory fale Kee) 6,d0, 


1 
° d 

= \ Poo («, é , x6] Po (Y) “ — dol 9 (Ep, E, Xo). (5) 
0 


oP (E, X)) and 


LOT1 


Here 


Xo 


\ P(E, E, x)dx, 


—oo 


PootHe, b..%0) = 


Xo 


| T(E, E, x) dx. 


—oo 


Vo (Eo, E, Xo) = 


For P(Eo, E, x) and I'(Ey, E, x) we can ob- 
tain the following expressions: 


P (Ey, E, x) =2\ 2 ee 
T (Eo, E, x) =2\ ee (6) 


The functions P(KEp, E, r) and I'(E, E, r) can 
be represented in the form 


P(Eo, E r) na Prong (Eo, E) P,(Er/Es), 


P(E, E, 7) = TV hong (Eo, By (ERPE (7) 


where 
ache (Eo, E) =P (Eo, E) Ee) joe 


Gio. (Eo, E) =) (Ee; Tsp) EX Ee (8) 


P(Ep, E) and ['(Ey, E) are the equilibrium spec- 
tra of electrons and photons, respectively. The 
functions Py and Ty are normalized in the follow- 
ing way: 


~ 


co [o-e) 
| P, (x) xde =\ 1, (x) xde = 1. (9) 
0 0 

For the numerical calculations of @, (E, X)) we 
obtained values of the functions P, (x) and I,(x) 
by the method of moments explained in reference 5. 
By substituting all the required values in Eq. (5) 
and carrying out the rather lengthy calculation one 
can get convenient formulas for the computation of 
of (E, X)); these contain single 
integrations and two double integrations that can 
be computed relatively easily. The results of the 
computation are shown in the diagram. It is inter- 
esting to compare the values of the mean angle so 
obtained with experiment. N. L. Grigorov and M. 
A. Kondrat’eva have obtained the corresponding 
experimental values in a study of an electron 
shower caused by a primary electron or photon 
or energy Ey ~ 104% ev. The table shows the ex- 
perimental and calculated values of the mean angle 
for various distances from the axis. It can be seen 
from the table that the calculated values of 6x 
agree well with the experimental values. We must 
take into account the fact that the authors men- 
tioned measured the angles 6, not the projections 
6,. Knowing the angular distribution of the shower 
particles at a given distance from the axis, we can 
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log Ly 


Dependence of the mean angle Ox (in radians) made by 
paths of particles with the axis of the shower on the distance 
from the axis. Abscissas are values of the logarithm of the 
distance x, = Ex,/E,. Ordinates are values of the logarithm of 
the mean angle with the axis for electrons (curve P) and photons 
(curve I’), in both cases multiplied by E/Eg,. 


show that 0x * 8exp/1.6. Furthermore the experi- 
mental errors in these measurements of @ were 
20 to 30 percent. The agreement of the calculated 
and experimental values of 6, enables us to con- 


r/t 0.01 0.04 0.4 0.2 
OF ete O77 V2 41 Ce Cine? 
ip 1.2 1V42 oo Pa ios 
8: exp ~Paxp/t.6] 0.75 | 2.6) 5.6] 7.2 


clude with assurance that the shower studied by 
Grigorov and Kondrat’eva was a pure electron- 
photon shower. We can at any rate be sure that 
the part played by nuclear processes in the devel- | 
opment of this shower was a small one. | 


1k, Kamata and I. Nischimura, Suppl. to Prog. 
Theor. Phys. 6, 93 (1958). 

21. D. Landau, J. Exptl. Theoret. Phys. 
(U.S.S.R.) 10, 1007 (1940). 

3 Blocker, Kennery, and Panofsky, Phys. Rev. 
79, 419 (1950). 

4S. Z. Belen’kii, Jlasunupie npoueccsi B 
KOCMM4eCKKX Ayuax, (Cascade Processes in Cosmic 
Rays), 1948. I 

*V. V. Guzavin and I. P. Ivanenko, Suppl. Nuovo } 
cimento 8, 749 (1958). 


Translated by W. H. Furry 
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RADIATIVE CAPTURE OF POLARIZED lt. MESONS BY NUCLEI 


J. Exptl. Theoret. Phys. (U.S.S.R.) 36, 1513-1516 (May, 1959) 


The correlation between the direction of the u-meson spin and the direction of emission of 
the photon in the radiative capture of » mesons by nuclei is considered, taking into account 
the interaction between the 4 meson and the nuclear spin (hyperfine splitting). The analysis 


is carried out for nuclei of arbitrary spin J. 


Ir is known! that, in the case of radiation capture 
of a polarized y- meson (internal bremsstrahlung), 
there is correlation between the emission of the 
photon and the direction of the spin of the »- meson 
when parity is not conserved. An experimental ob- 
servation of the asymmetry of the emission of the 
radiative photon makes it possible to establish the 
type of the interaction between the » meson and 
the nucleus (A-V or T-S), if it is known whether the 
neutrino is right-handed or left-handed. 

In the paper by Huang, Yang, and Lee, ! the result 
of a calculation of the radiation capture of polarized 
f4~ mesons by protons is presented for the case of a 
two-component neutrino. As has been shown by 
Gershtein and Zel’dovich? &- mesons are fully de- 
polarized in hydrogen because of the transition of 
u- mesons from one proton to another. It is there- 
fore necessary to consider the capture of w~ mesons 
by heavy nuclei. In addition, for nucleus with spin 
different from zero, it is necessary to take into 
account the depolarization of 4 mesons due to 
interaction of the spins of the » meson and the 
nucleus, and to consider separately two possible 
states with F = J#!/2 (hyperfine structure). This 
has first been shown by Bernstein, Lee, Yang, and 
Primakoff® in an analysis of the normal capture of 
p.- mesons by nuclei. In view of the conservation 
of spin of the system nucleus—y meson, this de- 
polarization of mesons leads to a partial polariza- 
tion of the nuclei. In view of this fact, taking into 
account the superfine structure will, apart from 
changing the numerical results, lead to a depend- 
ence of the studied correlation on the product of 
the interaction constants CaCy and CcCT: i.e., it 
becomes possible to study the contribution of inter- 
ference terms in the w~-meson capture. 


CORRELATION IN THE PRESENCE OF HYPER- 
FINE STRUCTURE 


Let a « meson polarized along the z axis be 
captured by the K orbit of the nucleus producing 


a mesic atom. Let the projection of the nuclear 
spin on the z axis be M, and the absolute value 
of the spin be J. 

Since the frequency corresponding to the hyper- 
fine splitting of the mesic atom levels is, in all 
cases, much larger than the inverse lifetime of the 
L meson, one can assume that the mesic atom is 
in a state described by the wave function 


W = DC(F, F.) r, reer. (1) 
F 


where F is the total moment of the mesic atom 
which assumes the two values F = J+'/; 

FL, =M+ '/, is the projection of the total moment 
on the z axis; ®F, F, is the wave function of the 
system pu ~ meson-nucleus in a state with deter- 
mined F and F,; Ey is the energy of the hyper- 


: JF \. 
fine structure level; and C(F, F,) = ee is the 
Clebsch-Gordan coefficient (Wigner’s notation) 
corresponding to the condtion that, for t =0, the 
wave function W is a product of the wave func- 
tions of the nucleus with a given M and of the 
4- meson with a given projection sz (vy ¥ 1/2). 
From Eq. (1) we obtain the probability of u 
meson capture averaged over time:* 


W = CF, F) Wr, r,, (2) 
FE 


where WF,F, is the probability of capture in 
the fF, fF, state of the mesic atom. Since 


*In the above, we do not take into account the fact that the 


lifetime of the mesic atom with respect to the simple capture 
of yu” mesons is different for states with F= J +4 and F = J 
—',, which leads to a change of the statistical weight of 
Wr, r,: In addition, we do not consider the possibility of 
transition from states with F =] +% to those with F=—¥%. 
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(J ‘ 
Dr, th ae be : 7.) | dnt “He ve “1/9 F F) [ous ®1>» 


Wr, r2~ | (x, | 2] Pr, #,)? 


a 1g = | (x; | 2 | byPs,,) P? 
cae M+ Bist i I (x12 1 Png Py) P 


a lig F 1/, 
+ (0th) sen iF) 

(xp 1 21 a.) Gp 1214p Psy) 
+ (Y, | 2] byphu,) (Xp! 21 Pag?) I> (3) 


where Xf is the wave function of the final state, 
and Q is the Hamiltonian of the considered inter- 
action. The probabilities wy, Soe IxgI21YMg DI” 


are calculated by the usual method and are given 
in the Appendix (A1). It will be shown that if 
OM, s, is known for any values of M and s,, 


then the probability Wr, F, can be found without 


calculating the superposition terms in the ex- 
pression (8). 

In calculating Wr, F,° we are not interested 
in the spin and momentum of the recoil nucleus, 
the direction and polarization of the neutrino, and 
the polarization of the photon,* i.e. we carry out a 
summation and integration over the corresponding 
values. After this, the final state will be char- 
acterized by one vector only: the momentum of 
the photon k. The u-meson capture probability in 
a mesic atom with a moment F, can therefore de- 
pend only on the modulus of |k| and | F| and on the 
different powers of the product kF. 

Consequently, the probability Wp, fF, is of the 
form 


Wr, r,~|(®r, r,|@r + Of (Fk) + cr (Fk)?| ®,, ,) /? 
= AF + brF 2kz = VioCr {[F (F ar 1) 


— Fi) k? + [3 F2—F (F + 1)] R32}. (4) 


where ap, bp and Cy are coefficients depending 
only on F and k. 

In the first approximation of perturbation theory 
the ay WF, F,, is proportional to k’, i.e. 
ap ~ Ky bp~[kl, Cr “is independent of k. A 
power of (KF) not higher than two should therefore 
be taken in Eq. (4). 

Equation (4) determines the dependence of the 
probability on F,. To find the coefficients ap, bp, 


*As is well known,‘ in radiation capture, if the neutrino 
is a two-component one, the photon is totally circularly po- 
larized. 
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: 1 | 

and cp, a particular case FZ, =F =J +2 has been||) 
considered, Since i 


( Jas Arey; 
M+1—1/2 J44/,/ °° ~? 


it follows from Eq. (8) that 


W sity, Jt = OJ,» 


and w:, 1 is the known probability (see Appendix). | 
"Eglation (5) determines ap, and cp for F=J | 
+%. If Wy 4 toe. is known, we find WR, rye for 


excluding the superposition term, 


W tp, Fz = OM, % + OM4a, 2 — Wty, P, 

The final expression for WF, Fr, is given in 
the Appendix. 

Taking into account Eqs. (2) and (4), and aver- 
aging over Fz, we obtain the correlation function 
in the form 


W ~1-+8cos8, (6) 
where @ is the angle between the direction of the 
original spin of the » meson and the momentum of 
the photon; the value of B is given in the Appendix. 

For the case of a two-component neutrino 
(C’ = + C), we have 


68 = | Mr |? | Cy [? 


uf 
rei 
4 2 2 
+(1 +340 +1] Mor P|Ca| 


2 


Mor€ a 
VIU+1) 


LAs 704 | Mecy — 


+ org {lMePICsP 
+ [1+ 3 IU +1)]| Mor P [CrP 


Mer 


Vigpis? 


+f): i041) MeCs — 


|, (7) 


where the upper sign should be taken for C’ = C 
and the lower for C’ = — 


= |MrP(|CsP +1 Cv) +] Mer P(1CaP +| Cr). 


and f(J) equals Jp = J, J +1, J for J¢ =J, J—1, 


J +1 respectively, where Jr is the spin of the re- 
coil nucleus. 


For J = 0, we have the results which can be 


obtained without taking the superfine structures 
into account. 


3 = (|Cal*—|Cr Pf Cale -1Cr, 
B=+({CyP—|Cs[)/(|Cy P + |Cs/, 


fon, Jp 
fon tip SU; 


? RADIATIVE CAPTURE OF POLARIZED p- MESONS BY NUCLEI 


The boa nents of Goldhaber, Grodzins, and 
Sunyar’ indicate that, for electronic capture, the 
neutrino is left-handed. From the conservation 

of the lepton charge and from the decay mode 
M- =e- + y + V it follows that the leptic charge 
of the y- meson is the same as of the electron 
| (in contrast to the assumption of Zel’dovich*®). One 
' should therefore expect that a left-handed neutrino 
_ is emitted in y- capture also. The change of the 
sign of 8 even in the case where recoil nuclei with 
various Jf are produced, makes it then possible to 
determine without ambiguity whether we are dealing 
with the V-A or S-T type of interaction. 

A direct determination of the helicity of the 
neutrino in py decay can be carried out by studying 


a 


f st 


1075 


the correlation between the direction of emission 
of the recoil nucleus and the spin direction of the 
polarized meson, as has been recently shown 
by Treiman.® 

In conclusion, the author would like to express 
his gratitude to Ya.B. Zel’dovich for his interest 
in the work and for valuable remarks. 


APPENDIX 


We present here certain intermediate and final 
formulae: 


om, , ~& + (Es, + GM) cos 6 + Hs,M cos%, 


where 


&=1/,|Mr[?(! Cs? + /CsP? 4} Cy PCy) + 4/9 | Mer |? ( ()Cal Gi Bs Op PoE Cre), 


= 2| Mp |? Re (CyCy — CsCs) + 2| Mer? Re (C4C 4 —C7Cr), 


salMer lt By __ MpMGr 

G To+n Fe e(CaCa CrCr) VIU+h 
| Merl? 5 ho one roi oe Gr 
H= Jug? 4) (|Ca| +[Ca| |Cr| | Cz |?) ViG+ 1) 


2(F — J) (E—G 
=e eho Sate )¢ hy are ee 


B= [%/s(E + 2G) (J+ 1)+ E}/2J+ 17. 
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2J +1 


Rete ee CaCy = Csr = Cr Gs): 


Re(CyCa+CyCa EN Ge iP aN GOR: ), 


—J)H 


{F (F + 1)— Fz + [3 F2 — F (F + 1)} cos? 6}, 
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A QUALITATIVE INTERPRETATION OF THE MEAN ELECTRON EXCITATION 


ENERGY IN ATOMIC COLLISIONS 


OnB EIRSOV. 
Submitted to JETP editor November 25, 1958 


J. Exptl. Theoret. Phys. (U.S.S.R.) 36, 1517-1523 (May, 1959) 


The transformation of the kinetic energy of the relative motion of colliding particles into 
the excitation energy of electrons is interpreted as resulting from their deceleration 
caused by an electron exchange. The motion of electrons in the region of overlapping 
shells of the colliding particles is considered quasi-classically. It is assumed that, when 
the electron moves out of the potential field of one of the atoms into that of another, it 
transfers from the first atom to the second a momentum which, on the average, is equal 
to the product of the relative velocity of the atoms and the mass of the electrons. 


INTRODUCTION 


Tae majority of experiments on atomic colli- 
sions refer to a range of relative velocities of the 
atoms (5 x 10®°—10°8 cm/sec) and of the impact 
parameters such that one of the excitation theories 
is not applicable in the first approximation. Thus, 
for example, it has been shown!”? that in collisions 
between the A atom and A” ion with energy equal 
to 75 kev (velocity equal to 6 x 10’ cm/sec) and 
impact parameter < 1078 cm, the probability of 
secondary ionization is larger than the probability 
of elastic collision. However, even the first ap- 
proximation of the theory of quasi-adiabatic per- 
turbations which could be acceptable for the slow- 
est velocities of the relative motion of atoms 

(< 10’ cm/sec) turns out to be very complicated. 
It is very difficult to find the wave functions and 
the energy levels at all distances between the nu- 
clei. The dependence of the terms on the distance 
between the nuclei is obviously very complicated, 
with a large amount of intersections in points 
where transitions from one term to another occur 
most frequently. Finally, the very approach of the 
atoms occurs for already excited states of the pro- 
duced quasi-molecule, apart from a few exceptional 
cases. These are the cases where the orbital mo- 
ments of both atoms equal zero and the sum of 
their spins is smaller than unity. (The energy 
level corresponding to separate atoms splits at 
their approaching each other into many levels, de- 
pending on the value of the projection of the atomic 
moments on the line joining the nuclei and the sum 
of their spins). The distances between excited 
levels are very small, and the adiabatic conditions 
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are not fulfilled at comparatively low velocities. 

The present paper represents an attempt to es- 
timate at least the average energy of excitation of 
the electronic shells of colliding atoms using the 
ideas of classical mechanics. Unfortunately, this 
could not be sufficiently well based on theory but, 
from the experimental point of view, the procedure 
yields reasonable results. The calculation is ap- 
plicable for distances between the neighboring en- 
ergy levels of the system of colliding atoms which 
are small compared to the calculated mean energy 
of excitation of the electrons. This fact already 
negates with a high degree of probability, the appli- | 
cation of the first approximation of any perturbation|| 
theory, since the distances of the first excited level | 
from the ground state are of the same order of mag-| 
nitude as the ionization energy. | 

The excitation energy of atomic shells is as- 
sumed to be distributed among all electrons and to 
be lost on ionization of the atoms at the end of the 
collision process or soon after it. Only that part 
of energy which is not sufficient for additional ioni- | 
zation can be emitted or be contained in a meta- | 
stable state. This is connected with the fact, that 
the time of emission (of the order of 107!— 107? 
sec) is much longer than the time for the Auger 
effect (107! —10-!4 sec) which, in turn, is some- 
what longer than the time of collision. 

If the average energy of excitation as a function 
of the relative velocity and of the impact parameter 
is known, then it is possible to estimate the effec- 
tive cross section of various inelastic processes 
using, in addition, statistical considerations. Such . 
an estimate has been carried out by Russel and 
Thomas.? 


| permutation of electrons. 
| as the wave function of the quasi-molecule con- 

| structed out of the atoms in the process of their 
| collision is concerned. For large distances be- 
| tween the nuclei, 


electrons in stationary nuclei. 


1. MUTUAL SLOWING DOWN OF ATOMIC NUCLEI 
. DUE TO MOMENTUM TRANSFER BY ELEC- 
| TRONS 


For a sufficiently large number of electrons in 
each of the colliding atoms, the wave functions of 
‘the latter correspond to a high quantum state since 
they should be antisymmetric with respect to the 
This is also true as far 


R=|R,—Rp| the wave function 
is of the form 


= (--Fo --)exp (5 mR ata) by (+ ror «exp (5 mEErp) 


. . R2 a 
x exp | - [E | No aM 


where %,(..Yg..) (Ng electrons) and pp(..rp.-) 

(Np electrons) are the wave functions of atoms for 

stationary nuclei, rg} are the coordinates of elec- 

trons and Raw are the velocities of the atomic nu- 

clei. Evidently, it is necessary to carry out a per- 

mutation of electrons belonging to various atoms. 
The exponential factors indicate the fact that 


(1) 


Wi I 


_ the average velocity of each electron is identical 


with the velocity of the atom to which it belongs, 
and that the kinetic energy due to the motion of the 
atom as a whole must be added to the energy of 
The relation be- 
tween the mean electron velocity and their position 
with respect to the nuclei is in some manner con- 
served in the collision process. In that main part 
of the distribution of the electron concentration in 
atoms or molecules, the energy of the interaction 
of electron pairs is equal to ~ en V3, (where e is 
the charge and n the concentration of electrons ) 
and is small with their kinetic energy ~ h’n’/3/2m. 
The motion of electrons takes place to a first ap- 
proximation, in the field of electrons and nuclei 
determined from the Thomas-Fermi model. 

The Thomas-Fermi potential has on the line 
connecting the atomic nuclei a saddle-type mini- 
mum, through which we shall construct a surface 
S perpendicular to the equipotential surfaces. 

(For different charges of the atomic nuclei, this 

is an infinite surface perpendicular to the line 
connecting the nuclei, and dividing it into two). 
From the Gauss theorem we know that if the quasi- 
molecule is neutral on the whole, then the total 
charge of electrons which on the average are pres- 
ent on one side of this surface is equal to the charge 
of the corresponding nucleus. 

For a motion in the direction of the correspond- 
ing nucleus along this surface, or any equipotential 
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surface, the potential increases faster than the in- 
verse distance to this nucleus. Trajectories of 
electrons moving in such fields according to the 
laws of classical mechanics would in general be 
loops or even twisting and untwisting spirals. 

It is therefore natural to assume that the sur- 
face S divides the regions of the action of the 
potentials of the first and second atom. Passing 
through S, the electrons strongly interact with 
the field of the corresponding atom, losing their 
initial momentum and, on the average, assuming 
a momentum corresponding to the velocity of the 
atom. The electron flux density through the ele- 
ment of area dS in one direction is nv/4, where 
v is the mean value of the absolute velocity. (We 
assume that the velocity distribution of electrons 
is spherically symmetric). The total momentum 
transfer, i.e., the force acting on the correspond- 
ing atom, will be given by the formula 

F=+m(Ra— 


Ry) \ as. (2) 


Ss 

A similar force with opposite sign acts on the atom. 
The work done by these forces moving the atoms 
for a distance dRg and dRp is equal to 

—m(Rg-Rp)d(R,—-Rp) or, denoting dR, - 
dRp = dR, we obtain for the total work of slowing 
down the atoms (in other words, the electron exci- 
tation energy ) 


é=m\(\as) Rar. (3) 


) + 
Ss 


Assuming that the interaction does not very strongly 
affect the expression given by the Thomas-Fermi 
model. v= 7, (372) ¥nY3/m, 


/ n\ (\n"as ) RaR, 


Ss 


3 2 
= = (3 7%) (4) 


or, Sgn eae n in terms of the potential gy using 
n = 272 (meg )9/2/37°h3, and substituting into Eq. (4), 
we have 


= Oe \ (\s*45) RdR. (5) 
S / 

In deriving Eq. (2), we did not take into account 
the transfer of momentum due to the exchange of 
electrons (or to the collision of electrons belong- 
ing to various atoms) since the corresponding 
force of repulsion between the atoms is also pres- 
ent for stationary atoms and is a part of the con- 
servative forces. : 

In addition, it was assumed |R| <v. In the 
opposite case, the momentum transport would be 
much smaller. 
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2. ESTIMATE OF THE MEAN EXCITATION 
ENERGY OF ELECTRONS ACCORDING TO 


EQ. (5) 


Taking into account the qualitative character of 
Eq. (5), several other simplifications have been 
made in the following calculation. 

1. If the discussion is limited to small-angle 
scattering, the motion of the nuclei is assumed to 
be rectilinear and uniform (the loss of teas en- 
ergy is small compared to its initial ae 
have then Babi udx, where u=|Rl, 

RdR/|R|, an 


ee) RdR =u \ (\s"4s | dx. (6) 


—ao ‘S 
From Eqs. (5) and (6), we obtain, taking g and all 
linear dimensions in atomic units (for a potential 
e/a, ao = ?/me*), 


a | (\s*4s) ae. (7) 
alah aah 


2. If the nuclear charges of the atoms differ by 
not more than approximately four times, then, with 
a good accuracy, we can assume the surface S to 
be a plane perpendicular to the line connecting the 
nuclei and dividing it in two. For the potential gy 
at this plane, we assume 


Eé= 


Z,+Z 
p= (1.13 [Za + Ze)"1), (8) 


where r is the distance from the point of the plane 
to one of the nuclei. Furthermore, since dS = 
2mpdp, and r? = (R/2)* +), we introduce a new 
variable & 


E = 1.13(Za + ZV (x22 +e, 


O°- Bz FIRS OY a 


where Ry is the eae ca distance between the 
nuclei (R? = RZ +x’), and transform Eq. (7) with | 
potential deternitied by Eq. (8) into \ 

gat Ez, 4 ayn S| VERE) 


0 


The integral in Eq. (10) is evaluated numericalli} 
and can be well approximated by the function 


f = 0.61/(1 + 0.285 &>)° 


up to the value of £)=6. For large values of 9, | 
Eq. (11) gives a slightly lower value than the inte- | 
gral in Eq. (10). 

We have, therefore 
0.35 (Z, + Z,)? hu/ao 


= a Re (12))) 
e [1 + 0.16(Z, + Z,)* Ro/aol® | 


or, in electron-volts 


(Za + Zp) *4-3-10-8u 
[1 + 3.4 (Zq + Z,) “2107 Rol? 


é= (13) } 
where u is expressed in cm/sec and Ry in centi- 
meters. 


3. COMPARISON WITH EXPERIMENT 


Direct measurements of the average energy 
loss are known only for collisions of the ions of 
A* and Ne* at an energy of 75 kev with the atoms 
of A (experiments of Abrosimov and Fedorenko? 
on the scattering of argon target atoms at angles 
in the range of 84 to 78°). Theoretical values of 
the impact parameter Ry necessary for calcula- 
tions are taken from reference 4. We obtain the 


o = 113 (Zz EF Zeyh Ry/2, (9) following table for the values of ¢@: 
TABLE I 

75 kev At +A, u=6X10’ cm/sec 75 kev Ne*+ +A, u= 8.5 X10’ cm/sec 
| 

$, deg BF rest | ened 78 si | s2 | 20 78 
. 

109. Ry 2 3) 1.9 Aa 1.54 Pa ag 1.8 4054 1.48 
Crpseesi€v 340 1400 440 510 350 | 410 450 510 
Cerne 380 1640 890 990 490 | 560 750 940 


The largest value of the mean average energy 
loss, as far as it can be judged from an extrapo- 
lation of the experimental data, is ~ 1500 ev for 
collision of A* +A and Ne* +A, while the theo- 
retical value for both cases is ~ 1000 ev. 

Apart of this direct comparison with the experi- 
ment (other data for direct comparison are not yet 
available), we can make an indirect comparison. 

By solving Eq. (13) with respect to Ry, we can 


obtain the cross section 7R% for an average elec- 
tron excitation energy exceeding &). Inelastic 
processes that require an energy greater than By 
will have in this case a lesser probability. On the 
other hand, if the excitation energy is greater than 
the ionization energy, ionization occurs with a high. 
probability since the time of emission is large com- 
pared with the time of the Auger effect which is 
comparable with the collision time. 


Assuming, therefore, that &) is equal to the 
smaller ionization energy of the two colliding 
| atoms, one can approximately estimate the cross 
section for removing electrons as a function of the 
relative velocity of atoms and the number of elec- 
_ trons in then: 


TR? = 3.3- 10715 (Z, + Z,)—% 
X [((Za + Zs) 4.3- 10-8u/G)/ — 1]2em? 


(14) 


_(é& in ev). Introducing the characteristic veloc- 
ity and cross section for each pair of colliding 
atoms 


Uy = [23-10°Go/(Za + Zp)*] cm/sec, 


So = (33-10728/(Z, + Z,)%*]em?, (15) 
| the formula (14) can be written in the form 
3/Sq = [(U/uUy)* — 1]?, (16) 


which gives a universal dependence for the cross 
section for the removal of electrons for any col- 
liding pair as a function of their relative velocity. 

Such a comparison with the available experi- 
mental data was carried out by N. V. Fedorenko. 
This comparison is given in the figure and in 
Table II, with his kind permission. 


4, DISCUSSION OF RESULTS 


Comparison with the experiment, both direct 
and indirect, shows that experimental and theoret- 
ical data differ essentially by not more than a fac- 
tor of two (with a few exceptions in the indirect 
comparison). It should be noted that, in the indi- 
rect comparison with the experiment, we studied 
eight different pairs of colliding atoms which are 
greatly different both in the total charge (from 
N*+Ne, ZgtZp =16 to Pb” +Ne, Zg + Zp = 92; 
Ba*+A, Za+ Zp =73), and with respect to the 
ratio of their charge. The range of the relative 
velocities varies by a factor of ~30. From a 
comparison of Ba*+A and Pb*+Ne, it can also 
be seen that the deviation of experimental data from 
theory is not due to an incorrect dependence on the 


i MEAN ELECTRON EXCITATION ENERGY IN ATOMIC COLLISIONS 


1079 


6/6, 
l / 


40 60 80 


Dependence of the cross section of electron removal in 
colliding pair of atoms on the relative velocity in A (solid 
curve), Kr (dotted curve), and Ne (dot-dash curve). Solid, 
heavy line—theoretical. 


100 720 ujty 


sum of charge or on their ratio (the deviations are 
in both directions ), but rather to individual peculi- 
arities. The latter cannot be taken into account in 
the theory if the motion of electrons is considered 
according to the statistical model of Thomas and 
Fermi. 

As to the direct comparison with the experiment, 
the theoretical result shows a weaker dependence of 
the mean energy of excitation on the impact param- 
eter than that obtained experimentally. Obviously, 
this deviation is within the limits of accuracy of the 
calculation since, first, there is no solution for the 
Thomas-Fermi equation for two nuclei and, sec- 
ond, the impact parameter may be uncertain by as 
much as 10 or 20%. The theory given above cannot 
be expected to show a better agreement with the ex- 
periment, especially if one takes into account the 
roughness of the calculation carried out within its 
framework and the indirect character of the com- 
parison with the experiment. We would still like 
to mention that the deviation of some experimental 
points in the direction of increasing cross section 


TABLE II 
i | 
i Velocit 
Pair poe pou eee Refer- Pair 9°10 cm?|u,-10-°, | range 10° Refer- 
| on aa! cm/sec ee cm/ | cm/sec aC 
sec 

Nt+ Ne | 4.94 |4.48 25-65 (®] ||Art+-+- Ar 24-95 [5] 
Net+ Ne| 4.44 |3:42 3.42-14.0 {[7| |}Bat+Ar 1.86 |0.281 |8.5+18 [>] 
Net+-+ Ne 2225=-63)0 {7| ||Bet+ Ar Aelia 2d 3280 [>] 
Art+ Ne | 3.54 {4.95 16.5+39.0 fe], Ne Kr 210m NONGE2 20-66 [5] 
Pb+-+ Ne | 1.64 |0.269 9.5137 [>| |Art++Kr 229 2 102423) date [7] 
Neo Ar |eo820 (1.08: 26-65 [>] j/Ar*-- Kr 24-60 {°] 
Nat+ Ar | 3.46 {41,33 28-43 [>] |Krt+ Kr 1.89 |0.262 1,.8+8.0 [7] 
Net+ Ar | 3.54 |4.44 30+132 OL EGete se 1Ge 10-12 (7 
Art+ Ar | 3.00 {0.94 2.210) | fy . : 
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can be explained. First, when the velocity of rela- 
tive motion is much greater than the minimal nec- 
essary for the ionization, the cross section for 
double or even triple ionization has the same order 
of magnitude as for single ionization. Therefore, 
two or three electrons respectively are often cap- 
tured in the collision, thus increasing the cross 
section. Secondly, as mentioned in the beginning 
of this article, in collisions, the quasi-molecule 

is produced adiabatically already in the excited 
state, and if the removal of an electron occurs at 
a comparatively small distance between the atoms, 
then the energy of removal may be two to three 
times smaller than the energy of ionization for 

far away atoms. 

Correspondingly, the ratio u/uy will be three 
times larger. Taking into account these two facts, 
the discrepancy with experiment will be much 
smaller. 

In any case, formula (16) gives the cross sec- 
tion for ionization for any pair of colliding atoms 
and in greater range of relative velocities with 
an accuracy to a factor of two. 
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Some angular azimuthal symmetry relations are obtained for cascades of reactions, of the 
type of triple scattering of protons; these relations follow from parity conservation in the 
reactions of the cascade. It is pointed out that experimental confirmation of the simplest 
of these relations, which is well known — the symmetry of the particles from the second 
scattering with respect to the plane of the first scattering — is not an exhaustive check on 
parity conservation. Experiments suggested here are a more thorough check of this law, 
and in some cases amount to a complete proof. 


| In the present paper the following azimuthal sym- 2. If “parity is conserved” in the reactions of 
metry relations are obtained. the cascade 
1. Suppose there is triple scattering by unpolar- Be bo amae a@+-e&—-a+e, (%, 9) 
ized targets (the incident beam for the first reac- ; b+ €-—>b+ es, (9%, oe) (3) 


tion is also unpolarized). If “parity is conserved” * 
in all the reactions, then the number of particles 
that undergo second scattering in the direction 

(3, g) and third scattering in the direction (’, 9’) 
is equal to the number of particles undergoing sec- 
ond scattering at the angles (¥, —g) and further 
scattering (by a suitably placed target) at the 
angles (Ww, —9’): o(91, Gi; Yo, Po) = 9(H,, —G; Fy — Fo). (4) 


with unpolarized beam a andtargets b, e, €o, 
the number of coincidences for counters of the 
twice-scattered particles a and b placed in the 
directions (3%, ~,) and (%», ~.) must equal the 
number of coincidences with the counters placed 
in the directions (%,, —~;,) and (%), —@9): 


og, o(9’, 9’) = 35,9 (9, —¢’). (1) Some of the reactions in the sequences (2) and (3) 
can be replaced by particle-decay reactions of the 


The angles #, g are measured in the following type a--c +d. For example, Eq. (1) holds for 


coordinate system: the z axis is along me ees therciecade kK ie ee 
tion of the first scattering, and the y axis is per- 


‘ : - A—p+d, and Eq. (4) holds for the cascade 
pendicular ie ie plane of Ee first reaction. For , +p SEC eK, 22 —n eee 
the angles ¥’, y’ the z axis is parallel to the The proposed experiments essentially serve to 


direction (3, 9), and the y Oe ESDEr. pendicular complete the set of experiments required to recon- 
to the plane of the second reaction (for details see struct the transition matrix (S matrix) of the re- 


Sec. 3). actions; this set is usually laid out on the assump- 
The symmetry (1) is valid for any cascade of tion that parity is conserved. Of course, if any of 
the type these symmetries (or any already known) is vio- 
at+b-—-c+d, (%, $o), eCte>f+sg, (* 9), lated, then parity is not conserved. 
oi A are agin a (2) 
if the particles a andthe targets b, e, h are un- 1. GENERAL FORMULAS 
polarized. a, b, c, etc. can be nuclei or “elemen- Formulas are known in the literature that ex- 
tary” particles (including y-ray quanta) with ar- press, in terms of the elements of the reaction 
bitrary spins. matrix R=S-—1, the angular distribution of the 
a ea products of the reaction of a polarized beam and 
*We shall say for brevity that “parity is conserved” if: polarized target, and also the polarization vector 


1) in the real three-dimensional space there is no distinction 
between a right-handed and a left-handed screw; 2) all the par- : ; ; 
ticles taking part in the reactions have definite parities. than 2, also gue polarization tensors ). 

“Parity is not conserved” if any one of these postulates does Introducing instead of rectangular components 
not hold. of the spin vector the cyclic components, 
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of these products (and if their spins are larger 
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Leer) 
a Oeae ar a inal 
ae (ox — isy)/V 2, 


we can write these formulas for the case of scat- 
tering of a particle with spin 4 by a spinless par- 
ticle (cf. references 1 and 2) as follows: 

+1 


a4 =(s,+ is,)/V 2, 


I= 5 {Sp RR' +) PP Sp Re. R*| (5) 


t=—1 
is the angular distribution for polarized incident 
beam; and 
{ Sa! 

Pie l= > {Sp oy RR*-+ 3) PS Spo Ro-Rt } (6) 
gives the cyclic components of the polarization vec 
tor of the scattered particles, for polarized inci- 
dent beam (~ denotes transposition ). 

Let us write Eqs. (5) and (6) compactly in the 
form 


t—1 


1 


-q 
0'(9, #3 a’) = >) Dd) @’' |W (8, 9) ¢7)0 


g=0 t=—9 


3 


(q, t), (7) 


where p(0,0)=1 (one particle in the target and 
unit flux density of incident particles); p(1,7T)= 
pe are the cyclic components of the polarization 
vector of the beam; p’ (3,~; 00) =I(¥, g) gives 
the angular distribution; p’ (¥,g~; 17’) = P7"(3, ¢) 
xI(3, p); and 


(17'|W (8, 4) It) == 1/2 SpowR(S, g)aR*(%, 9). (8) 


For any reaction a+b—~c+d (the spins are 


arbitrary) a formula of this kind also holds (cf. 
reference 3, and also references 4 — 6): 


0" (3, ?; QetcGata) 
NI 
ce oe 
Jat alb™b 


(JetcGata W (3, ¢)| JataGoto) Q (JataGoto); (9) 


(qeteqata| W (9, %)|Gataqoto) 
= [(2ic + 1) (2Qig + IY? [(2ia + 1) (2%, + 1)" 


eu 


7G é 
LA MET EDs LoL | 


Cah) onl (icicte — Me | Jere) (— lya-™ a 


cal 
X (igi gMa—m’ alqata) ya 


, , 
mM,Mq Mb , 7b 


(meta R(%, ¢)| Mam) 


1)‘a-a 


x (m,'ma'| R(%, 9)| Ma’ my’) * (— 
X (igigttta — Mq'| Gata) (— 1)°~”® (ivigtrs — m'o| gots). (10) 


Letters i denote the spins of the particles, 
m their z components, q the rank of polariza- 
tion tensors (for definition see reference 4). In 
this general case the Clebsch-Gordan coefficients 
(iim — m’|qr) appear instead of the matrices o7 
of Eqs. (5), (6), and (8). 
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There is an analogous formula for the decay 
reaction a—c+d (cf. reference 4): 


09, @ Gétoqata) = Dy (Geteqatal W(, —)| Ga¥a) P (qaYa)- 


GaYa 
If the total angular momentum is conserved, 
then for the elements of the transition matrix of | 
the reaction a +b—c+d_ in the representation i 
of momenta and spin components we have the well | 
known expression [cf., e.g., reference 9, Eq. (4)]: 


(Delica |R| Palatty) = =N 3 Yaw (Ca) ih menos 


: (11}) 
x< (s’ i ed sl) MOE ae a)s 


quantities are referred to a single coordinate sys--+| 
tem zyx. | 

In Eq. (10) and everywhere hereafter it is as- 
sumed that the spin components mg and mp of 
particles a and b are referred to a reference 
system A with the axis z,||pa. The y axis is 
chosen, for example, parallel to the polarization 
vector of a or b. The components me and mg, | 
on the other hand, are referred to the system C: 
Ze | Pe, Ye I [PaPc ie Going over from the old z 
axis of quantization to the new axes Zg and Ze, 
we get from Eq. (11) the following expression for 
the elements of R in the representation of these 
spin components: * 


(mema|R (9, ¢)| mam) = emetma Clme-+mg 


igMpigmg~s ‘Me+mgl’o 


S5U.S Gs 
h ples Jing+ Matm 
x [2+ 1) (21 + 1)Pa(s'1 Ri sl) Catto Cale aa 
x Dera ta, (—x, 3, t— 9). (12))) 


The function D is defined in reference 4. It fol- 
lows from Eq. (12) such elements of R do not de- | 
pend on Pe and pg separately, but on the Euler | 
angles {-—q, 3 1-9 } of ee rotation that makes} 


axes A (cf. reference 4, Sec. 2). 
dependence on ¢g is known: 


(mema|R (3, &)| mame) 


In addition, the 


= (mma |R (9, 0) MaMbp) ellmgt+mp)o, 


2. THE PARITY SELECTION RULE 
In Eq. (12) let us make the substitution 


oD, 
Ding+ma.mg-+mp (— Usp ye = ) = (— 1) 26 bea 


X D! m— Mq,—Mg—Mp (— T, a, Tv + ¢), 


*Analogous calculations are carried out in Sec. 2 of raters 
ence 4 [derivation of Eq. (2.7) from Eq. (2.4)]. | 


_ use the property 


Cinq = (— 1)FAFOCEY 


of the Clebsch-Gordan coefficients, and also use 
the well known expression of the law of conserva- 
tion of parity (cf. footnote*): mgmq(-1 ye = 
Ta™M(—1)2. We finally get 
(mema|R (9, ¢)| mam) 


= Reka akp (= jjetiatatts—me—mg—mg—my 
x (— me — ma|R (9, —©)| — ma — ms). (14) 


By the same method as in Sec. 1 of reference 5 
we get the corresponding relation for the coeffi- 
! cients W: 


(qeteqata |W (9, $)| Gatagets) = (—1) te taataataottettattatt) 


X (qe — teGa — ta |W (8, — %)| Ya —taqv — 0). (15) 


The components are referred to the directions of 
_ the respective relative momenta Pe and Pg. 
: This “selection rule” was first obtained by Chou 
' Kuang-Chao! in a different formulation. L. G. 
Zastavenko has pointed out that it is completely 
equivalent to the rule “vet+tvgtvg+typ even” ob- 
tained in reference 4. For decay reactions a — 
-ct+d we have an entirely analogous relation; we 
have only to remove the labels qp and Tp in 
Eq. (15). 
Since the dependence of W on -y is known 
[cf. reference 5, Eq. (6)] both sides of Eq. (15) 
can be divided by exp {i(Tta+Tb)g}, i.e., with- 
out any loss of generality we can set » =0 in 
Eq. (15) [and Eq. (14), see Eq. (13)]. 
Taking the complex conjugates of both members 
of Eq. (10), and noting also that (iim —m’|qrT) = 


j 


Poem |a—) and (—1)™ =(—1)" ™. we 
get 
(qeteqata| W (9, ¢)| JataGoty)* = C= [)tettattat*6 

X (Je— tea — tal W (9, 9)| Ga — ta Go — 0). (16) 


From Eqs. (16) and (15) there follows one more 
formulation of the parity “selection rule” 

(qereGata |W (%,0)| dataqvto) 

= (—1)tetaataata (qereqata |W (9, 0)| gataget»)*, (17) 


i.e., the coefficients W(¥, 0) are purely real if 
dc+dd+ a+b is even, and purely imaginary if 
this sum is odd. 


3. DERIVATION OF THE AZIMUTHAL SYMME- 
TRIES 
Let us express the above selection rule in terms 


of properties of the angular distributions that are 
directly observable in experiments. 


AZIMUTHAL SYMMETRIES IN CASCADE REACTIONS 
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If a and b in the cascade (2) are unpolarized, 
then 


Pab (GataQstp) = || + 694994 b.9 


(if the flux density of the incident particles is unity 
and there is one target particle). The polarization 
tensors of particle c (we do not concern ourselves 
with particle d) are then independent of the azi- 
muthal angle @) and have the property (cf. refer- 
ence 4) 


Po(%; qete00) = (gete00 |W (%, 0) 0000) 
= (— 1)f¥et epg (9; Ge — t-00). (18) 


In order to find the polarization tensors of the 
product f of the second reaction of the cascade 
(2), we have to substitute in Eq. (9) the polarization 
tensors py of particle c, referred to the axes C 
belonging to the initial state of the second reaction 
(stationary relative to its center of mass). But 
the tensors (18) are referred to Co, the axes be- 
longing to the first reaction (stationary relative 
to the center of mass of the first reaction). To 
bring the axes Cy into coincidence with the axes 
C it is enough just to rotate the axis Zeg, par- 
allel to the momentum Pe, around yep by such 
an angle a that it becomes parallel to the direc- 
tion ph, of this momentum in the laboratory sys- 
tem (we note that this direction is the same as its 
direction in the center-of-mass system of the sec- — 
ond reaction, since the target e is at rest). 

Therefore 


fo (Soi 9%) = Dy DE. (0, &, 0)po(%os gere)- (19) 


Te 


We now insert in Eq. (19) instead of py (Y; deTe) 
the quantities (—1)%*TC py (39; dg -Te) which 
are equal to the former quantities by Eq. (18), 
change the sign of the summation index, Te — —Te, 
and use the relation 


DL_(0, a, 0) =(— 1D" x0, a, 0). 


We find in this way that p) has the same prop- 
erty (18) as pp. And in general rotations of the 
sets of axes belonging to the products of a reaction 
around the perpendicular to the plane of the reac- 
tion do not change the formulation (15) of the parity 
selection rule. 

The relativistic spin rotation’ is also applied 
around the perpendicular to the plane of the reac- 
tion. We can assume that a@ already includes the 
angle & of this rotation, and therefore the azi- 
muthal symmetries obtained in what follows will 
be relativistic results. 

Thus we have for the polarization tensors f 


1084 Viseele 
e(%, 9; gt; 00) 


=X (qi, 00|W (9, 9)| get 00) ¢0 (905 gore 00): 1, 
Vote 

if the target e is unpolarized (so that p (deTe) 

=1- £0q 6% 9). Since Te ranges from -—qdg to +q¢, 
we can “replace the summation index Tg by —Te 
(regrouping of the terms of the sum). Then ap- 

plying Eq. (15) and for brevity not writing out the 
indices q and T when they are equal to zero we 
have 

09, @ a) =(— lat Dgr—ylWe 


GTe% 


x Po (9 0) Get) = (— 1)# +7 (9, 


— ¢)| Gcte) 


— 9; 9; —TF)- 


Use has been made of the equation (—1)4¢etTc 
x (-1)4cetTc = 1, The angles ¥, gy are measured 
from the respective axes Zc||p4; Ye llpa x pi. 

In particular, for qf =0 we get o(¥, ~) = 
(3, -—~), i.e., symmetry of the angular distribu- 
tion of the products of the second reaction with re- 
spect to the plane of the first reaction. 

For the polarization tensors of the products of 
the third reaction we get in the same way, if the 
target h is unpolarized: 
= >) (gigi |W (®, ogy) 


Mi 


)| Get) (Fete | Wo (o, 0)|) 


0'9,0(%, 9s Gite it;) 


x >) (git |W (9, 


Ie7e 


= (— 1)% OU Ta yp ae) © OT —— aa tj). (20) 


The indices ¥, gm on p’ mean that the particles 
f incident on h are those that emerged at the 
angles ¥, @ with respect to the axes C of the 
second reaction. The angles #’, gy’ are measured 
relative to the axis system F: zf is parallel to 
ps, the momentum of f in the laboratory system, 
and Ve | ph x pf. In particular, for the angular dis- 
tribution in the third reaction we get the symmetry 
(1). The extension to cascades with an arbitrary 
number of reactions is obvious (all the azimuthal 
angles g in the right members of the equations 
are replaced by —¢). 

In establishing the symmetry (1) we have used 
out of all the relations (15) only those of the form 


(cto 00 | W (9, ¢)| Jata 00) = (— 1)%e+9atte +a 


X (Ge — te 00|W (3, —¢)| ga — 2 00), (21) 
where qc, dg take the values 0, 1,..... 2ig and 
ORs L Sires 2ig, respectively. 


Some of the other relations of Eq. (15) are used 
in proving the symmetry (4). In our arguments so 
far we have not been concerned at all with the sec- 
ond products of the reactions. But the common 
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origin of the products of the reaction a +b —a+b) 
makes the angular distributions of the particles a 

and b after second scattering correlated (regard— | 
ing the correlation of the polarizations cf., e.g., 

reference 8). Namely, let us select among all the 
particles a after their first scattering only those 
that emerged together with particles b that have | 
undergone subsequent scattering in the direction | 
3, P2. The angular distribution o(%,, 9,;) from | 
the second scattering of this subensemble of par- | 
ticles a will depend on % and @, as parameters)) 
The selection is made by the usual method of coin- | 
cidences. For this joint angular distribution of the | 
second scatterings we get by using Eq. (15): 1 


© (91, G1; 
JataI bro 


X (dataGot |Wo(%, Ol) =9(%, — Pr 


Do, ®o) 


(|Wi(%4, %1)| Gata) (|W (92, $2)| Jote) 


) De, — 2). 
By the same method we get for the cascade 


at+b—>c+d, c+te-f+g, (% 9) 


Par hi th (a1, 1’) 
g + hy ig + Jor (9, 2) 


with unpolarized a, b, e, hy, hy the result 
9’, 2’) 
= 63,9 (91', — 1's 92’, — $2’) (22) 


, Te 
O90 (91', $15 


‘the comparison is made between the numbers of 
coincidences in the last reactions of the cascade). 
Since the azimuthal angles g do not change 
when transferred from the center-of-mass system 
to the laboratory system, we can suppose that the 
azimuthal angles in Eqs. (1), (4), and (22) are those | 

of the momenta of the particles in the laboratory 
system. We can also insert the polar angles of 
these momenta (referred to the same axes Zo 
and Z¢) instead of # and #’, which were defined 
as the polar angles of the momenta pg and pj in 
the respective center-of-mass systems (i.e., in- 
stead of the numbers 3 and # we can insert the 
corresponding numbers 7 and #7). Thus J, 9 
and J, oy’ in Eqs. (1), (4), and (22), for example, 
can be taken to be the spherical angles (measured 
in the axes C and F, respectively) of the particle 
tracks directly observed in a chamber or emulsion. 
The proof of the symmetries (1), (4), and (22) 
for cascades involving y-ray quanta or for cas- 
cades including reactions of decay of one particle 
into two particles is obtained in just the same way 
(all formulas and relations needed for the proof 
in cases involving neutrinos and photons are con-' 
tained in reference 6). 


_a given reaction. Strictly speaking, one must check 


E 


AZIMUTHAL SYMMETRIES IN CASCADE REACTIONS 


4. THE TEST OF PARITY CONSERVATION AND 

_ THE AZIMUTHAL SYMMETRIES (TRIPLE 
SCATTERING OF PROTONS BY SPINLESS 
TARGETS ) 


Let us now pose the inverse problem: how one 
can experimentally test “parity conservation” in 


all of the relations (14).* The validity of only part 
of them could be either accidental or due to some 
other symmetry property of the interaction (ex- 


amples below). 


The summetry o(%, ¢) =(8, —@) is a conse- 


_ quence of only part of the set of relations (15): 


(0000 | W (9, ¢) | 97,00) 


= (— 1)%*** (0000 |. W (8, —¢) | ¢, —1,00). 


Conversely, if this symmetry has been con- 
firmed experimentally and it is suggested that the 
relations (15) hold for the coefficients Wy, then 
for the reaction c +e—f+g no more is verified 
than this part of the whole set of relations (15) 
(more exactly, 2ig relations). The number of the 
relations (21) is considerably larger, and for this 
reason alone we can expect that a check of (1) is a 


(23) 


more thoroughgoing test of parity conservation. It 


can be objected, however, that since not all of the 
relations (15) are independent (see note*) it is not 
excluded that Eq. (23) may contain just the same 
number of independent relations as Eq. (21). Our 
assertion that Eq. (1) gives a more complete check 
of parity conservation that just symmetry with re- 
spect to the plane of the first reaction will now be 
proved by a concrete analysis of a cascade of three 
very simple Deacons of the type of the scattering 
of a particle of spin } by a spinless particle (for 
example, triple scattering of protons by helium 
targets ). 

The scattering matrix (m’|R|m) (m’ and m 
refer to different axes; cf. Sec. 1) has in this case 
just four elements: 

( (/2 | RB, 0) | */2) 

(Fe |eRO OY | V/s) (— el ROL 0) ) 472) 


fa bi yh Ae Bet® 
eae “lls Cee De 


eee ec yl) nO and 0 fas Pay, 0 


(2 | RS, 0) | pa 


(24) 


Sa DHE 


*All of these relations are independent. If all of the spins 
ic, ig, ig, ip, or two of them, are half-integral, there are in all 
Y, (Zig + 1) (Zip, + 1) (2ic + 1) (Zig + 1) complex relations (14), 
or twice that many real ones. If all the spins are integral, 

the number of real relations is smaller by one if 7* 77,7, = 
(-—1) ierlatta th and is larger by one if this Peintion does not 
hold. The number of the relations (15) is larger than the num- 
ber of the relations (14), and therefore not all of the set (15) 


are independent. 
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The relations (14) (with g set equal to zero) re- 
duce to just two complex equations, a=d, b=-—c, 
if the product of the intrinsic parities of the par- 
ticles does not change (as in an elastic reaction), 
or a=-—d, b=c, if it does change sign. 
According to Eqs. (5) — (8) of Sec. 1 we find the 
expressions for the coefficients (q’t’|W(¥, 0)|qr) 
that we shall need in terms of the elements (24): 


Ce SSR 00) = (IRA) 
= [ACeer) 4 BDe—*+9) 11/9, (25) 
(OO Win dil real ees ( ls cols) 
= Ane 8) CDe)) | V2, (26) 
(irs bIBW( shee) 
=(—1|W | —1) = ADet-++8), (27) 
(limes Ls Was here l) 
=(—1|W | +1)=— BCe-#+», (28) 
(1—1 |W | 10) = [ACe—++y) — BDe—248)] / V2. (29) 


Using Eq. (16), we can write the angular distri- 
bution of the second scattering in the form 


3(%, —) = >) (|W (, 0) | q0) 9 (q0) 
q=0 
+2Re (| W(, 0)|I—1) 9 (I—1) cos ¢ 
+ 21m (| W (9,0) | 1— 1) p9 (1 — 1)sin ¢. (30) 


To simplify the further analysis we assume that 
Eq. (15) holds for the coefficients W, of the first 
reaction and W’ of the third, i.e., in this sense the 
first reaction is the polarizer and the third is the 
analyzer.* Then if for even a single value of gy = 
~o #0 one finds that o(¥3, Yo) =o(¥8, —@), this 
means that Im(|W|1-—1) p)p(1—-1) =0, and thus 
Re(|W|1—1)=0, since py(i—1) = (1-11! Wl) 
is purely imaginary by hypothesis. As can be seen 
from Eq. (26), the equation Re(|W|1-1) =0 
means the existence of a single restricting relation 
between the elements of the matrix R,f Re(a*b + 
e*d) = 0, from which one cannot get the four rela- 
tions a=d, b=-c. In fact, we can point out the 
following simple possible symmetry properties of 
the interaction that have the same character as the 


*More complicated experiments (with rotation of the spin 
between the successive scatterings) would clearly make it 
possible to test parity conservation without this simplification 
(and provide us with polarizers and analyzers). 

+Or between the coefficients K, L, M, N in the expression 
R=K+L(-p’xp) +M(o-p’) + N(o-p) (cf. references 1, 2); 
that is, the symmetry o(, ~) =a (9, — ~) can exist even when 
R contains both scalar and pseudoscalar terms. 
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law of parity conservation and “imitate” it in the 
sense of making the quantity Re(a*b + c*d) van- 
ish. 

1) Apart from sign, the probability amplitude 
for the transition from the state with spin compo- 
nent +4 along the direction of the initial momen- 
tum to the state with spin component +% along the 
final momentum is equal to the amplitude for the 
transition from 3 to —$ (or, a=+c). The tran- 
sition amplitudes }~-4 and —3~<--—3 are also 
equal (or b = ¥d). 

In these terms the law of parity conservation is 
expressed as the equality (apart from sign) of the 
transition amplitudes +}<-+3 and -$~<- 3 
(a=+d), and +4<—-% and -—}< +3 (b=#c). 

2) a=+id, b =*ic — the amplitudes for the 
corresponding transitions are equal, but unlike 
the case of parity conservation they differ in phase 
by 1/2. 

Doubts of parity conservation mean, in particu- 
lar, that it is to be regarded as one of various pos- 
sible symmetry properties (and on an equal footing 
with them). Only further experiments can show 
which of these properties exists in reality. One 
such experiment can be a test of the symmetry (1) 
in triple scattering. Let us write T3p(%, gy’) in 
a form analogous to Eq. (30) [cf. Eq. (20)]: 


o9,0(9', ) =F(%, 9 9) + 2ow, {—Im(— 1 | W]) cos ¢’ 
+ Re(— 1 | Wj) sin 9} + 2w‘a{— Im(j W | — 1) cos¢ 
+Re (| W | — 1) sin 9}— 2w'p, {Re(— 1 | W | — 1) 
x cos (¢" + ¢) + Im (—1| W | —1)sin(g’ +9) 
+Re(—1] W | + 1)cos(¢" — 9) 
+Im(—1|W | +1)sin(@’ —9)}, (31) 

where 

9 = (9,00), tp = (%; 1 — 1), 
w’ =(00 | W’(9’, 0) | 00), iw, =2(00 | W’(9", 0) | 1—1). 
On verifying that Eq. (1) holds at four points 


(9’, g), for example (0, 1/2), (1/2, 0), (1/2, 
t/2), (n/2, —17/2), we get the results 


Re(—1 | W |) =Re(| W | —1) =0, 
Im(—1 | W | —1)=Im(—1 | W | +1)=0 
or [cf. Eqs. (25) — (28)] 
ADsin(a—6)=0, BCsin(8—y)=0, 
AC cos (7 — 7) + BD cos (8 — 3) = 0, 
AB cos (« — 8)--+ CD cos (¥ — 8) = 0. (32) 


In addition to the “parity conservation” solu- 
tions a=d, b=-c, and a=—-d, b=c, Kg. (32) 
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also has several other solutions (for example, so- 
lutions with one or two of the parameters A, B, | 
C, D equal to zero). 
Strictly, an additional solution is needed to elimi 
inate these other solutions. They all make the rea) 
part of the coefficient (29) vanish (which does not | 
follow at all from parity conservation). If after 
the first reaction the polarization vector is sub- 
jected to a rotation (by a magnetic field, for ex- 
ample) around [P, x p,) pe so that its component ; | 
in the direction of the first scattering, po (%; 1 0))} 
becomes different from zero, then there is added 
to Eq. (31) a term | 
269 (9; 10) w) (Im(1 —1 | W | 10) cos 9’ | 


+Re(1—1 |W | 10)sin¢’}. 

If this destroys the symmetry (1), then Re(1— | 
1|W|10) #0 and there remain the two “parity 
conservation” solutions. Since the intrinsic pari- 
ties of the particles are not involved in Eq. (15), 
one cannot find out from the azimuthal symmetry 
whether or not the product of these particle sym- 
metries changes. 

We note that if parity conservation is establishee 
this at the same time will have the meaning that fou) 
the elastic scattering of a particle of spin 4 by a | 
spinless particle there is invariance under time 
reversal.” 

In conclusion I express my gratitude to B. N. 
Valuev for a discussion of this work. 
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A correction to the Thomas-Fermi model at small distances from the nucleus is suggested; 
this leads to a significant improvement in the agreement between the calculated and experi- 


mental values of the total energy of atoms. 


Ir is well known that the Thomas-Fermi model 
corresponds to the quasi-classical approximation 
to the Hartree equation. The Hartree equation has 
the following symbolical form in operator form:! 


8x ry 
V?B =~ Pac + Gear eae.) 


where Pnucl is the nuclear charge density 
(~ Z6(r)), po (H) the occupation-number oper- 
ator for electrons of the form 


p (A) = (1 + exp (A — w) 8). (2) 


Here 8 =1/kT, T: temperature, H the Hamilto- 


nian operator in the self-consistent approximation: 
H = (p—ihy)?/2m—eB (r). (3) 


In the quasi-classical approximation one can 


neglect ihV and Eq. (1) is the same as the Thomas- 


Fermi equation. We get the quantum correction to 


the Thomas-Fermi model if we expand (2) in a power 


power series in ihV acting upon B(r). It is then 
essential that in the quasi-classical approximation 
the lower limit of the energy spectrum of H is 
equal to — © which leads to an incorrect value for 
the density matrix (and all other quantities) at 
small distances from the nucleus. Using perturba- 
tion theory to take the quantum corrections approx- 
imately into account does not alter the position in 
this respect because the lower limit of the energy 
spectrum is essentially determined by all quantum 
corrections. However, the lower bound of the en- 
ergy spectrum for atomic levels does not lie below 
the lowest level of a hydrogen-like atom with 
charge Z. This is a simple consequence of the 
screening influcence of the atomic electrons and 

is confirmed experimentally. It is thus natural 

to attempt to generalize the occupation number 
operator, while not changing it in the strict sense, 
in such a way that also in the quasi-classical ap- 
proximation the lowest level of H is bounded, 


and thus without violating the basic properties of 
the system (for instance, the virial theorem and 
the thermodynamic relations). This can be 
achieved if we propose instead of (2) for p (i) 
the following expression: 


o(H) = 6, (A —— Emin) (1 + exp {((A —p) 8), (4) 


where 06,(x) =1 when x>0, and 6,(x)=0 when 
ne < {12 


Beg, IVE Dip 6 KEY > 


If all quantum corrections are taken into account 
(H-u) > Emin and expression (4) is equivalent 

to Eq. (2). At the same time, when the quantum 
corrections are taken into account approximately 
or in the quasi-classical approximation expression 
(4) leads to a more correct distribution for B and 
determines the thermodynamic characteristics of 
the atomic system more accurately. 

Using (1) to (4) in the quasi-classical approxi- 
mation we get a generalized Thomas-Fermi model. 
It is then expedient to go over to new variables and 
to introduce the following notation: 


p(x) /x =(u-+ eB)B, (5) 


where ry is the radius of the atom and where we 
have introduced the notation 


co 


In(n a(n) = | 


«(n) 


aie Mall ane 


y” (1 + exp(y— »)]* dy, (6) 


a (4) =(n— | Emin | B)9,(4— | Emen | B)- (7) 
Using (5) to (7) we get from (1) to (4) the following 
equation for g(x) in the quasi-classical approxi- 
mation: * 

*In the practically most interesting case |Emin| 8B > 1 we 
have 
I, (0, &(4)) 
Shea Ge 
Wee Gas) 


Peet) it yee |e te 
if ns | Emin | B. 


min 
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ace: (x) 
g(x) = arly, (2, « (22)) (8) 
with the boundary conditions 
g(1I)=¢e(1), 90) = 2e*B/ Tro, (9) 
where 
a=(fo/c, 1/e=4ne(2Qm)%/(2nhy2B%, (10) 


The thermodynamic characteristics of the sys- 
tem (pressure p, average energy E) are ex- 
pressed in terms of g(x) as follows:* 


2 
pV =~ ZkT 70 (~(1), 0), 
B= Epp a> Evol, 
ZRT: 
— BG |x 9(1)¥+9(0)] 
9 (x) @ (x) 
x Ty, (= ; a (2")) alse. 


Eun = ate ioe a (22)\ ax. (11) 


5 pot = 


The virial theorem has the usual form 
2E Rin + E pot = 3pV, | 


V: atomic volume. In particular, we get for T =0 
from (8) (see reference 2 for the notation): 


xied?y (dx? = xy’ — (y — dx)’2 when x <X/}, 
Khe? | dx® = x" when x>X/k, (12) 
where 
Re 02885 EE nie Zones (13) 


Here x(0)=1. The further discussion is given 
for the case of an isolated atom and the boundary 
condition is therefore of the form: y’(o) =0. 

As we indicated already, the quantity Emin 
must be not more than the lowest energy of a hy- 
drogen-like atom. According to (13) we have thus 
A = 0.45273. If we take for 2 its limiting value 
A= 0.45 27/3, we get, solving Eq. (12), for the total 


*In deriving (11) we have used the relation 


d 
acy 


d 
Ge In (a(x), @(y(x)) =2- 
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energy (E) of an atom the value 


Egy 15.9Z"ev for 50<Z<90, 


values than in the case of the usuai Thomas-Ferm) 
model (in the usual Thomas-Fermi model? E = } 
20.94 2/3 ev). We obtain an even better agreeme}) 
with the experimental values for E, if we use for.) 
r1=0.927 (which corresponds to |Emin! equal . 
to twice the energy of the lowest level of the hydre} 
gen-like atom). This means that for such a choici) 
of A all quantum and exchange corrections to thea 
generalized Thomas-Fermi model are minimum. | 

In the table we give the calculated values of E | 
in the case where A = 0.927/3. 


(Eexp— Ecalc)/Eexp 


Ecalc Zh 
ev 


26 15,9 0.06 
36 16.2 0.053 
54 NGS 0.047 
80 16.9 0,05 
92 set 0.056 


We must note that a method of cutting off the — 
energy can be applied successfully also to other 
problems in statistical or nuclear physics. The 
advantage of this method compared with cut-offs 
in x- or p-space lies in the fact that it corre- 
sponds to a formfactor which commutes with the 
total Hamiltonian and which thus does not violate 
the general properties of the system. 

The author thanks D. A. Kirzhnits for useful 
discussions and L. V. Pariiskif for carrying out 
the numerical calculations. 
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) A magnetohydrodynamic shock wave in a partially ionized gas consists of a thin plasma 
discontinuity and a transition zone. The equations for the transition zone are solved ap- 
proximately for certain special cases. The charge-exchange effect does not significantly 
influence the general character of the motion but decreases its scale. As long as the 
wave can be considered stationary within the transition zone the magnitude of energy 
dissipation is independent of the degree of ionization. 


Sie structure of magnetohydrodynamic shock 
waves in a plasma of either infinite or finite iso- 
tropic conductivity has been studied a number of 
times.'~* Viscosity and Joule heat losses deter- 
mine the width of the shock front, which can be of 
the order of a few mean free paths or considerably 
smaller, depending on the shock strength and con- 
ductivity. In cases of practical interest the gas is 
‘usually not fully ionized. In interstellar gas 0.1% 
ionization is reached in neutral hydrogen regions 
and 90% in ionized hydrogen regions (helium atoms 
are usually neutral). Different degrees of ioniza- 
tion can exist in stellar atomospheres. The gas is 
also usually not fully ionized in laboratory experi- 
ments. It is therefore of interest to examine the 
structure of a wave in the presence of neutral 
atoms. Such a study may, in particular, help to 
determine when the magnetic field can serve as 
a “damper” which reduces shock wave dissipation. 
Let a plane wave be excited by the motion of a 
“piston” in the direction perpendicular to a field 
Hy. In the absence of all interaction between ions 
and neutral atoms two waves would be excited by 
the piston — a magnetohydrodynamic wave in the 
plasma and an ordinary neutral gas wave. When 
the different kinds of particles ahead of the front 
have the same temperature the plasma is com- 
pressed less than the neutral gas because of mag- 
netic pressure and the presence of electrons (the 


molecular weight being reduced to one-half). There- 


fore with identical velocity of the gases in the lab- 
oratory system the wave front will move faster in 
the plasma than in the neutral gas and will thus 
propagate in an undisturbed gas. 

At temperatures below 100,000° and with not too 
low ionization (=10%) the mean free path of ions 


is hundreds or thousands of times smaller than the 
mean free path of neutral atoms. Therefore the 
presence of neutral atoms has no effect within the 
plasma wave front even when we neglect the reduc- 
tion of the front width due to Joule losses, and the 
pressure jump is determined by the ordinary shock 
adiabate. The properties of the neutral gas do not 
become discontinuous at the shock front but will 
change gradually behind the front through interac- 
tion with the ions while their velocities are unequal. 
The present paper is a calculation of the structure 
of the region in which the parameters vary rela- 
tively smoothly. Joule losses and plasma viscosity 
are important in the much thinner plasma wave 
front and can be neglected in the region of present 
interest, which is typically hundreds of times 
larger. The cross section for the transfer of mo- 
mentum from electrons to ions is large because of 
electrostatic interaction; therefore ions entrain 
electrons. Moreover, the inequality of their mean 
velocities in a plane wave would result in charge 
separation, which is impossible if we disregard 
high-frequency oscillations. Therefore the plasma 
can be regarded as a single whole. We shall as- 
sume for simplicity that the ion wave does not in- 
duce additional ionization. This assumption is per- 
missible in an interstellar gas, where ionization 

is determined by the stellar radiation field and not 
by the kinetic temperature. 

Under the foregoing assumptions, the equations 
of steady-state motion in a coordinate system 
moving with the shock front are given by 

OM rei On M Ho-1 = const, (1) 


n? 


do, dp; 4 dH? 


Osan q dx oP gears 


(On —- Ui) NiftnbVze9 = 9, (2) 
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dv dp, 


Pnn b+ (Un — 01) MittnlLre1 > = , (3) 


x 


where Mj and M, are constants equal to the 
mass flows of the respective gases, vj and Vy 
are the mean velocity of the plasma and atoms, 
and vre] is the mean relative velocity of ions and 
atoms which determines the collision frequency. 
We shall hereinafter consider not too weak waves, 
in which the ion velocity jump is greater than the 
thermal velocity; then vrel © Vn —Vvji. This as- 
sumption permits us to consider only the part of 
the wave in which the velocity difference has still 
not been reduced to the thermal velocity. w= 
Mymj;/(myp + mj) =m/2 is the reduced mass 
(with mp = mj for simplicity) and o is the 
cross section for momentum transfer in colli- 
sions of ions with neutral atoms. py and pj are 
determined primarily by compression and heating 
resulting from ion-atom collisions. 

In each collision an ion and an atom acquire on 
the average the energy 3m (vy —vi)?/4. Therefore 
the heat increment (per cm?/ sec) of the ion and 
neutral gases is 


n= 9, = Venn,om (vo, — v,)°. (4) 
The pressure is soaks by 


iprece Seaegegne re (5) 


where dt =vj'dx and v,'dx, respectively. 

Since neither the velocity nor the pressure 
remains constant behind the front our parameter 
of wave strength will be the velocity U of the 
front with respect to the quiet gas. We now in- 
troduce the dimensionless variables 


w,=0,/U, w= Ore, H,= p,/MU, 
Q = H2/8rM.U, 


where Ny and njy are the atom and ion concen- 
tration ahead of the front. Equations (2), (3), and 
(5) become 


I = nip / Mo, & = MnoSX, 


1 (On — 2)? _ 


ae +Q¢ dé clap “* ee 2 WW, ; 0, (6) 


dw, I (Os w;)? 
dé | z+ 20,0, 0, (7) 
dil, dinw. (w, — w,)3 
Z i y—1 \~n w;) 
dil dinw — 3 
Wo. n NG —1 (Sn w;) 
ae tin ze pi =0. 0) 


w,e, 


At €=0 (subscript 1) the functions are deter- 
mined by the parameters of the plasma disconti- 
nuity: 


S: BV PIR DINE i | 


1, aa Pr / MU, 


W., = Pip / Py = 1/4, Ty = Py /MY, 


w= 14° Te en eee 


Compression and heating in a magnetohydrodynangi 
wave have previously been calculated, 4,5 but must i] 
now be expressed in our dimensionless quantities. if 
From the shock adiabate for a monatomic gas we | 
obtain 


Qa? + 5a(Q + Hy + 0.2)—4=0, (10)} 
Ty, — Uy =o —1) il fol O ec (11)}} 


Equations (6) — (9) can be integrated numeric- | 
ally but the basic parameters of the solution can — 
be obtained in the rough approximation Ilj = In | 
= 0. Subsequent estimates indicate that this ap- 
proximation is adequate in many cases since, al- 
though the wave velocity may considerably exceed 
the velocity of sound, heating of the gas is insignif 
icant in the presence of a sufficiently strong field.*) 
This is evident, specifically, from the adiabat for 
the gas as a whole. 

Multiplying (6) by I, adding to (7) and integrat- {4 
ing, we obtain the momentum integral for the en- — 
tire gas: 

wy + Q/wi+U;twn/1+,/1 


=W,+Q/wzt Ua + Om /1 + On / 1 


= Yja+ Qo + 0/14 Ty Oy fe em 


Since qa and Q are related by (10) and we have 
assumed IIpy; = Iljy=0, (12) gives us wj in terms} 
of wy and I as well as the solution for a rare- 
faction wave. €& for a pair of values of wy and 
wi is obtained from (7) by means of a quadrature: 


i) 


w,W; 


The result of the calculation for Q = 0.25 and 


I=1 is shown in Fig. 1. This example correspondi 
to the average conditions expected in the rarefied 


gas of our galaxy’ — pyo © pip © 1078 g/cm, 


v= 100 km/sec, H * 5 x 1078 oersteds, U ~ 200 
km/sec. U is taken to be twice as large as v, 


~ 


GS~*WOBWADHON BSE OE 


FIG) 1.°Q = 0:25, 1 ='1. 


~ 
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FIG. 2. Q= 0.25, I=0.3. 


| since, as is evident from Fig. 1, the final gas com- 


i 


| 


pression is close to 2(w ~ 0.5). 

In order to calculate the pressures Ij and Ip 
we assume in first approximation that pressure has 
little effect on the motion. Substituting the values 


: of wj and wy calculated above into (8) and (9) 
and performing a numerical integration, we obtain 


the curves of IIlj and II, in Fig. 1. We have 


_n,i “ Wn,i; therefore, as is evident from (12), 


the first approximation is adequate and the motion 


actually depends only slightly on the gas pressure. 


In order to elucidate the dependence of the solu- 
tion on the parameters similar calculations were 


carried out for the following cases: Q= 0.25, I= 


0.3; Q=0.25, 1=3; Q=0.15, I=1 (Figs. 2 —4). 
The general character of the solution is the same 
in all cases, but in a weak field and with strong 


‘ionization wy, varies considerably in the distance 


€=1, so that the ordinary viscosity of the neutral 
gas may now be important. With weak ionization 
fj has a considerable effect on the motion since 
with low ionization the field moderates the com- 
pression to a lesser extent (wj ~ 0.3) and super- 
sonic motion results in considerable heating of 
the gas as a whole. 

We now calculate the irreversible dissipation of 
energy in the wave. Let the wave compress and 
heat the gas, after which it expands adiabatically 
to its initial density in a long time interval. The 
internal energy of a mass unit in the wave is given 
for both the plasma and gas by 


lene 


Eee 2 
ati = Tw 


y—1 

with the proper subscripts. During the subsequent 
adiabatic expansion this energy varies proportion- 
ally to w’-!, Thus the irreversible energy dissi- 
pation amounts to U2 (y-1 me (Iw? of yw) =a Ge. 
where ¢) is the internal energy ahead of the front. 
This quantity can be easily computed by means of 
Figs. 1—4. In all of the cases considered except 
that of a strongly ionized gas (I= 3) most of the 
dissipation occurs behind the plasma discontinuity 
rather than at the discontinuity. For I=3 the 
dissipation at the discontinuity is approximately 
equal to that behind it. 
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FIG. 3. Q=0.25, 1=3. 


The irreversible energy dissipation, the final 
total pressure and final velocity can also be deter- 
mined by the shock adiabate method® if we assume 
that there is sufficient friction between the gases 
and that the magnetic pressure thus also acts on 
the neutral gas. The figures show that for this 
purpose the separation of the planes at which 
jumps of the various quantities are measured 
must exceed 5 or 10 mean free paths in the neu- 
tral gas. The calculation can be preformed by 
means of (10) and (11) with Q and II; replaced 
by Q’ and Il’ as follows: 


2 


yee 0 = = rf 
Q Sz(M,+ Mu ~ 2747? 


Tl, + JU; 
Ge oe 


Ph a Pi 
(M,, + M;) U 


UE = 


The results agree with Figs. 1 —4 to within 10 — 
20%. Where the influence of [Ij on motion can no 
longer be neglected Fig. 1, as would be expected, 
gives systematically larger values than the shock 
adiabate. Since Q is smaller for the entire gas 
than for the plasma alone the final compression 
must be greater than at the plasma discontinuity. 
This accounts for the fact that the curve of wj 
continues to descend and does not approach the 
curve Of Wn. 

We have thus far only considered the usual 
elastic interaction between ions and atoms, which 
is sufficient if these do not belong to the same ele- 
ment and their relative velocities are not too large 


oe 
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FIG. 4. Q=0.15, I= 1. 
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(below 1000 km/sec, for example). When these 
conditions are not fulfilled charge exchange be- 
comes much more significant; an electron is 
transfered from an atom to an ion without essen- 
tial change in the motion of either particle. The 
charge-exchange cross sections for identical par- 
ticles is larger than the gaskinetic cross section 
by a factor of a few tens. The width of the transi- 
tion zone will be correspondingly reduced but will 
still exceed that of the plasma wave front (when 
Joule losses are taken into account), and the divi- 
sion of the wave into a plasma discontinuity and a 
transition zone remains valid. Therefore the fun- 
damental equations will not be changed greatly if 
the charge-exchange cross section oj is intro-, 
duced into the definition  =nyojox. The principal 
difference will lie in the fact that after charge ex- 
change the velocities of the particles will remain 
practically unchanged; this is equivaient to 180° 
scattering. Therefore the momentum change of 
the gases in one charge exchange will be given by 
m (Vy —Vvj) rather than by 3m (Vy —Vi) as pre- 
viously; this means that the last terms in (2) and 
(3) are doubled. 

The quantities qy and qj in (4) are also 
changed. The neutral atom resulting from charge 
exchange retains the thermal component of ion ve- 
locity, so that charge exchange is a mechanism 
for heat transfer. The resultant ion possesses 
the velocity vy —vj with respect to the plasma 
and its associated field. The energy of relative 
motion is slowly transformed into thermal energy 
through collisions with other ions if the mean free 
ion path is smaller than the radius of gyration. 
When the mean free ion path is greater than the 
radius of gyration, during a single rotation this 
energy is transformed into the energy of spiral 
motion and then, as a result of collisions, into 
thermal energy. We can therefore write 


i = Nitin, [*/2M (On — 0)? — 3/2 k (Ti — Tn)] (On — Vi), 
(14) 


Since there are practically no collisions between 
neutral atoms during the time between charge ex- 
changes the distribution of the neutral gas cannot 
be Maxwellian. However, since atoms are produced 
from ions, which can exchange energy at not too 
high temperatures, the distribution of atomic ve- 
locities will not be extremely non-Maxwellian. 
Deviations can result from 1) the continuous rise 
of the plasma “temperature” in conjunction with 
different atom “ages” and 2) the departure of the 
ion velocity distribution from the Maxwellian be- 
cause of the limited interaction time. This is es- 
pecially important for relatively fast particles 


qn = 3/ofiflnoyR (Ts i T 2) (Un — Ui). 


S. Bi PIKEIO NER 


since the elastic ion-scattering cross section for ‘ 
ions decreases as v-‘. Therefore the thermal J 
velocities of individual particles can hardly excee 
Vy —Vi- On the other hand, vp—vj decreases co) | 
tinually, thus complicating the picture to an even |) 


greater degree. 
Returning to the basic equations, we find that 


the first equation in (5) will retain its form with 
a different meaning for qj. The second equation 
is changed since there is no adiabatic heating in 
the absence of collisions between atoms. The 
atom concentration increases because there is an - 
increase in the concentration of the ions out of . 
which the former are produced, but the atoms 
themselves are subject to no forces. Therefore 
in the second equation of (5) only the second term 
remains, with the suitable meaning of qn. Equa-- 
tions (6) and (7) remain unchanged with & = 
2nn90iX, Which means that in a single charge ex- 
change twice as much momentum is transferred 
as previously. 

It would not be meaningful to solve the com- 
plete system of equations under the given sim- 
plifying assumptions. We shall consider only the 
heat supplied to both gases: 


g = Gi + Gn = 'eNiftngyM (Un — 01), 


which is twice as large as previously. Both the 
rate of heating and the rate of momentum transfer 
have been doubled. Therefore the entire process 
occurs twice as rapidly (taking the mean free 
time as the unit) but ultimately results in the 
same change of total internal gas energy as pre- 
viously. This also follows, of course, from the 
fact that the shock adiabat must give the same 
solution for the sum of the gases independently 
of their interaction mechanism. 

Summarizing, it can be stated that when pres- 
sure plays an insignificant part the velocity dis- | 
tribution will be that shown in the figures but with | 
the new definition of €, The values of Ij and I, | 
will be somewhat changed but the general characte: 
of the curves and their sum will be conserved. The 
curves of II, and Ij will be separated by a dis- 
tance corresponding to the mean time for charge 
exchange, which serves as the mechanism for 
transferring energy from ions to atoms. At high 
gas velocities the ion path before elastic scattering 
by an ion can become greater than its path before 
charge exchange, and Joule losses will be small 
because of the high temperature. In this case a 
plasma wave front will not be formed; the plasma 
and atoms will move together with the field at some 
mean velocity. Momentum transfer will still occur 
as a result of charge exchange and ion acceleration 
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by the field, The entropy will increase because the 
field twists the trajectories of ions passing from 
the quiet gas through the front as neutral atoms, 
after which collisions occur, and also because of 
the Joule losses. 

Since the energy dissipation of the wave in a 
partially ionized gas is given by the shock adiabate 
with Q for the entire gas, it does not depend on 
the degree of ionization when the wave can be re- 
garded as stationary within the transition region. 
With extremely low ionization the transition re- 
gion may become so wide that this condition is 
not fulfilled. However, when charge exchange 
occurs the transition zone is less wide and the 
possibility of nonstationary conditions plays a 
smaller part. 

I am deeply grateful to Ya. B. Zel’dovich, who 
read the manuscript and made a number of valu- 
able comments. 
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The problem treated is that of the elastic scattering of Dirac particles by a fixed spheric- 
The values of the scattering amplitudes are found in the 


ally symmetrical center of force. 
second Born approximation. 


In a paper by Sokolov and the writers! values of 
the scattering phase shifts 6f') and 6f for the 
scattering of Dirac particles by an arbitrary force 
center were found in second approximation in the 
interaction potential [see Eq. (23) of reference 1]. 

Using the following integral representations of 
the spherical Bessel functions: 


ae \ sin (2kr sin 2) cos + +P; (cos ¢) dg, 


0) 


i. (nr) =< 


ji (kr) ny (kr) = — fas \ cos (2kr sin +) cos + P; (cos ¢) do, 
0 


2kr 7 


we can put the expressions in question in the form 


tans}? = — =. [aP1 (cos ¢) + BPr4a (cos 9)] L (¢) de 


K\2¢ 
ay 
+ aBP; (cos ¢) P41 (cos) + «8P141 (cos ¢) P; (cos $) 


+ P’Pr41 (cos ¢) Pr41 (cos )] M (9, $) de dd, 


[x?P; {cos ¢) P; (cos >) 


owmnd 


fan 3) = — [aP; (cos ¢) + BP11 (cos ¢)] L (¢)d9 


+(4) \\ [2*P; (cos ¢) P: (cos $) 


+ a8P; (cos ¢) P;_; (cosh) + a8P,_; (cos ¢) P; (cos $) 
+ BPs (cos ¢) Pra (cos $)] M (9, $) de dd, (1) 
where 
L(@)= +-cos z \ sin (2kr sin =) V(r) rdr, 
0 
1 
M(9, 9) = +c0s & co os Lf cos (2kr sin-2) V(r) rdr 
0 


x | sin (hr sin $) V(r) r'dr’. (2) 


1) 
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The rest of the notation is that of reference 1. In | 
particular, hk is the momentum, E =chK is the} 
energy, and m = hk,/c is the mass of the particle 

Assuming the phase shifts small, we set tan 67) 
~ 6], and instead of the exact expressions for the 
scattering amplitudes f(%) and g(’) we content} 
ourselves with the linear approximations | 


f ()=k™ Dy [2+ 1) 829 + 18} Pz (cos 9), 
1=0 


g(8) = + D) (8)? — 8] Pi (cos 9), 

l=1 
where P7(cos #) = —sin 3 dP7 (cos 3)/d cos #, 
and Pj(cos #) is the Legendre polynomial. Sub- 
stituting here the values of 6{!) and 6) from 
Eq. (1) and carrying out the summation over 1 by | 
the use of Eqs. (8a) — (8e) of the Appendix, we get | 


iQyice a go Boas ( sin (2kr sin =)v (r) rdr 


sah fs 
2 sin (+) 0 


AceEE Tye ae =I [a + a8 (cos ~ + cos ¢) 


+ cos 9]R4M (9, 4) de dd: (3) 
g(3) = a wane \ sin (2kr sin s)V(n) rdr 
2 sin ) 0 


+ x \\ [28 tan > * (cos ~ + cos ) 
2 


+ Bsin9|RIM(g, 4) de dd, (4) 
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¥ 


where the region © is defined by the conditions (9) 
and shown graphically in the diagram, and 


R = [1 — cos? » — cos? — cos? 9 + 2c0s © Cos } Cos oy". (4) 


In the particular case of Coulomb scattering 
V(r) =—-Ze2/r and 


5 =i nZ2e4 © v ce 
M (9, »)= aR COS footy {28 (2k sin =) 


=o |2e (sin a —sin +)| 0 | 2k (sin + -++ sin +))t : 
Using this, we can get the well known formula of 
McKinley and Feshbach (cf., e.g., reference 1) 
from Eqs. (3) and (4). If various special spheric- 
ally symmetrical charge distributions inside the 


nucleus are specified, one can calculate by numer- 


ical integration the deviations from pure Coulomb 


scattering caused by the finite dimensions of the 
nucleus. 


A particularly interesting case is that of high 
energies, for which one can neglect the rest mass 
of the particle in the Dirac equation in comparison 
with its total energy. This does not make any im- 
portant change in the picture of the scattering, and 
in the final results it affects only terms of the 
order ( mc?/ E )?. It can be shown that when the 
rest mass is neglected the phase shifts correspond- 
ing to a prescribed total angular momentum are 
exactly equal,” i.e., 6{!) = 6®) . In our case this 


can be seen directly from the expressions (1) and 


(2) if we set a=8=1. Using this fact, one can 
easily show that when the rest mass is neglected 


Su, (9) = tan (+) pe), 


and the differential cross-section takes the form 


AS yr / dQ = sec? (9/2) | fer (3) i? (5) 
where 
a2: K_ cos? (9/2) r ; ee 
fur (2) = — woe | sin (2kr sin > )V(r) rdr 
0 


2 
+ Sag \\ + cos @ + cos + cos) RM (9, 0) do db. 
Q 
When we go to the nonrelativistic case we must 
set a=1, B=0, and we have from Eqs. (3) and 


(4) 


ee ee te ee 
hate) = ~— Soe sin (2kr sin 5 )V ()rdr 
O «6 
2 . 
+ Shag \\ RIM (@ 9) dodd, 
Q 
It can be shown that in the case of pure Coulomb 
scattering in nonrelativistic approximation the sec- 
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ond term in the expression (6) for f,, makes the 
contribution zero. This is in agreement with the 
fact that the classical Rutherford formula is exact 
within the framework of nonrelativistic quantum 
mechanics. 


APPENDIX 


By means of the formalism of the Dirac 6 
function one can calculate a number of sums con- 
taining products of three Legendre polynomials. 
We construct a 6 function from the orthonormal 
Legendre polynomials: 


> (¢+ =) P; (cos) P; (cos) = 8(cosw —cos%) (7) 


t=0 


and set 
cos@ = cos¢cos + singsindcos x. 


Using the fact that 

=| P; (cos w) dy = P; (cos ¢) P; (cos 9), 

0 

we integrate Eq. (7) from 0 to 7. Examination of 
the limits of integration and use of the fundamental 
property of the 6 function give the following value 
for the sum of products of three Legendre polyno- 
mials: 


>) (t + 4) Pi (cos 9) Pr(cos) Pi(cos$) —- 


1=0 
1/R inside Q, 


0 outside Q, (8a) 


where the region ® is defined by the conditions 


gptot+3<c2r, pt+o—3250, 9—$h+320, 
—oto+920 (9) 


and has the shape shown in the diagram, and R is 
given by Eq. (4’). 

Using the well known recurrence relations be- 
tween the Legendre polynomials, we can get from 
Eq. (8a) the values of the following sums: 


> P, (cos 9) [(f + 1) Pi41 (cos p) + /P;_, (cos })] Pz (cos 9) 


1=0, 


Zl iotaes oussa cs (8) 
2 (2 + 1) Pi4i (cos ¢) Pr41 (cos >) 
=0 
+ IP;_, (cos 9) P;_, (cos $)] P; (cos >) 
2cos9/zR inside ©, (8c) 


Sse leas) outside Q. 


Starting from the value of the sum 
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M8 


} [Pi (cos @) — Pj (cos @)] P} (cos 9) 


1 


ie 
I 


= 2sin 38 (cos w — cos 9), 


we can calculate by an analogous method the fol- 
lowing sums: 


ASS 


P, (ccs 9) [P44 (cos p) — Pz, (cos ¢) P} (cos #) 


1 


il 


_ f{ 2(cose —cos pcos $)/mRsin9 inside Q, 
a { 0 outside Q; (8d) 
> [Pr11 (cos 9) Pi; (cos p) — Pi; (cos ¢) Py_y (cos )] 
l= 
2sin¥/mR inside Q 
x Pi = : 
Ces) { 0 outside QQ. (Be) 


and R. M. MURADYAN 
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Starting from the condition that the average phonon energy must be small compared to the 
average energy of the electron transitions, we have constructed a Hamiltonian with a direct 
electron-electron interaction which describes in the given approximation a Frdhlich system 


of interacting electrons and phonons. 


lla: Frohlich model has recently received wide- 
spread interest; this model is described by the 
Hamiltonian 

H = Hey+ Hon+ Fine; 


Her = >\¢ (Rk) dks aes;  Hpn= >) (q) b¢6,; 
q 


ks 
He eG) Sak cuss (OF Lo. 0) 
kqs 


A number of important physical results can, 
however, be obtained from a simpler model without 


phonons, the Hamiltonian of which is of the form:!»? 
A, = Hey+ ee 
, 1 : 
ish om re Di if (kk q) ape Ap+q,s abs! Qp’—q, s’s (2) 
Rk’qss’ 


where 1(kk’q) is a function which decreases sut- 
ficiently fast when one gets away from the Fermi 
surface. The conditions, however under which the 
models described by (1) and (2) can be considered 
to be approximately the same are still not com- 
pletely clear, notwithstanding a number of studies 
which have been made.!*? Moreover, there does 
not exists a sufficiently consistent way of deter- 
mining the function I(kk’q) in (2). 

The method of summing the main Feyman dia- 
grams makes it possible to construct the Hamil- 
tonian (2) from the Hamiltonian (1) under only one 
assumption: 

o< Ae (3) 
(average phonon energy negligibly small compared 
to the average energy of the electron transitions ). 

Performing the usual procedure of renaming 
the creation and annihilation operators of the elec- 
trons inside the Fermi sphere, we go after that 
over to the “interaction representation” where 
the part of the Hamiltonian of non-interacting 
fields will be played by the quadratic form 


Hy = D\o(q) bb, + >) e(k) as aes , 
q Rs 


where 
e(k) ({k| >kp) 


~|—~e(h) (ki <ép). 


In the following we shall in accordance with 
reference 2 give our discussion along the lines of 
the covariant formulation of the quantum theory of 
fields. The S matrix of the system is of the form 


(4) 


& (R) 


S=S4=T lexp(—i Fiz (9) d0)). (5) 


The energy of the interaction of the electrons 
with the phonons, which does not depend on the 
time, is, if we take all radiative corrections into 
account, equal to 


0 
R= T | Hage (O)exp (— i | Hig (8) 48)]. (6) 
The chronological pairs which occur when R is 
written out explicitly are written in the usual way: 


By (t) By (t') = [0 (=F) Oe 
== 6 (t’ Taare t) Cad aa) S949’, 0 : 
Bg (t) = b7 (t) + 0-4 (2); 
Gy, s(t) Orel) = —ae v(t) a .@) 
0 (t — 1’) ete (AY(t-1’) (IRI > RF) 
= ) ma) , ey lv 
oe lea) ete (R)(t—t’)  ([RI< kp) ( ) 


(to attain more compact formulae we have marked 
the operators corresponding to a chronological 
pairing everywhere by the same number of dots on 
top ). 

The effective Hamiltonian with a direct electron- 
electron interaction is a sum of terms, each of 
which is described by a Feynman diagram with ex- 
ternal electron lines (diagrams of the kind illus- 
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d 
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trated in the figure). Part of the diagrams corre- 
sponds to triple, quadruple, ...interactions be- 
tween electrons. We shall retain in the operator 
series R the terms with coefficients of the low- 
est order in w, i.e., such terms where the num- 
ber of integrations cancelling in the denominator 
2w, is as large as possible for a given order in 
g*, This leads to the following basic rule of select- 
ing the main diagrams: in each term of the expan- 
sion of (6) in g? those diagrams must remain for 
which the number of possible ways of breaking 
them into two parts by lines intersecting only 
phonon lines is as large as possible. We shall 
denote the contribution of the diagrams with ex- 
ternal electron lines by R(€!) and we shall in the 
following use (3). to look for a formal approximate 
expression for R(el), It is clear that one can at 
once drop diagrams of the type a, b, in the Fig. 
Using the relations 


© (— q) = © (q), g(—9) = 8 (9) (8) 


all integrations over the time in terms correspond- 
ing to diagrams of the type c, d, and e can be per- 
formed simply enough explicitly and the result of 
each integration is the appearance of the corre- 
sponding energy denominator. This makes it pos- 
sible to formulate two more rules: one must dis- 
card all diagrams with more than four external 
electron lines (type e), and from diagrams of 

the type c or d only retain those for which the 
pair of external electron lines starts from a ver- 
tex corresponding to the first factor under the 

T -product sign in (6). 

The correctness of all rules mentioned is il- 
lustrated below by the example of evaluating the 
first three terms in the expansion of Rl) in oo 
We have 

0 
ROY= — = it dt £ (9) gq) Vo@eo(a) 


of qq'ss’ 


(7 Jax s (0) 


X Aptg, s(0) B, (0) ay s’ (t) Ae+q’, s(t) By (Z) 


ety 2 SS g” (9g) © (q) 
av kk’qss’ —2(k, + oF (9) 


x aes (0) Getg, s (0) ay, s’ (0) Ay—g, s’ (0); (9) 
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z(k’, q) =e(k') —2(k' —Q); (Lt 

(the N-product signs are here and everywhere ; 
in the following omitted). | 
In evaluating the further terms we shall all the; 
time meet with the factor | 


0 
cw, j= \ dt, Dy By) aK 5. (4) 


Les RyReS1S$291G2 
X Gita, s (Er) Ba (4) Gi, (2) Geetan se (t) Bos (2) 
=2)) eas ot’ +iYt 20 26 (¢" - th - t) 
i(o+Y) ' i(¥?—o%) 
ahs mud [Yetott’—) — welt “Oh Bg Be 
i 


= 2 2G ewe 
k 


[Y eot—t’) es welV ti 


q(t); 


o=09, Y=YR&Q=sk+oteH. cf 


The symbol > @ indicates a summation over ky 


where esa ee |k| <kp. (el) 
We shall now evaluate the term Rt which 
corresponds to a diagram with one electron-hole _ | 


loop (type c): 


pee ' 3 DN aN TY 
R= \ \ adedt, > OO ee af (0) 
—oo —00 kR'gq’ss’ 
x Ak+q, s (0) ae, s’ (41) Ap’ +q’, s’ (t,).By (¢;) Cc (Of) 


72 al 
ie Oia Ovne es er0 zi 
Ak, s(0) Aztg, s (0) ae’, » ( ) Bea, s ( ). (Az 


(el) 


The term Ry describing the diagram with 
two electron-hole loops is equal to 


g* (q) © (q) Se 4 
»— 2k, + oq) Fe (hr) +e ( — 9) 


0 0 


REM 4 \ \ dt,dtedt, 


—oo —oo —co | 
| 


or ao Pe Oe) Me ORACE) at, (0) an+9,s (0) 


kk’qq'‘ss' k; kz 


X Of (ts) Qw-tqrs’ (ts) By(to) Bolts) Chu.g(O, ts) Cea, —atar ta) 


wnt 3 sero 150 noun 
eds we Te 2 = (+ ee a 


X Of, (0) datas (0) a (0) deg.s’ (0). (133 


Apart from the terms described by Eqs. (12) 


and (13), Re) and Re ) contain a number of 
terms with higher powers of w in the numerator. 
One notes easily that the subsequent terms in the 
series expansion of Rel) must differ from the 


\\) 
preceding ones by an increase in the power of the 
| expression 


202 
2A (q) = _ Sy? 1 


Cha) + &(k1 — 9) oS 


under the summation sign. The final expression 
for Rel) is thus in the approximation (3) of the 
form 


SNE a g? (q) © (q) E (A) 
. 2. — 2k, q) + 07(9) 
q'ss 
AF , (0) Geras (0) a ,. (0) an—a,s’ (0), (15) 
Maal tASO4F 4A, 
= (1—A)/(1— 2A). (16) 


The function I (kk’q) from (2) is according to 
(15) and (16) determined by the formula 


8? (9) © (4) {—A(q) (17) 


I (RR) = ee) — 2 & Fo) 2A @) * 


One can similarly sum the diagrams with external 
phonon lines and renormalize the phonon energy (al- 
though the result needs more unwieldy calculations). 
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The calculations given here make it possible to 
establish an inequality which must be satisfied by 
the constant 


2max A = g? (dn /dE)g-ep = 0- 


Indeed, the convergence of the series (16) requires 
that p< 1, which is the same as Wentzel’s esti- 
mate.® 

In conclusion I express my thanks to Academi- 
cian N. N. Bogolyubov for suggesting this research 
and to V. V. Tolmachev for valuable discussions. 
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The model of a viscous ultrarelativistic fluid is used to describe the dispersion of the 
meson-nucleon cloud produced in the collision of high-energy nucleons. An asymptotic 
solution of one-dimensional equations is obtained. It is shown that when viscosity is 
taken into account the angular distribution of secondary particles is less anisotropic 


than in the case of an ideal fluid. 


ths In Landau’s hydrodynamic theory»? of multiple 
particle production in the collisions of high-energy 
nucleons the expansion of the meson-nucleon cloud 
is described as the dispersion of an ultrarelativistic 
ideal fluid. 

Although the theory agrees satisfactorily with 
experiment in general there are experimental in- 
dications that the angular distribution of second- 
ary particles is less anisotropic than is predicted 
by Landau’s theory.’ It is therefore of interest to 
investigate the expansion of the system using the 
model of an ultrarelativistic viscous fluid. The 
energy dissipation which occurs during the motion 
of a viscous substance is accompanied by increased 
entropy of the system. Therefore, in distinction 
from Landau’s theory, additional particles are 
produced in the expanding meson cloud. 

The study of the dissipative processes from 
the hydrodynamic point of view leads to new pa- 
rameters — the phenomenological coefficients of 
viscosity, thermal conductivity etc. The kinematic 
coefficients could theoretically be calculated from 
a specific type of interaction in the meson-nucleon 
cloud; this would involve quantum -statistical av- 
eraging of the field operators and a hydrodynamic 
description of the interacting particles (see ref- 
erence 4, for example). However, since we do 
not know the real form of the interaction in the 
meson cloud at such high energies the indicated 
procedure is extremely tentative. In the present 
paper we therefore consider only the kinematic 
aspect of the problem; we assume the viscosity 
coefficient to have a given constant value inde- 
pendent of temperature and determine its influ- 
ence on the characteristics of an elementary act. 
The viscosity coefficient could be determined ex- 
perimentally by comparing the theory with experi- 
mental data. Two papers of Hamaguchi®*’® are con- 
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cerned with the role of viscosity in the hydrody- 
namic theory of multiple particle production and 
will be analyzed below. 

2. The equations of relativistic hydrodynamics 
which take dissipative processes (viscosity and 
thermal conduction) into account are as follows: 


aTH/Ax*k=0, Oni /dxi =0, (1) 


7 


Tix = willy + PSix + tik, ma = nu + vj. (2) 


Here uj is the velocity 4-vector, which satisfies 
the relation uluj =-1; p is pressure; w=p+t+e 
is the enthalpy density; € is the energy density; 
n is the particle density; nj is the particle cur- 
rent vector; gik is the metric tensor (g4; = go. = 
833 =1, So = —1):; 


Z 
( eee o- (ute + gin); (3) 


oe] bar (rr) + eel al 


€; and ¢ are the two (positive) viscosity coeffi- 
cients; c is the velocity of light (we shall let 
c=1); T is the temperature; yu is the chemical 
potential; x is the thermal conductivity. The vis- 
cosity tensor satisfies the relation’ 


vy= 


ve uk = 0. (5) 


For the expanding meson-nucleon cloud we as- 
sume with Landau that 4 =0. Since then vj; = 0 
thermal conductivity is absent from the Fermi- 
Landau system. Assuming furthermore ¢ = 3p 
for the equation of state, we obtain the equation® 


i = 0, (6) 


for the tensor Tix. Equation (6) will always be sat- 
isfied if ¢,=0, which we shall assume hereinafter. 
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HYDRODYNAMIC THEORY OF MULTIPLE PARTICLE PRODUCTION 


We now consider the one-dimensional symmet- 
rical expansion of an infinite plane layer of thick- 


. hess A in a vaccum with viscosity taken into ac- 


count. The equations in (1) are now represented 
more conveniently by? 


1 de 4 Ou, 4 a 
; -- e}uk Uy 
Ox! 3 ax” 3" axl 
16 ey). ie ‘a ac} 
- 9 ery ax* ’ (7) 


We transform to the new independent variables t 
and z by means of 


1 == facosh yz, ==4 sinh Zz: (8) 


This is equivalent to a transition to a system of 
curvilinear coordinates in which the matter is al- 
most at rest. Milekhin® has made successful use 
of this transformation in investigating the motion 
of an ultrarelativistic ideal fluid. Equation (7) is 
now written for arbitrary curvilinear coordinates 
through replacement of the ordinary derivatives 


by covariant derivatives:>»" 

1: 208. 4 ; ( Ou, Nh _— 

onnemee ee € — 

3-600 23 ax" 2 Ox’ 
1 4 @aV—gu' 4 9(V —gr}) 
oy ar ade va ae 


(9) 


The tensor Tj, must also be given in covariant 
form. 

We assume that in the original coordinate sys- 
tem we have wu! = cosh 7, u’ = sinh 7. In the sys- 
tem represented by (8) the components of the 4- 
velocity and metric tensor are® 


uo = cosh (y—z), ut=t} sinh (y—2), 


glat?, 


Gig oh) for ob: (10) 


We assume furthermore that 7’ =7-z (7 will 

be denoted by 7 for convenience). The compo- 

nents of Tj in the variables t, z using (10), are 
: a h 

10 = +6 sinh sinh q+ 2+ 5 I: 


0 


cosh 0 
d= — = Ccosh? x [sinh 7 +o" conn” ie yl. 
an) inh 1 07 
ql = 4 ¢sinh 7cosh y [aes (1 + 5) ta ; ir 
= — Pal, (11) 


After simple but laborious calculations (9) becomes 
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1 a Pale f) 4 f 
3 FG | Sinh nF + + (cosh 24 —2)(1+ 2)Je 
2 
= 8 cosh 4[ sinh 2" + ce8h (1 4 9 “| 
a8 pod 
Sf ane agar rail 
i) ar Hee: : 
set s\t (cosh 24 + 2) + sinh 24 (1+ 5%)|¢ 
2 
= — 48 ¢¢ sinh y|sinh 4 ie — a pase Zi) 
ox? nt Ott 
eae aay (12) 


The solution of (12) will be sought for t >A. We 
shall also assume 0n/9z «<1, 8n/8t < n/t for 

71 <1, which will be justified by the subsequent 
solution. Equation (12) can then be put into the 
simple form 


3 0c es 3 de Meg TSP vate 
Re eee Tie ea ie 


(13) 
Here 7 =I1n (t/A). In (13) sinh n and cosh 7 are 
expanded in powers of 7 but we retain only terms 
that are linear in 7. The second equation in (13) 
shows that e€ depends slightly on z. Assuming 
z/T <1, we therefore obtain a solution for ¢ 
which satisfies the initial condition € ~ e) for 


T al 
$042) 


© == 8% [exp {— 


4 ZN ? 
+e* —rexp{—3 («FI y= 4t/eA. (14) 
It must be noted that (14) is an asymptotic solution 
which is correct only in order of magnitude for 
7~ 1 and Z~'T. 
The second equation of (13) now gives 
z 1+ y exp (42? / 37) 


qe 


15 


ry exp {(t + 22? / 7) / 3} — 27 exp (427/37) © 
It is thus evident that the assumptions 9n/8z ~ 1/7; 
0n/OT < n are actually satisfied for z/tT «<1 and 
T => 1, 

We now perform the new transformation of 
variables 
B= t= Z; 


p=, 


On Chee 


0 1 
a=In=*, 


(16) 


which is equivalent to transforming to the custom- 
ary coordinate system used in references 1, 2, 5, 
and 6. The criterion for the use of our solution in 
the new variables will be the condition a ~ f; 
this corresponds to the region of maximum particle 
density in the case of an ideal fluid. 

The expression for the energy density becomes 
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c= sy {exp|—F(@ +8 —VaB)| 


ers saris 
+ yexp|— 244] — yexp|—3V a8}. (17) 
The 4-velocity will be approximated by 
u? mz e2 (x9 + x1) / 2 (x° — x3). (18) 


The first term in (17) is Landau’s solution for an 
ideal fluid; the second and third terms take viscos- 
ity into account. It is interesting that in the region 
a@~ B the energy density in the viscous fluid is 
greater than in the ideal fluid, whereas for the 
region of the most energetic particles, B ~ 0, 

the energy density may be lower than in the ideal 
case. As a consequence the leading edge of the 
matter will disintegrate more rapidly (with 
smaller q@ for a given value of 6), and conse- 
quently the fastest particles will possess rela- 
tively lower energy, a smaller fraction of the 
particles will be emitted at small angles and the 
angular distribution of the produced particles will 
be less anisotropic. 

With very high viscosity, y ~ 1, our solution 
is valid only in the region a ~ £8. For the exact 
form of secondary-particle angular and energy 
distributions we would have to solve extremely 
complicated three-dimensional second order par- 
tial differential equations. However, it can be 
maintained that the nondisintegrating part of the 
meson-nucleon cloud will be located in the region 
a~, andsince u?~ 1 in this region all sec- 
ondary particles will possess approximately the 
same energy and their angular distribution will 
obviously be isotropic. The number N of mesons 
produced will be given by the formula of Rozental’ 
and Chernavskil:? N~ Eg/u, where Eg is the 
nucleon energy in the center-of-mass system and 
is the mass of a pion. 

3. Hamaguchi®’® also investigated the influence 
of viscosity on the principal features of multiple 
production as described by the hydrodynamic the- 
ory. However, his solution of the one-dimensional 
hydrodynamic equations is incorrect because of a 
number of mistakes, some of which we shall now 
discuss. 

In reference 5 the sought solution is expanded 
in powers of the small viscosity coefficient in 
order to solve the hydrodynamic equations for 
one-dimensional expansion. The Landau solution 
is taken as the zeroth approximation. By retaining 
only linear terms in the viscosity coefficient the 
author obtains a set of linear partial differential 
equations with variable coefficients as a basis for 
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the given approximation. For the energy density 
€) in the solution which neglects viscosity he as- 
sumes, as a quite rough approximation of Landau’s p 
solution, €) = ei exp [-43(a@-8)]. In addition to | 
the fact that for the region of maximum particle 
density a ~~ the expression for «9 is incor- 
rect, it must be noted that this approximation 
seriously neglects terms which are of the same 
order of magnitude as other terms left in the 
equations. The original equations contain the 
terms 0¢,/d& and 9¢)/dx’ (here =x’ x’); 

it is easily seen that when ef exp [-43(a +f - 
Vap )] (Landau’s solution) is replaced by €) 
the terms 4V8/a and 3vVa/f are neglected 
compared with unity although both of these terms 
are of the order of unity for the important region 
a-Bp. 

For the correction of 4-velocity u, Hamaguchi 
seeks a solution in the form u} = f, (x°/é)N, where | 
N is a number selected to make f, slightly de- 
pendent on x’ and — in the solution. However, 
[see Eq. (24) of reference 5], f, is found to be ’ 
always strongly dependent on its arguments. It 
can therefore be shown that any number greater 
than 4 can be taken for N instead of the value 
4.541 given by Hamaguchi. Since the value of N 
strongly affects the solutions the uncertainty of 
its value makes the solution somewhat arbitrary. 

In conclusion the author wishes to thank I. L. 
Rozental’ for suggestions and assistance, and G. A. 
Milekhin and D. S. Chernavskif for valuable discus- 
sions. 
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A theory is developed for the rotational states of odd nuclei whose ground state spin is due 


to the angular momentum j = 4 


of the outer electron. The energy of the rotational states 


is obtained as a function of the parameter y (0 <y <7/3) which determines the deviation 


of the nuclear shape from axial symmetry. 
INTRODUCTION 


Ir was shown by Davydov and Filippov! that many 
properties of the first excited states of even-even 
nuclei (the order of succession of the spins of the 
excited states, their energies, and the probabilities 
for electromagnetic transitions between them) can 
be readily explained by assuming that the equilib- 
rium shape of the nucleus can in first approxima- 
tion be represented by a three-axial ellipsoid, 
which is characterized by two parameters, B and 
y (see the work of Bohr*). The relations 


a, =a, = (8/Y'2)sin 4 


connect the parameters 8 and y with the quanti- 
ties a,, which determine the shape of the nucleus: 


ay =f cosy, Gey = 0, 


2 
R(%, ¢) = Ro + Ro >, QynY oy (9, &) 
p=—2 
in a coordinate system attached to the nucleus. 
Changing the “asymmetry” parameter y from 
0 to 1/3, with a fixed value 8, induces a change 
of the nuclear shape from a prolate to an oblate 
ellipsoid of revolution. The value y = 30° corre- 
sponds to an intermediate shape of the nucleus be- 
tween the prolate and the oblate ellipsoids of revo- 
lution. 

The possibility of departing from the axial sym- 
metry of the equilibrium shape of the nucleus has 
been investigated in the papers of Geilikman,? 
Zaikin,’ and Davydov and Fillippov.® In the pres- 
ent paper we consider the rotational states of odd 
nuclei under the assumption that the shape of the 
nucleus is determined by the fixed equilibrium 
values of the parameters 6 and y, with the odd 
nucleon in a state with the definite total angular 
momentum j = 3. 

In keeping with the fact that we wish to consider 
the general case with arbitrary values of the pa- 
rameter y, we shall not assume that the projec- 


tion of the total angular momentum j,; = is an 
integral of the motion. Instead, we seek exact 
solutions of the Schrédinger equation giving the 
rotational energy of the nucleus without neglecting 
(as was done in the papers of Bohr,” Bohr and 
Mottelson,® Davidson and Feenberg,’ and others ) 
the nondiagonal matrix elements connected with 
the different values of . 

In section 1 we obtain the energies of the rota- 
tional states of the nucleus for fixed parameters 
B and y. We show, in particular, that for y= 0 
the exact solutions coincide with the solutions ob- 
tained in the aforementioned papers with neglect 
of the nondiagonal matrix elements of the operator 
of the rotational energy of the nucleus. In Sec. 2 
we compare the theory with the experimental data 
for the nucleus w!*3, 


1, ROTATIONAL ENERGY LEVELS OF ODD 
NUCLEI WITH THE OUTER NUCLEON IN 
THE STATE j =} 


We consider, as a model of the nucleus, a sys- 
tem consisting of a single outer nucleon in the 
state j =} anda nuclear core with the shape of 
a three-axial ellipsoid. In other words, we as- 
sume that the core of the nucleus consists of nu- 
cleons belonging to filled shells as well as of 
“paired” nucleons of the outer shell, which are 
responsible for the deviation of the shape of the 
nuclear core from spherical symmetry. 

If I, are the projections of the total angular 
momentum operator on the three principal axes 
of the ellipsoid describing the shape of the nucleus, 
and j, the corresponding projections of the total 
angular momentum of the outer nucleon, then the 
nuclear Hamiltonian which conserves the total an- 
gular momentum of the nucleon can, in the adia- 
batic approximation (neglecting the operator of 
the kinetic energy corresponding to changes of 
B and y) be written in the form proposed by Bohr:? 
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1 2 (h— iy) hy 


H = 2? (8BB*y sin? (y — 2m / 3) 


ai Hy me Hint ’ 
Here the first term is the rotational Hamiltonian; 
Hp is the Hamiltonian of the outer nucleon; 
+V3siny (ji—i2)} 

is the Hamiltonian describing the interaction of the 
outer nucleon with the deformation of the nuclear 
surface. 

In the states with j= 2, Hint =0, and the ro- 
tational energy of the nucleus (without changes in 
the internal state) can be obtained from the eigen- 
values of the operator 


Hint = TB {cos ¥ Git) 


H, = (SBR)? D)(—i)?/sin'(y— FX). (11) 
r 


The wave function for the rotational state of the 
odd nucleus satisfying the symmetry conditions 
given by Bohr* (invariance of the nuclear shape 
under rotations of 180° about each of the axes 1, 

2, and 3) and corresponding to the total angular 
momentum I of the nucleus can be written in the 
form 


= 3) | jKQ) Ara, (1.2) 
K,Q 


where 


[TIKQ> = (AEE) eaDiyg + (— 1I¢-oDhy_,} (1-3) 


with 


Oo 0, a eee (1.4) 


The wave function go in (1.3) determines the 
state of the outer nucleon with total angular mo- 
mentum j and projection 2; Di are irreduc- 
ible representations of the three-dimensional ro- 
tation group, which depend on the Eulerian angles 
specifying the orientation of the principal axes in 
space; K is the projection of the total angular 
momentum on the third axis of the nucleus, and 
M is the projection of the total angular momen- 
tum on the z axis of the fixed system of coordi- 
nates. ‘ 

Using the known values of the matrix elements 
of the operator (1.1) with respect to the wave func- 
tions yg and of the quantities Bie. we can 
transform the Schrédinger equation 


Al Ss, DAW DON 


{H, — E(1)}%,=9 


to a system of linear, homogeneous, algebraic 
equations for the unknown coefficients Axg. The 
rotational energy E(1) corresponding to the total || 
angular momentum I of the nucleus is given by 
the secular equation for this system of equations. 

For I= we conclude from (1.4) that there 
exists only one state with K=Q = x. The wave 
function for this state, 


hy, = (8n?)—"2 {p1, D Mv, + p—1,D iy: 1) = } 


2 


satisfies the equation 
[H, —EC/2)] by, = 9, 


with E(3)=0. The function (1.5) therefore cor- 
responds to the ground state of the nucleus. The 
spin of the ground state is 3. 

For I= x, formula (1.4) gives two possibilities, 
K=0= and Q=3, K=-—%. The wave function 
(1.2) will then be a linear combination of the two 
functions 

| ®/2s */o» "Jes */2> = (2m)? {—y, Dif, -- 

| 3/5, Le ‘ims Wb. 1e> = (22)¢ {P1/, Dip 
The energy of the two rotational states belonging 
to the spin 4, measured in the units h?/B6?, is 
given by the formula 


&1,0 (3/2) = 9(1+V 1 — 8/, sin? 37) / 4 sin?3y. 
For I= vp the following values are possible 
K=Q=3*),; Q=%), K=—%e; Q='h, K = */, 


and the wave function (1.2) is then a linear com- 
bination of the three functions 

| */es */2s */a5 */2 > = (3/8) {~y, D Muy ait py, Dip yb 
ee 29 1p 29 —3/5, Dee == (3 / 8x?)'2 {1,, D* (hay. + Pt), Ds Heap} 


[5 9 / 2, 5/9, Te» = (3 i 81?) '/2 {1/, Diep aie p—y,D iF —/, a 


Pd 


p=y,DP 1,3 ? 


=o p_,Di¥ . 


(1.6) 


The energy of the three rotational levels with spin 
I=, is determined by the cubic equation 


-3 Qe2 
sin?3y 


9(9 + 2sin®3y) e 
4 sint3y 


3 (27 + sin? 3y) 


4 sin43y =O, 


The solutions to this equations for several values 
y are listed in Table I. 
In the same fashion one can show that the ener- 


TABLE I 
| 

y? | 0 | 5 | 40 | 45 | 20 | 25 | 30 

- | 
€1 (7/2) 4,000 1.018 1.074) 4.475 | 4.334 | 4.547 | 4.7038 
€> (5/2) co 65.94 16.78 | 7,682 | 4.525 | 3.181 | 2°646 
e(°/) | co 67.20 18.10 |02443. | 6 44ers) 1 Ges ules 

| 
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TABLE II 

eee eee ee ee ee ee 
gas | 0 5 10 20 25 30 

€1 (7/2) S008 3 384 Sod MoO) 3,954 4 0114 4,0 

2 (7/2) foe) Oved 18,10 Rs 6.10 4 923 Hats) 

€3 (7/2) ee) 68.54 19.42 10,62 8.066 7.802 Sen 

4 (7/2) 263.9 67.05 30,63 17.98 12-30 10,0 

€ (°/2) orooS 3,382 oo! 3.750 3,954 4 000 4,0 

E> (9/2) oe) 68 52 19,43 10.63 8,070 7,800 8.5 

€3 (°/2) foo) fOe25 Pa ea Ke) {2,42 9,757 9,23 9.0 

€4 (°/2) foe) 263 .6 66,92 30.64 18,00 APARGA0) 10.0 

€5 (9/2) foe) 266.0 68 .93 VAR aS) 20.0 LonO 18) 515) 


gies of the levels with spins Ue and WE are given 
by the solutions of equations of the fourth and fifth 
degree in ¢€, respectively. The solutions to these 
equations for several values y are listed in 
Table II. 

It follows from (1.6) and Tables I and II that 
for y=0 (axially symmetric nucleus) the ener- 
gies of the rotational levels coincide (up to an 
additive constant )* with the energy values given 
by the formula (in our units h?/Bf?) 


ee = Ye (I + 1)—(— 1) 4 Ye) + 8}, 


of Bohr and Mottelson (reference 6, p 22) for an 
axially symmetric nucleus, neglecting the nondiag- 
onal matrix elements and assuming that Q = K = 3. 

The energies of the levels with spins *4 and */, 
as well as those with spins 14 and *4, coincide for 
an axially symmetric nucleus. As y (i.e., the de- 
viation from axial symmetry) increases, the ener- 
gies of the levels of the axially symmetric nucleus 
are raised somewhat, while at the same time the 
remaining rotational energy levels with the same 
spin value come down from infinity. For y > 20° 
the energy spectrum becomes rather complicated. 
Several levels with the same spin value correspond 
to one and the same internal state. Before, these 
states belonged to different rotational bands. 

Figure 1 illustrates how the rotational states 
behave as y changes in the interval 10 to 30°. 

In Tables I and II we list the values of the rota- 
tional energy for various values y in the interval 
0, 1/6. The values of the rotational energy for 
values of y in the interval 1/6, 1/3 can be eas- 
ily obtained by noting that the equations (1.6) to 
(1.9) are invariant under the transformation y > y 
=71/3—-y. 

We therefore have the equation 


Ody) == 6 (Ugur if os h): 


- 


2. COMPARISON WITH EXPERIMENT 


Since we are employing a very idealized model 
(a core plus one outer nucleon in the state j = 3), 


*The rotational energies of the nucleus in the work of Bohr 
and Mottelson are not normalized to zero for the ground state. 


a ° 
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FIG. 1 


the results obtained can be applied only to a few 
nuclei with the spin $ in the ground state. The de- 
formed nucleus w!* apparently is such a nucleus. 
The right hand side of Fig. 2 represents the level 
scheme for this nucleus.’ We indicate the spins 
and (in parentheses) the ratio of each level energy 
of the first excited state of the nucleus (46.5 kev). 
The left hand side of Fig. 2 represents the theoret- 
ical level scheme calculated on the basis of the re- 
sults of the present paper with y = 27°. It is seen 
from the figure that the theory reproduces satis- 
factorily the energy levels and the corresponding 
spins. To get a fuller understanding of the agree- 
ment with theory, we shall calculate in a future 
paper the probabilities for electromagnetic tran- 


sitions between the rotational levels. Furthermore, 
7/2(98) 92(10) 
112(83) 
12, 24) 
—— 445) 9f2(68) 
Ho — 1, 9288) 
pany Ay 
cs apes 
2 (30) 
eee (23 lf 
hy =H) 
4x) == 7 
reesee’ 2 
wi /. 
FIG. 2 
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we shall extend the theory to the case where the 
outer nucleon is in states with an angular momen- 
tum j ~0. 

In conclusion I express my gratitude to G. I. 
Marchuk and A. I. Vaskin for the numerical solu- 
tion of the equations (1.7) to (1.9). 
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A method of quantization for half-integer spin fields is considered which is different from 
the usual one involving anticommutators and is consistent with the principle of relativistic 
causality, positive definiteness of the energy (for non-interacting fields), the Lagrangian 
formalism in Schwinger’s formulation,! and with invariance under TCP transformations.” 
The main difference between the proposed method and the usual one is that the maximal 


occupation number is two. 
1. INTRODUCTION 


Ir is a well-known fact that nonrelativistic quan- 
tum mechanics does not explain the connection be- 
tween spin and statistics. Moreover, the equations 
of nonrelativistic quantum mechanics admit of solu- 
tions which are neither completely symmetric nor 
completely antisymmetric, and which transform 
according to different irreducible representations 
of the permutation group if the particles are inter- 
changed. In the relativistic quantum theory, the 
existing methods of quantization lead to a unique 
connection between spin and statistics;? however, 
from the very beginning only two alternatives are 
considered in this case: either we quantize with 
commutators, or with anticommutators. In this 
connection it is of interest to investigate whether 
other possibilities, which are admissible in non- 
relativistic quantum mechanics, are consistent 
with the basic principles of the relativistic theory. 
In the present paper we consider, on the sim- 
plest example of the Dirac equation, the possibil- 
ity of constructing an algebra of operator wave 
functions with the following properties: it leads 
to a new statistics with the maximal occupation 
number two for each individual state,* and is at 
the same time consistent with the principle of 
relativistic causality, the positive definiteness 
of the energy (for non-interacting fields), and 
with the Lagrangian formalism. In setting up the 
Lagrangian formalism we make use of the varia- 
tional principle of Schwinger.! We show that this 
method of quantization is a consequence of the 
variational principle of Schwinger based on a 
class of admissible variations of the operator wave 


*This method of quantization can be generalized for the 
case of arbitrary maximal occupational numbers. 


function which is different from that used in the 
usual quantization scheme. 


2. THE CONDITION OF RELATIVISTIC CAUSAL- 
ITY 


The requirement of relativistic causality is usu- 
ally formulated as the condition that commutators 
of physical operators reduce to zero for points 
which are separated by a space-like interval (out- 
side the light cone). With the condition that oper- 
ators corresponding to measurable quantities are 
bilinear combinations of the operator wave func- 
tions (as in the case of half-integer spin fields ), 
the requirement of relativistic causality will be 
fulfilled if the commutators or anticommutators 
of the operator wave functions reduce to zero out- 
side the light cone. These are the only two cases 
usually considered. It is, however, possible to 
satisfy the requirement of relativistic causality 
using a different algebra for the operator wave 
functions. 

As an example, we consider the field satisfying 
the free Dirac equation, 


(¥u0/ 0X, + m)> = 0, (1) 
where Vu (u=1, 2, 3,4) are matrices defined 
by the relation Ypv + vp = 20yy 

We define the operator properties of the wave 
functions ~(x) and w(x) =w*(x) y, with the help 
of the commutation relations 


Da (x) be (x’) by (x") + by (x”) ) bp (x’) ba (x) = 0, 


a(x) Gp (x) Pa (20”) + dy (0°) Ge (X") a (2) 
pene Py bovhe n (i 
Gu (x) Dp (x") by (2) + dy (") Ge (") Ga (x) 
= — iSyp(x” — x')$a (2), (2) 
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where S(x) is the known commutator function* 


Sas (X) = — (10 / Oxu— m)apd (2), 
A (x) = i(2n)*\ cere (p) 8 (p® + m*) dip. (3) 


It follows from the properties of the function S (x) 
that the relations (2) are consistent with Eq. (1). 
We verify that all commutators of the form 

[Yay (x) YB (xX), Py (X') YG (x’)] are zero outside 
the light cone. For the proof we write the rela- 
tions (2) in the following compact form: 


ha (x) bp (X") by (X”) + by (%") bp (%') ba (*) 

= {ha (x), dp (X’)beby (%”) + (Py (%"), Ga (%’)}e Pal) (2°) 
where y~ now stands for the usual as well as the 
Dirac conjugate spinor, and the brackets with the 
index F are given by 


{da (x), be (x’)}r = — iSap (x — x’), 
{ha(x), dp (x')}r=0, (4) 


i.e., by the usual values for the anticommutators 
in the quantization according to Fermi-Dirac sta- 
tistics .* 

Using the relations (2’), we can transform this 
commutator to the form 


ha (X) p (x) by (2') bs (x") — by (%’) ds (X’) $a (*) be (); 
= — {ha (x), dis (x’) }r by (%’) dp (x) 
+ {b5(%), Pr (X)}r Pa (x) bs (¥’). 
It follows from the properties of the function S (x) 
that this expression is zero outside the light cone. 
It is easily shown that the commutators of phys- 


ical quantities also reduce to zero outside the light 
cone for commutation relations of the type 


Ya (x) be (x’) dy (x") + dy (X") dp (x’) be (x) 
= {a (x), be (x’) dy (2") + {hy ("); $e (X’) }F da (x) 
+ p {ha (x), by (x")} ede (x’); (5) 


tha (x) be (x’) by (x) — by (*") be (¥’) ha. (*) 
= {Pa (x), bp (x')brdy (x") — {hy (%"), bp (%’)}rha(x), — (6) 
where p is an arbitrary number. 

The commutation relations (5) have non-zero 
solutions only for p =0 and p=-1. In the last 
case the algebra for the operator wave functions 
corresponds to the usual method of quantization 
using anticommutators. 

The commutation relations (6) differ from the 
commutation relations (2’) by a change of sign. 
This difference (as in the case of commutators 
and anticommutators) leads to an energy for half- 
integer spin fields which is not positive definite. 


*We note that in this quantization scheme the anticommu- 


tator {y, (x), Wp (x'} Aly, &), vp (xe. 
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In principle, the relations (6) can be used for 
the quantization of fields with integer spin, with 
the requirement that the interaction Lagrangian 
contains an even number of field operators. 


3. MOMENTUM REPRESENTATION 


The algebra for the field operators is conven- 
iently realized in the momentum representation. 
We make the transition to the momentum repre- 
sentation by expanding the operator wave functions | 
and the commutator function S(x) into Fourier 


series:4 


2 
ba (x) = Vs DVD) {apr ut, (p) e'?* + BF uF (p)e—?*}, 
p=! 
2 
Dita,Fu (p)e#* + Ope 3 (p) em*}, (7) 


p r=1 


da (x) = V2 


+ 05 (P) of (P)e“™4, (8) 


where V is the normalization volume; the sum 

over r implies summation over the states with 
different polarization; ut, and v@ are constant 
spinors subject to the orthonormality conditions 


* Cy pte * = 
DOU oe 2 WO Coen 
a a 


Substituting the expansions (7) and (8) in (2), 
we obtain the following commutation relations for 
the operators a and b: 


Anat am aa Amat Ap = 041 Am os Smidks 

ayatat -+- atatay = Sgat, 

bpbt Om ae Ombt Op == Ser bm ae SmiOr, 

bpb for + bt bt by = 8x: bt, 

apd Om + Omat ar = 8x1 Om, 

bpb} Am S6 Amb} Op = Set am; (9) 
the indices k, 7, and m define the momentum 
and the polarization. 

All the remaining commutation relations of the 
same type, except those which derive from (9) by 
Hermitian conjugation, are equal to zero.* 

The operators corresponding to the basic phys- 


ical quantities can be simply expressed in terms 
of the operators Nj, = aya, —a,ay +1 [ef. Eqs. 


*With a, = %, + iB, and by =y, + id,, where a,, By, 
Yx, and 6, are Hermitian matrices, relations (9) go over into 
the Duffin-Kemmer relations. The algebra of the Duffin-Kemmer 
matrices for an arbitrary number of matrices was considered 
by Fujiwara.5 
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(17’) to (19’) below]. We show that this operator 
can be interpreted as the operator corresponding 
to the number of particles in the state k. 

To determine the eigenvalues of the operator 
N;,, we use the relation 


(aap — apa; )> = at ap — apart, (10) 


which is readily proven with the help of the com- 
mutation relations (9). It follows from formula 
(10) that the eigenvalues of the operator ajay, — 
aay are equal to —1, 0, or 1, i.e., the corre- 
sponding eigenvalues of the operator N,z are 
equal to 0, al) or 2. 

We consider the commutation relations of the 
operator N;, with the operators aj and aj: 
[at a, — apart, aj] 


= Gt apa; — a,a;F a, — ayafap + 0,0; . (11) 


From the relations (9) we have 
A Apa, + ayapat = ay, 


Apa; ay + QjA;t Ap = A, + Sip Ag. (12) 
Substituting (12) in (11), we obtain 
[NVe, Qi) = — 9x2 Qy. (13) 
Similarly, we have for the operator aj: 
[Nz, @F] = Seay. (14) 


The relations (13) and (14) are analogous to the 
corresponding relations in the usual quantization 
scheme. In particular, they imply that the oper- 
ators ay and aj, can be interpreted as the crea- 
tion and annihilation operators for particles in the 
state l. 

Indeed, if Y,,ny,... is the simultaneous eigen - 
vector of the operators N, (the operators N, 
commute with one another) with the eigenvalues 
ny, then apWn,,.., and ag%,,.., are also eigen- 
vectors of these operators, where the eigenvalue 
nx is lowered or raised by unity, respectively. 

We define the vacuum state as the state in which 
all occupation numbers ny, are equal to zero, i.e., 


(af ae — eae + 1) gsa=00): (15) 


It follows from the definition (15) and the rela- 
tions (13) and (14) that 
at) =0, apatt) =0 


(k= 1); 
apat¥, = Vo. (16) 


We can generate a complete set of basis vectors 
by successively acting on the vacuum vector with 


the creation operators aye 
Waa hats oe afar etc. 


We note that, in contrast to the quantization 
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scheme using anticommutators, we now have 

ajay Uy ~0; furthermore, basis vectors differing 

in the order of the operators ay can be independ- 
ent. For example, in the case of two particles the 
vectors ajaj¥, and ajajW) are independent; for 
three particles, we Bae the following independent 
vectors: 


ap aj fan¥y, Op Gay pee. anapat¥ , 


etc. This difference manifests itself in configura- 
tion space through the appearance of partially sym- 
metric wave functions. 

The commutation relations (9) together with the 
relations (16) permit the calculation of the result 
of operating with the operators a, and ay on an 
arbitrary basis vector; thus we can determine the 
explicit form of these operators in the represen- 
tation under consideration. 


4, OPERATORS CORRESPONDING TO PHYSICAL 
QUANTITIES 


The operators of energy, momentum, and charge 
for the free Dirac field are given by the following 
expressions, which are antisymmetric in the oper- 
ator wave functions: 


E=i\ (On 7-H Ud); (17) 
Psi ( (by.Vb — Vor7d) dV; (18) 
= €\ Grd — did) WV. (19) 


The conventional expression for the energy, 
momentum, and charge differ from the expressions 
(17) to (19) by the factor 3. This difference is con- 
nected with the normalizations of the commutation 
relations for the operator wave functions; it can be 
removed by changing the function S(x-x’) in the 
commutation relations to 2S (x—x’). 

In the momentum representation the operators 
of energy, momentum, and charge have the form 


E = >) |po| (@pr@pr — Apragr — Oprbir + Og: pr) 
pr 


pr 
P = D}p (Ggedpr — aprdipr — bprbpr + Bprb pr) 
pr 
= ep (NG NS); 18’) 
Ome ss (Gan — erage a bybit = b;-Dor) 
=e Di (Npr’ — Nor’), (19) 


pr 
where Ny and Np; are the number operators 
for particles and antiparticles. 


1110 


The infinite term 2 2|po | in expression (17) 
does not contain any operators and can therefore 
be omitted, as in the usual theory. As a result, 
the energy becomes a positive definite quantity. 
The spectrum of the operators E, P, and Q ad- 
mits of the usual interpretation in terms of the 
number of particles occupying the individual states, 
with the only difference that now the maximal oc- 
cupation number for each state is equal to two. 

We now consider the commutators of operators 
for physical quantities with the operator wave func- 


tions. From the relations (13) and (14) we have 
[E, b (x)] = — idh (x) / ot, 
[P, > (x)] = iVo (x), 
[Q, o(x)] = —$ (x). (20) 


The relations (20) give the usual connection be- 
tween the operators of energy, momentum, and 
charge and the infinitesimal canonical transfor - 
mations. Similar relations can also be obtained 
for other physical operators. 


5. THE VARIATIONAL PRINCIPLE OF 
SCHWINGER. TCP INVARIANCE 


The variational principle of Schwinger! con- 
tains the most consistent formulation of the basic 
postulates of the quantum theory of localized fields. 
We show that our method of quantization is con- 
tained in the variational principle of Schwinger as 
a special solution. 

Since the detailed exposition of Schwinger’s 
variational principle can be found in the litera- 
ture, we shall deal only with those aspects which 
change as we make the transition to our method 
of quantization. 

We take the Lagrangian in the form 


Si Gre Sees 

b= —Z[$otm go +9) 

4 On = Dil 
= yma bte tbo] tee, (21) 

stands for any arbitrary interaction terms. 

We shall assume that the terms describing the 

interaction are antisymmetrized with respect to 
the operator functions » and %. The class of 
admissible variations is restricted by the con- 
ditions 


a (X) Shp (x) Py (%) + dy (2) Be (x) ba (x) = 0; (22) 
Sha (x) (Pe () by (*) — dy (x) be (x) 
+ (by (4) ba ©) — be (2) by (%)) bbe (x) = 0. (23) 


where w(x) stands for the usual as well as the 
Dirac conjugate spinor. We shall see later on 
that we have to supplement the definition of the 
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class of admissible variations to obtain the com- 
mutation relations. 

Condition (23) is sufficient for the derivation 
of the equations of motion. Indeed, owing to the 
antisymmetry of the Lagrangian, condition (23) 
permits us to move the variations either com- 
pletely to the right or to the left, depending on 
whether the variation is in an even or an odd 
position in the formula. Again we see from the 
antisymmetry of the Lagrangian that the coeffi- 
cients of the variations standing to the left or to 
the right in the formula are equal, and can be set 
equal to zero simultaneously. 

To obtain the commutation relations, we con- 
sider the operators G(#~) and G(w#) which gen- 
erate an infinitesimal transformation of the func- 
tions ~(x) and #(x);} 


GY) = i\ dV Id), 122 I; (24) 
GG=—i\ V4, tO! (25) 


the time t is assumed to be the same in both op- 
erators and is not indicated explicitly. 

The commutators of G with ~ and y are 
equal to 


[p (x), G ()] = id} (x); (26) 
[d (x), G (b)] = i84 (x). (27) 


The other commutators are equal to zero. 
Substituting (24) in (26) and using (22), we find 


\av {hu (%') by (X) (*La)v0 8+, (X) 


t+ 8d (x) (Ta)ve by (X) du (X’)} = dd, (X’). (28) 
Hence 
du (X') dy (X) (Ya)ve8ho (X) + Bp (&) (Ya)vo By (X) hu (X’) 

= 8(x’ — x) dh, (x). (29) 


Analogous relations are obtained for the other 
commutators of G with ~ and J. 

The relations (29) further delimits the class of 
admissible variations. However, this delimitation 
is not sufficiently complete to obtain the commuta- 
tion relations in explicit form. 

We note that the more general relations of the 
type 


du () Py (X’) bbe (X”) ++ Behe (x”) dy (X") dy (X) 
= (Ya)uv 9 (X — x’) dd, (x”); (30) 
hu (X) By (X’) do (") + do (x”) Sy (x’) dy (x) = 0, (30’) 


are also valid. They are consistent with (22), (28), 
and (29). 
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Applying formula (30) to the relations 
[d(x b(%’), G HI = i$ (x) 86%’) (31) 


we obtain the following expression for the commu- 
tation relations: 


bu (&) by (X’) bo (X") + dp (X") dy (’) du (X) 


= (Ya)uv 8 (X — X’) de (K”) + (Ya)ovd (X” — X’) du (x) 
etc., in agreement with (2’). 

All other applications of the variational prin- 
ciple of Schwinger remain practically unaltered 
in changing the quantization method. 

In concluding this section, we note that our 
method of quantization preserves the TCP invari- 
ance.’ Indeed, the TCP invariance for the case 
of spin } fields is a consequence of the antisymmet- 
rization of the equations of motion with respect to 
the operator wave functions. But this antisymmet- 
rization also lies at the basis of our method of 
quantization. 


(32) 


TEA 


The author expresses his gratitude to A. I. 
Akhiezer, E. V. Inopin, I. M. Lifshitz, S. V. Pelet- 
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of the results of this paper. 
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CONCERNING RYBUSHKO’S WORK, ‘‘ON 
THE EQUATIONS OF MOTION OF ROTAT- 
ING MASSES IN THE GENERAL THEORY 
OF RELATIVITY”’ 


N.S. KALITSIN 
Sofia, Bulgaria 
Submitted to JETP editor September 26, 1958 


J. Exptl. Theoret. Phys. (U.S.S.R.) 36, 1567-1569 
(May, 1959) 


Ix a paper by Ryabushko,}! an attempt was made 
to get the equations of motion of a system of ro- 
tating bodies by Infeld’s method, that is by intro- 
ducing a Dirac 6 function into the energy-momen- 
tum tensor. For this, Ryabushko uses the well- 
known formula of Newtonian mechanics by which 
the velocity of an arbitrary point of a rigid body a 
is Va =Vqat+[Wg X¥q], where v, is the velocity 
of the center of mass, Wg the angular velocity of 
the body, and rg = r-a is the position vector 
drawn from the center of mass of the body to the 
point whose velocity is being determined. Rya- 
bushko proposes to replace the expression 

[Wag X Yq] in the case when the body a is re- 
stricted to a point by the expression 3[0, X Véa], 
where 0d, is a pseudovector and the operator V = 
ej9/8x; acts on the delta function 6g. The veloc- 
ity expression thus obtained is substituted into the 
energy-momentum tensor [Eq. (3.4)]. 

However, the pseudovector dg is a combination 
of the spatial components of the antisymmetric an- 
gular momentum 4-tensor SB, Consequently, 
Ryabushko supposes that the remaining compo- 
nents S” (i =1, 2, 3) are identically zero. This 
hypothesis, according to Corinaldesi and Papa- 
petrou,’ can be realized for a given particle a by 
the introduction of the center of mass coordinates 
of the particle. If we have a central body of large 
mass whose field is given by a Schwarzschild so- 
lution, for the motion of particles of infinitesimal 
mass in this field we can introduce the centers of 
mass of these particles relative to the stationary 
coordinate system. However, if we have only n 
particles without a central body, it is impossible 
to introduce uniquely their centers of mass (the 
components of the center of mass of one particle 
are not components of any 4-vector ). In this case, 
in the absence of a privileged coordinate system, 
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one must use the full angular momentum tensor 
s¢B, where S$ #0. Consequently, the energy- 
momentum tensor (3.4) in Ryabushko’s paper can- | 
not be correct. We shall show that even Rya- 
bushko’s equations of motion cannot be true. 

In reference 1 there is obtained a correction 
to the equations of motion in general relativity for | 
the case of rotating masses, which in the two-body | 
case has the form | 


| 
, 
} 
} | 
i} 


im ais 


Di, = {(a8 — 6S) [ogV (1 / ras), a’ — 2 (a8 — 65) 


xc[eu¥ (I rat), al + (2° — 69) [opV (I / ras) + (28* — a 


X [oaV (1 / ras), a]8 + quadratic terms in go. oy 


Gq and op are the Newtonian proper angular 
momenta of the bodies. The Latin indices i, k, 
s... take on the values 1, 2, 3 and refer only 
to the spatial coordinates. The relativistic equa- 
tions of the progressive motion of the a-th body 
is described by the form 


Mad! = (f Mate / fab)» qi + Es, aR De (2) 


where Fi is the correction to the Newtonian force 
in the second approximation of general relativity 
not counting the rotation of the bodies, as given by 
Einstein, Infeld, Fock, and others. 

According to Fock (reference 2, p. 359) that 
correction to the Lagrangian in the problem of 
two rotating bodies which depends on the rotations 
of the bodies and influences their motions has the 
form 


Leo = fe [maw 1 (36; — 44,) 


— myo? IP (34; — 46;)] (a; — 6) /|a— b |. (3) 


w@ is the antisymmetric angular velocity tensor 


of the a-th body, and Igy is the symmetric mo- 
ment of inertia tensor of the same body. The cor- 
rection to the equations of motion is given by the 
expression 
OLe / 0a; — (4 / dt) OLe / Od; = c* [frngo QI (36g — 44,) 

— fro @ IP (344 — 46,)] [3 /| a — bP 

— 3 (a — &) (a; + 8) /|a— b|*] 

+e (Afra DIP + 3fmoP1) ((a; — 6) /|a—b 

— 3(a;—)) (a; — 6;) (4; — by) /|a—b|]. (4) 


If each body has a spherically symmetric mass dis- 
tribution, we can put 


1? = es Gy. 


Formula (1) can be written in this case as 
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Da = (ftmamy /c?) {{(2 / ma) Io (368 — 248) 
+ (2/ mp) Iw (448 — 35)] |a — b | 
+ (2/14) 1 [3e?? (aj — b)) (as — bs) (as — bs) 
+ 30{§) (a; — bj) (a, — 6) (26; — 4s)]|a—b | 
+ (2 / mp) 1 [— Gof?) (aj — 8) (as — 6) (ds — b,) 
+ 30s) (24, — 6.) (a; — &)) (a; — 6) |a— bf 5). (6) 


As is easily verified, formulas (4) and (6) under 
conditions (5) only coincide if o, = 0, bg =0 (a 
case considered by Lense and Thirring, Das, and 
the author, giving the motion of a satellite of small 
mass around a rotating central body). In the gen- 
eral case (4) and (6) do not coincide. Consequently 
Ryabushko’s assertionin reference 1 that for spher- 
ically symmetric bodies the first members of (1) 
coincide with the results of Fock? is therefore in- 
correct. 

Formula (1) cannot be correct even under the 
following considerations: Di from (1) and (6) can 
be got from Lagrange’s equation 


Di, = OL / 0a; —(d/ dt) OLe / 04; (7) 


with a correction to the Lagrangian because of the 
rotation of the bodies 


Lig = fer? [maw IF (26; — 44;) 
+ myoP IP (24; — 46)] (a; — 6) /|a—b (8) 


using condition (5). It is easily verified that, under 
the interchange of a and b, Lw goes over to 

- Ls This fact contradicts the requirement that 
the correction to the Lagrangian, just like the full 
Lagrangian, must be invariant under the inter- 
change of the two bodies; Fock’s correction to the 
Lagrangian obviously satisfies this requirement. 


1a. P. Ryabushko, J. Exptl. Theoret. Phys. 
(U.S.S.R.) 33, 1387 (1957) Soviet Phys. JETP 6, 
1067 (1958). 

2%. Corinaldesi and A. Papapetrou, Proc. Roy. 
Soc. (London) A209, 259 (1951). 

37, A. Fock, Teopua npoctpancTsa BpeMeHn x 


TaroreHua, (Theory of Space, Time, and Gravitation), 


Gostekhizdat, 1955. 

43. Lense and H. Thirring, Physik. Z. 19, 156 
(1918). 

5A, Das, Progr. Theoret. Phys. Japan 17, 373 
(1957). j 

6N. Kalitzin, Nuovo cimento 9, 365 (1958). 
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ON THE DEPTH OF THE POTENTIAL 
WELL FOR A PARTICLES IN HEAVY 
HYPERNUCLEI 


V. A. FILIMONOV 
Tomsk Polytechnical Institute 
Submitted to JETP editor November 15, 1958 


J. Exptl. Theoret. Phys. (U.S.S.R.) 36, 1569-1570 
(May, 1959) 


Ves energy of the A particles in heavy hypernu- 
clei, together with the binding energies of the light 
hypernuclei, imposes certain restrictions on the 
A -nucleon potential. The A particles in heavy 
hypernuclei can be regarded as moving in a square 
potential well whose depth is determined by the 
interaction of the A particle with the nucleons.!/? 
The author and Lyul’ka®** considered A -nucleon 
potentials derived from meson theory. In order 
to avoid singularities at small distances, the 
momenta of the virtual mesons had to be cut off. 
These potentials yield the correct dependence of 
the binding energy Ba, on the number of particles 
in light hypernuclei. They lead to a stronger inter- 
action of the A -nucleon pair in the singlet state, 
which is in agreement with the value zero for the 
spin of AH as estimated from the ratio of the 
number of mesonic and non-mesonic decays.-In 
the present note we make an estimate of the po- 
tential energy of the interaction of A particles 
in nuclear matter on the basis of the potentials 
obtained in references 3 and 4. In estimating the 
potential energy the nucleons in the nuclear mat- 
ter were regarded as an incompressible degen- 
erate Fermi gas. We carried out calculations 
for two values of the nuclear matter density, 
given by the radii R= 1.2A'/x 10718 and R= 
1.4A¥3 x 1078, The actual density lies appar- 
ently somewhere between these limits.° 

In the table we given the values of the poten- 
tial energy of A particles in nuclear matter, 
utK, y27™ uK™ and u?5, for A -nucleon po- 
tentials corresponding to the exchange of a single 
K, two a, a K anda 7m, andtwo K mesons, 
respectively. We also list the total potential en- 
ergy U (all values are in Mev). In computing 
these values we assumed two types of coupling 
between the K mesons and the baryons: the 
scalar and the pseudoscalar coupling. The coup- 
ling between the baryons and the mesons was 
assumed to be pseudovector with the coupling 
constant f* = 0.08. We used a rectangular cut-off 
with kp = 6u,. The resulting potential energy U 


1114 LETTERS TOMDH Ee Diet Or «| 
R =1.4 A’/s-40-18 R =1.2 A’/s-10-¥ 
SBaryor cenpene ytK| yan | yKe| y2K} y | utK | ue | uke | uk] u 
Pseudoscalar, 44 | —50 | +22 | —20 |—47| +3 | —78 | +34 | —32 |—73 
shite gh = gh=i.t |4+417| —50 | +25 | —24 |-29] +25 | —78 | +39 | —33 |—47 
Scalar, g% =3g2—=1.1 |+17| —50 | +17 | —10 |--26] +25 | —78 | +26 | —16 |—48 


is negative, guaranteeing a bound state for the A 
particle. The data in the table give information 
on the size of the contributions from the various 
processes to the potential energy of the A par- 
ticle. In view of the exchange character of the 1K 
and Kz mesonic potentials, these make the inter- 
action of the A particles with the nuclear matter 
nonlocal. However, in the approximation of “zero 
interaction range,” we can also in this case intro- 
duce an effective potential for the A particles in 
the nucleus. The data of the table were obtained 
in this approximation. Owing to the effects of the 
Pauli principle in the system of nucleons, the con- 
tributions to the potential energy from the ex- 
change-type 1K and Km forces are strongly 
suppressed. They are positive and have about 

the same absolute value as the contributions from 
the 2K forces. 

The uncertainties in the experimental binding 
energies for A particles in heavy hypernuclei 
are quite large, and it is therefore impossible to 
obtain from them any accurate information about 
the well depth. Apparently, the depth should be 
20 to 30 Mev for 10 < A < 20. The depth of the 
square potential well in hyperfragments with 
A<10 is about 20 Mev. The estimates of Dalitz 
and Downs' indicate that the well depth in heavy 
hypernuclei can be 29 to 38 Mev. The compari- 
son of these data with those of the table shows 
that the scalar variant is not in disagreement 
with these data, while the pseudoscalar variant 
gives too high values for the depth, using our 
assumed values for the coupling constants. 

Since there are at present no accurate experi- 
mental data on the binding energies of heavy hy- 
pernuclei, it is not possible to make a detailed 
comparison. 

The author thanks Prof. D. D. Ivanenko for his 
support in the completion of this work. 
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ON THE AXIAL ASYMMETRY OF ATOMIC 
NUCLEI 
D. A. ZAIKIN 


P. N. Lebedev Physics Institute, Academy of 
Sciences, U.S.S.R. 


Submitted to JETP editor November 26, 1958 


J. Exptl. Theoret. Phys. (U.S.S.R.) 36, 1570-1571 
(May, 1959) 


To investigate the equilibrium shape of atomic 
nuclei, we considered previously! the behavior of 
nucleons in an infinite ellipsoidal square well with 
Semi-axeS axYo, ayly, and azry. This was done 
by means of a coordinate transformation which 
transforms the ellipsoid into a sphere of radius 

ry. In the new coordinates the kinetic-energy op- 
erator of the nucleons has two parts, —f?/2MA 
and V. The second part, (ie can be expanded into 
a series in powers of the deformation with a linear 
leading term. It is convenient to choose as the de- 
formation parameters p and y which are con- 
nected with the semi-axes by the relations 


a, +a,'—2=pcosy, ay'—a,'=V3psiny. (1) 


It is easy to see that y coincides with the param- 
eter y introduced by Bohr,? and p is in first or- 
der proportional? to B: p® (5/41) V2 B. The pa- 

rameters q@ and 6 of reference 1 are connected 
with p and y by the relations 


$= —V8psiny. (2) . 


Considering p, and consequently V, to be small 


% = pcos x, 
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the problem can be treated by perturbation meth- 
ods. The degeneracy in the quantum number m 
is already fully lifted in the first order (see ref- 
erence 1). The nucleon states now can be classi- 
fied by the quantum numbers n, J, |m|, and w, 
where w is the parity with respect to reflections 
in the (x, z) plane. The meaning of the other 
quantum numbers can be easily explained by go- 
ing to the limits of axial symmetry and spherical 
symmetry. 

The energies of the levels as a function of p 
and y was calculated up to and including quadratic 
terms for s, p, d, and f states. Thus, for 
states with 1=3 and m=1 the energy is given 
by 


Ensix = Ens {1 Sn = p [si (+= +1) 


12 cosy = V3 sin y : ™ 
! + (5 +4 sin®( ) 
Vice Gey Tt =1 


__ _44sin® (x /6 + 7) — 85 sin (x / 6 + 7) De 
V1 + 4 cos? (x/6+7) iS 


: 77 ( 103 + 60sin® (= =t) 


et aE) psi), re) 
V1-+ 4cos® (x /6 + 7) 
where 2 
FE abe ne. 
« 2Mr? ’ 
pecs) 203) + 1 i 
m= \Ve2ULH+1F 8G) F IP’ 


My] is the n-th root of the spherical Bessel func- 
tion jj7(x). For the axially symmetric (y= 0) 
case these expressions go over into Moszkowski’s 
expressions.° 

Numerical evaluations of the energy were per- 
formed for different configurations. They show 
that for the case of a few particles above the 
closed shell, beginning with three, the minimum 
of the energy can correspond to an axially non- 
symmetric shape of the nucleus. So, for example, 
the configuration (1s)® (1p)® (1d)‘ of one 
nucleon kind, corresponding to the nucleus Mg”4 
the minimum of the energy occurs at PB © 0.3, 

y 7°: for the configuration (1s)? (1p)® (1d)" 
(2'8))? Gineye corresponding to Ti‘*, it occurs at 
B=-0,2, y ~ 5°. 

In this one has to keep in mind the rough char- 
acter of the utilized model and the slow converg- 
ence of the perturbation series (this is particu- 
larly so for values of y close to zero and for 
small m). Therefore the obtained results can by 
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no means aspire to be in agreement with experi- 
ment. However, it follows from the above that 
the independent particle model in its simplest 
form contains the possibility of deviations of 

the nuclear equilibrium shape from axial sym- 
metry. This result is in agreement with the re- 
sults of similar calculations of Gursky* and 
Geflikman’ for the oscillator potential. Analo- 
gous results have been obtained for the unified 
model by Davydov and Filippov.® 
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A POSSIBLE METHOD FOR THE DETER- 
MINATION OF THE DIRECTION OF PO- 
LARIZATION OF yw- MESONS 
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J. Exptl. Theoret. Phys. (U.S.S.R.) 36, 1572 
(May, 1959) 


Ir is well known!”? that the law of lepton conser- 
vation will be completely verified only when it is 
shown experimentally that ~ mesons produced 
in the decay of m mesons are longitudinally polar- 
ized in the direction of their motion. Dolginov?® 
suggested the use, for this purpose, of the angular 
distribution of circularly polarized y rays emit- 
ted in the 2p — 1s transition in mesic atoms. 

In the first order effect (2p — 1s transition ) 
the expression for the angular distribution (see, 
e.g., reference 4) naturally depends on the degree 
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of polarization P of the u~ meson prior to the 
transition under study. However in reality, no 
such isolated transitions take place in the p- 
mesic atom. Previous transitions® lead to a de- 
polarization of the »~ mesons and therefore the 
formula given in reference 4 cannot be used for 
comparison with experiment. A calculation will 
show that it is also incorrect to take for P the 
residual degree of polarization in the 2p or 3d 
levels. Consequently it is necessary to consider 
the whole effect at once, as was done for example 
in the depolarization calculation.® 

The mesic atom is formed by capture, from 
the continuum, of a uw” meson with orbital angular 
momentum Jy. Thereafter, by successive emis- 
sions of Auger electrons and y rays (the latter 
transitions are important since they proceed for 
low 1), the « meson cascades down to a level 
l, from which it proceeds to the level J) by 
emission of a circularly polarized y ray. In 
such a process the angular distribution of the cir- 
cularly polarized y rays is given by 


We =14 [34 (4 + DI-% 


ly 
4l2 —§ 
> war 


f=1,+1 


x fh 


1) (2h —1)1 
— Of Fi (Moh) Po cos 9, (1) 


(2ly + 3) (ly + 4) 
iy +t 


where @ is the angle between the direction of 
emission of the circularly polarized y ray-and 
the direction of motion of the « meson prior to 
capture into the orbit ly (i.e., the direction of 
the beam); Py) is the degree of the polarization 
of the mesons in the beam; and 7 and F, are 
given in references 4 and 6.* The expression (1) 
was derived assuming a descending cascade lj = 
+i-1 (i=1,...N). Corrections due to other 
channels are negligible.® 

Setting Jy =14, 2;=1, l)=0 in expression 
(1) we obtain 


W = 1 —0.102tP) cos 9. (2) 


Equation (2) gives the required angular distribution 
of circularly polarized y rays ina 2p—41s tran- 
sition in a ~-mesic atom. 


*In reference 4 t,, t, should be replaced everywhere by 
oe 
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DEPENDENCE OF THE ANGULAR ANISO- 
TROPY OF FISSION ON THE NUCLEAR 
STRUCTURE 


A. N. PROTOPOPOV and V. P. EISMONT 
Submitted to JETP editor December 29, 1958 
J. Exptl. Theoret. Phys. (U.S.S.R.) 36, 1573-1574 | 


Tae recently -obtained experimental data on the 
angular distribution of the fragments in the fission 
of various heavy nuclei induced by particles of 10 
—40 Mev made it possible to conclude!“ that a 
connection exists between the degree of anisotropy 
of the angular distribution o(0°)/a (90°) and the 
parameter Z?/A of the nucleus undergoing fission. 
This connection is characterized by a decrease of 
the degree of anisotropy with increasing value of 
the parameter Z7/A. 

A thermodynamical interpretation of this rela- 
tion is attempted in the present work.* It is as- 
sumed that, for a sufficiently large excitation of 
the compound nucleus, the ratio of the cross sec- 
tion for fission at the angles of 0° and 90° to the 
direction of the incident particle varies qualita- 
tively from nucleus to nucleus according to the 
known expression of statistical mechanics for the 
ratio of velocities of two competing processes: 


3 (0°) /o (90°) ~ exp(AE/T), 


where AE is the difference of the activation en- 
ergy of fission parallel and perpendicular to the 
beam, arising as a result of an interaction of in- 
cident particles with the target nucleus, and T 

is the temperature of the nucleus in the state of 
critical deformation. There are reasons for as- 
suming that, for the nuclei considered below (far 
away from the nearest magic nucleus Pb2% eees 
is independent of the structure of the target nucleus,. 
but probably depends on the properties of the nu- 
cleus and particularly on its parameter Z2/A, de- 
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termining the cooling of the nucleus of the nucleus 
undergoing fission due to the evaporation of neu- 
trons before the fission and to the loss of energy 
needed for producing the critical deformation. It 
seems probable that the last fact may be one of 
the causes of the dependence of the anisotropy on 
the structure of the nucleus. 

In connection with the above, the temperature 
of various nuclei before fission, which is related 
to the excitation energy E by the expression? 

T =2(E/a)/? (where a =3.4(A—40)¥/2 Mev-!) 
was estimated. The effective excitation energy of 
a nucleus undergoing fission differs from the ex- 
citation energy of the compound nucleus (equal to 
the sum of the kinetic energy of the particle E, 
and its binding energy Ep) by the value of the en- 
ergy carried away by neutrons evaporated before 
fission Eg, and the energy lost for producing the 
critical deformation Eg: 


E=EF,+E,-Eey—Ea. 


According to the Hurwitz-Bethe hypothesis,° 
the energy E should be measured not from the 
ground state of the excited nucleus but from a 
certain characteristic level which is not influenced 
by the odd-even effects of protons and neutrons and 
the effect of filled shells. Therefore, in the deter- 
mination of E, we used not the real values of Ep 
and Kg but the values calculated by formulae de- 
duced from the liquid-drop model, neglecting the 
terms which take the effects of parity and shells 
into account. To determine the energy Ef, itis 
necessary to know the number of neutrons emitted 
by the excited compound nucleus before attaining 
the critical deformation stage. The estimate of 
the number of neutrons evaporated before the fis- 
sion was based on the calculated relative probabil- 
ities of neutron emission and of fission. 

The temperature of nuclei and the state of crit- 
ical deformation were determined in the above way 
for the fission of Th?®?, U288, p23, Nps? py28? 
and Am*4! induced by neutrons with energies from 
14.3 to 14.8 Mev. Using the data of the references 
1, 2, and 4, we plotted the dependence of In [a (0°)/ 
7 (90°)] on 1/T, as shown in the figure. The fact 
that the experimental data on the anisotropy fall on 
a straight line (within the limits of errors) indi- 
cates that o(0°)/a (90°) really varies from nu- 
cleus to nucleus as exp(AE/T), for AE =con- 
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Wn[6(0°)/0 (909) 


5) 
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stant, and that T=f(Z?/A). It seems therefore 
probable that the observed decrease of anisotropy 
with increasing parameter Z?/A is, to a certain 
degree, connected with the fact that the tempera- 
ture of a nucleus before fission increases with in- 
creasing parameter Z?/A and, consequently, that 
the particles incident in the parallel direction are 
less important as a factor inducing fission. 


*After concluding this work, the author became aware of 
the paper of Halpern and Strutinskii, presented at the Second 
International Conference on the Peaceful Use of Atomic Energy 
(Geneva, September 1958, Paper P/1513). On the basis of the 
theory on the angular anisotropy of the fission presented there, 
the authors gave an explanation of the dependence of the ani- 
sotropy of the structure of the nucleus which, in certain re- 
spects, is similar to the one given here. 
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DIRECT INTERACTION IN REACTIONS Under the above assumptions, the differential 1] 
WITH EMISSION OF TWO NUCLEONS cross section for the process under consideration 
can be written in the form 
V. V. KOMAROV and A. M. POPOVA iW jo ee ; ‘i a | 
Nuclear Physics Institute, Moscow State dQ (20h)? ky, (280 + 1) (2/1 + 1) 1 
a where My and Mgn are the reduced masses of the FF 
Submitted to JETP editor December 12, 1958 incident nucleon and the system of two nucleons, 


ky, is the momentum of the incident nucleon, Kyy 
is the momentum of the c.m.s. of the two nucleons, 
S) is the spin of the incident nucleon, J; is the 
total moment of the original nucleus, |I|* is the 
square of the matrix element summed over all 
final states, and 


J. Exptl. Theoret. Phys. (U.S.S.R.) 86, 1574-1576 
(May, 1959) 


Ln collisions of a nucleon having an energy larger 
than 10 Mev with a nucleus, a direct interaction of 
the incident nucleon with one of the nucleons of the 


nucleus is possible, which leads to the emission of L2V AC eh Saale 
both nucleons. This process was found ak tet knSo|Vnom |i, tgLaSadal'ss KenfanSen>> (2) 
tally, e.g., in reactions (n, 2n), (p, p’n)°*” and 
others. The angular distribution for one of the where index 1 refers to the original nucleus, index 
produced nucleons and the total cross section for 2 to the final nucleus, Syn is the spin of the system 
such processes were calculated by Austern et al.? of the two nucleons, and T is the isotopic spin. 
and Mamasakhlisov,! who assumed the wave func- The wave function of nucleon n, is separated 
tions of nucleons produced by the reactions to be from the wave function of the initial nucleus by 
plane. means of the parentage and the Clebsch-Gordan 

We consider here the momentum angular dis- coefficients. The summation over the magnetic 


tribution of the c.m.s. of the two nucleons produced numbers of the final state is carried out by a 
in a direct interaction of an incident nucleon with a method similar to that of reference 6. For the 


nucleon of the nucleus in reactions of the type case En) = 20 Mev, the basic contribution to the 
(a2). (p, 2p ye" (ni n’p); (p, p’n). “rhe calcu- differential cross section will be due only to the 
lation was carried out under the following assump- s wave in the partial-wave expansion of the wave 
tions: The wave function of the incident nucleon function of the relative motion of the two emitted 
(ny) is assumed to be plane. The wave function nucleons. From the Pauli principle, the spin 

of the nucleon (n,) inside the nucleus with which function should be antisymmetric and so, = 0 for 
the incident nucleon interacts is based on the shell two identical nucleons produced, e.g., as a result 
model, assuming LS coupling. The interaction be- of the reactions (n, 2n) and (p, 2p). For an 


tween nucleons Vnon, is taken in the form of a rec- event for which two different nucleons are emitted, 
tangular well with radius py, while won, the wave Sen may be 0 and 1; consequently, in constructing 


function of the system of two nucleons which takes the angular distribution, one has to take into ac- 
into account the interaction of nucleons in the final count two possible spin states. After integrating 
state for p> py, is assumed to be of the form? the matrix element over the variables of the final 


nucleus rn, and p, the square of the matrix ele- 
ment will be a function of ky. For a given angle 


Yin = exp (ie) + ap" exp (— fp), 


where f is the wave vector of the relative motion between key and Kyo, the value of ky, is related 
of the nucleon ny and the nucleon n,, and a= to the value of the momentum of the recoil nucleus: 
—(qa@-if) is the scattering length [a = (Meh72)1/ “. by the conservation of momentum law. Consequently, 
where e is the interaction energy of the two nu- the square of the matrix element must be integrated 
cleons ]. Inside the interaction region (p < po) over the whole range of variation of kj, with the 
the radial part of the wave function of the system kinetic energy of the residual nucleus. 

of two nucleons is of the form ye = Ap! sin k’p, The curves of the angular distribution of the 
where k’ is the wave vector with respect to the vector ky, for the reaction Be? (n, 2n) Be® were 
motion of ny and n, inside the potential well. calculated numerically. The following data were 

A and k’ are determined from the junction of used in the calculation: En, = 14 Mev, the excita- 
the functions yn and pie) at the point p = pp. tion energy of the Be® nucleus equal to 2.9 Mev, 
The interaction of emitted nucleons with the resid- and «€ =70 kev. The integration was carried out 


ual nucleus is neglected. over a range of variation of the kinetic energy of 
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FIG. 1 


Be® from 0.5 to 2 Mev. The calculated curves of 
the angular distribution k,, for p=1%x10% cm 
(curve 1) and p= 2.8x107'% cm (curve 2) are 


shown in Fig. 1. The histogram of the angular dis- 


tribution of the vector kj, obtained experimen- 
tally by using nuclear emulsions,’ where the re- 
action was identified by the particle tracks pro- 
duced as a result of the decay of the Ne® nucleon, 
is shown in Fig. 2. The peak for small angles was 
not found in the experiment. This may possibly be 


explained by the fact that we probably omitted those 


stars, in which ky is directed forward with re- 
spect to the direction of the incident neutrons and 
the kinetic energy of the Be® nucleus is smaller 
than 1 Mev, i.e., when the tracks of a@ particles 
produced in the decay of Be® are difficult to ob- 
serve in the emulsion. If one constructs the theo- 
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ON THE INFLUENCE OF THE ISOBARIC 


retical curve of the angular distribution of the vec- 
tor key for the variation of the kinetical energy of 
Be® in the range 1 to 2 Mev, then the peak for smail 


STATE OF A NUCLEON ON THE ELECTRON- 
NEUTRON INTERACTION 


angles disappears (see Fig. 2, solid curve) and an 
approximate agreement between the experimental 
histogram and the calculated curve can be seen 
(curve for py = 2.8 x 107 cm). 
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FIG. 2 


Numerical calculations of the angular distribu- 
tion of an event in which a bound bi-neutron is 
emitted yield the usual Butler-type curve with a 
sharp maximum at 0°, and with first minimum at 
30°. Evidently, this curve cannot be compared 
with the histogram since, as has been shown 
above, it is difficult to observe in the emulsion 
events with emission of two neutrons in the for- 


ward direction. 
In conclusion, the authors would like to express 
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J. Exptl. Theoret. Phys. (U.S.S.R.) 36, 1577-1578 
(May, 1959) 


Ir is well known that the experimentally -found 
large value of the electromagnetic radius of the 
proton on one hand, and the very small depth of 
the well of the electrostatic electron-neutron in- 
teraction on the other, lead to considerable diffi- 
culties in interpretation of these data. 

Since it would have been very undesirable to 
abandon the idea of charge independence of strong 
interactions, the assumption has been proposed 
that the usual electrodynamics ceases to be cor- 
rect at distances of the order of 107!4 cm. It 
could then be understood why large electromag- 
netic dimensions are observed for a proton for a 
small depth of the well v{S) of the electrostatic 
e-n interaction without abandoning the charge in- 
dependence of meson-nucleon interactions. 
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However, the theoretical explanation of the ob- 
served value of V{*? is, in itself, rather difficult. 
It is known that the relativistic pseudo-scalar the- 
ory in the lower order cannot give a reasonable 
value of V{§S) from the constant of the N-m inter- 
action. This result is obviously not unexpected 
since perturbation-theory calculations are simply 
not applicable in this region. In connection with 
the above, one has to bear in mind that in this 
order of perturbation theory one obtains a wrong 
value of the ratio of the magnetic moments of the 
neutron and the proton. It is true that the relativ- 
istic theory with cut-off* enables us to attain a cer- 
tain improvement in the value of the ratio p/p, 
but in that case, V{5)(Nm) = (f2/47) 46.3 kev, and 
for f*/4mr =0.08 the depth of the well is found to 
be equal to 3.7 kev, which is even worse than the 
result obtained in the relativistic theory without 
cut-off. 

The success of the semi-phenomenological iso- 
baric theory‘ ° is well known. This theory de- 
scribes sufficiently accurately a rather wide range 
of effects connected with meson-nucleon interac- 
tions. This can be explained by the fact that the 
isobaric theory is based on the certainly correct 
assumption of a very strong interaction of the 
meson-nucleon system in the state T=J= acs It 
should be noted that with the isobaric theory one 
can obtain satisfactory values of the anomalous 
magnetic moments of the nucleons.’ An attempt 
has been made®»® to take the influence of multi- 
meson states on the electron-neutron interaction 
into account, and it was found that the effect is 
qualitatively favorable. The authors made an es- 
sentially similar attempt of a fuller explanation of 
the characteristic features of meson-nucleon inter- 
actions, and in particular of the resonance charac- 
ter of the interaction in the state with T=J=%. 

In view of the above, one can expect that, in 
calculations using a Hamiltonian containing a term 
corresponding to the excitation of the nucleon iso- 
bar with T=J=%, one can reduce the present 
discrepancy between the observed and theoretical 
values of VS). 

To estimate the influence of isobaric states on 
the electro-magnetic radius of the nucleon, the 
triangular diagrams without fermionic pairs were 
considered, and the motion of the isobar was neg- 
lected in the operator of the spin projection. It 
was assumed that the nucleon and the isobar have 
opposite internal parities, i.e., the Hamiltonian 
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describing the excitation of the isobaric stateis _ 
given by the formula | 


Hin = (F /) (PT ah Oa / OX, + OTE YE OG. / Oxy), 


(1) | 


i] 
where Wy, is the spin vector corresponding to the } 
particle with spin os and the four-row matrices 1 
Tq take care of the isotopic invariance of the in- | 
teraction. 

As a result of the calculations of the above dia- | 
grams, one obtains the following expression for the | 
mean-square electric radius of the nucleon, result— 
ing from the presence of isobaric states: | 


(2) 


where the momenta of virtual particles are cut off | 
at a value of the order of the nucleonic mass. The 
depth of the electrostatic e-n well is 


12) = (F? / 4nM3) [0,8 — 12.2r2], 


) (In) = — 149M? <r?) Ikev. 


Comparing this with the result obtained in the 
usual pseudo-scalar theory with cut-off and putting © 
F*/4m = 0.15, we have for the resulting well depth | | 


Vi ~1 kev, 


which is much better than the former value. For 
the same selection of free parameters, one obvi- 
ously cannot expect very good values of magnetic 
moments. Keeping in mind the approximate nature 
of the calculation, the numerical results given are © 
only to be considered as qualitative. | 
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COMMENTS ON THE COVARIANTS IN THE 
BETA-DECAY INTERACTION 
B. N. VALUEV 
Joint Institute for Nuclear Research 
Submitted to JETP editor January 10, 1959 
J. Exptl. Theoret. Phys. (U.S.S.R.) 36, 1578-1580 
(May, 1959) 


Iw the description of weak interactions, in partic- 
ular the 6 -decay interaction, for which the inter- 
action Hamiltonian density is 


= 2) Hi = Di gi (b,OAn) (8:0: (1 + vfs) 4) + Herm. conj. 


t= 5, V, 1, AP; (1) 


only first order perturbation theory is normally 
used. This is justified by the weakness of the in- 
teraction, i.e., by the smallness of the dimension- 
less expansion parameter 8 = gK?/(27)? ifa 
momentum cut-off K is introduced (h=c=1). 
This condition is satisfied if ry = 1/K ~ 1/m, or 
~1/my (m7 and my are the 7 meson and nu- 
cleon masses respectively) for g~ 10 ** em?. 
However it is conceivable that shorter distances 
are relevant! for weak interactions, i.e., higher 
order corrections may have to be taken into ac- 


- count.* (This question was first discussed for 


the B-decay interaction by Heisenberg.’) 

Polubarinov’ investigated n-p scattering due 
to an interaction of the form (pp) (nn) and found 
that the inclusion of higher order approximations 
substantially modified the results of the first order 
approximation. 

In this note we consider the effect of higher 
order approximations to interaction (1) on the 6 
decay of the neutron and show that for certain 
interaction covariants the form of the matrix ele- 
ment does not change from that given by first order 
perturbation theory. This statement is also valid 
for all other processes which are allowed by the 
first order approximation to H’, e.g., p+p— 
n+e*, provided that one also takes into account 
the interaction (pn) (uv) for the indicated proc- 
esses, taken in the same form as (1). 

Let us assume that K >mwy, since for K~ 
mn the contribution of higher order terms is 
small for a conventional value of g. This con- 
dition, together with the assumption that the en- 
ergy of the particles in the center of mass system 
is «< K, permits one to ignore logarithmically di- 
vergent terms in the integrals compared to quad- 
ratically divergent ones. For example, in a typical 
integral 
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( Sp {{éy (9 + p/ 2) — mi] 0; UE OE) reno 
(q+ p/2)? + mi]l(q — p/2)? + m3] 


we can ignore the term proportional to mm). 
Hence the S-matrix will not contain any terms 
with a linear dependence on the mass of any par- 
ticle. This fact makes it possible to show that 
the S matrix for the B decay of the neutron, in 
the case of interest to us when only a single co- 
variant j is involved (H’ = Hj), will have the 
form 


SO = gj X G1 (b,0ihn) ($eOi (1 + AV 45) $s), (2) 


where gy, A{)) are scalar functions of |g; |?, 
A;, K and the invariants formed from the 4- 
momenta of the particles (they depend on | gj [4 
because for the processes under study only odd 
approximations to H’ are relevant); %n, wp, 
etec., are the field operators in the interaction 
representation. 
Let us introduce the transformation 


dp— sha» Pn Toba, Mp—>— Mp, Mz—>— Mn, 
Bi Fiji, Hj, (3) 
do—>— bn C4 
i> — Rigi, 4g dj. (4) 


dn—>C dy, Mp — Mny 


Mn =Mp; €j and kj are determined from the re- 
lations V5OjV5 = — €jOj and C™ 'OjC = = — kjOF. The 
superscript T denotes transposition of spinor in- 
dices. The transformations (3) and (4) leave the 
interaction Hamiltonian and the commutation rela- 
tions invariant and should not change the form of 
Ss). (The free field Lagrangian may be written 
in a form invariant under (3) and (4).) It therefore 
follows that for j= V, T, A in the sum (2) only 
the one term with g$J? survives. For j=S both 
© and One may be different from zero. An 
estimate of the “admixture” os using perturba- 
tion theory gives zero in third order and gS) < 
0.01 2) in fifth order. The situation is anaes 
gous foe ips 

ff Aj =+1 then it follows from the invariance 
of the S matrix under the transformation %, — 
+y5~, that Aj =+1 respectively. 

In the case ‘of the V-A interaction! it is easy 
to show, using relation (2) and the symmetry of 
the Hamiltonian under permutations, that again 
no difference from first order perturbation theory 
results. The same is true for the combinations 
St5P = Tees(S- +P) tes 

Consequently, even if higher order corrections to 
the B decay interaction are important, under our as- 
sumptions it is still possible to decide from experiment 
what covariants are involved in the Hamiltonian (1). 
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I am grateful to Prof. M. A. Markov for sugges- 
ting this problem and for his interest in the work, 
and to I. V. Polubarinov, M. I. Shirokov and Chou 
Kuang-Chao for discussions. 


*This possibility, although it is not without difficulties, is 
of interest because it may reduce the number of Hamiltonians 
of type (1). 
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ALPHA DECAY CONSTANTS OF NON- 
SPHERICAL NUCLEI 


V. G. NOSOV 


Institute of Atomic Energy, Academy of Sciences, 
U:S:S.R: 


Submitted to JETP editor January 14, 1959 


J. Exptl. Theoret. Phys. (U.S.S.R.) 36, 1581 
(May, 1959) 


iy references 1—4, the author developed an ana- 
lytical theory of alpha decay of non-spherical nu- 
clei,* and simple formulas were given for the rela- 
tive intensities of the fine structure lines. Refer- 
ences 1 and 2 give expressions for wave functions 
which also make it possible to calculate the abso- 
lute decay probability. For even-even nuclei we 
obtain: 


ox 


u 2 
W =o. | eo7uend | Siwy, (1) 


0 J 


Where W is the decay probability per unit time; 
> w J is the sum of the relative uecay probabilities 


a 2 
to all rotation levels of the daughter nucleus, in- 
cluding decay to the ground state wy = 1; 


A 


Tl exp {-2 \ V Roi =f" ar| 
R, 


x? R 
=€eXp aon . : 


is 
J 


tan-!— xRo 
ke aes 80 
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k = V2mE/h is the wave number of an @ particlé 
at infinity; xp = V4mZe2/h*Ry is the wave number 
corresponding to the height of the Coulomb barrier’ 
for an a particle 270"/ Ro; m is the reduced } 
mass; x = Vx? —k?; ay is the return point corre-| 
sponding to the decay energy E to the ground state? 
the quantity 8 is given by the relation \ 


B = [4/5xRy (1 —R?/ 2x}) — i2k?Ro/ 5x3] Oe 


and is connected with the quadrupole deformation | 
Q@») contained in the equation R(yu) = Ro { HWS | 
ZapPy (u)} for the form of the daughter-nucleus 
surface. ! 

Let us explain the meaning of the “internal prob-' 
ability of formation of an a-particle” wg. The | 
wave function of the mother nucleus can be ex- 


pressed in the form: 

noe Dive (r) $7, (2) | 
where of and y, are the wave functions of the 
stutionary state of internal motion of an q@ par- 
ticle and a daughter nucleus respectively; r is 
the radius vector of an alpha particle relative to 
the center of mass of the daughter nucleus. Only 
the term $9 (¥)¢P@o appears in alpha decay to 
the ground state. The function @o)(r) goes over 
continuously to the external wave function found in 
reference 1. Considering the nuclear substance 
to be homogenous and the mean free path of an 
alpha particle in it to be small compared to the 
size of the nucleus, it is natural to assume Wo (Yr) 
=const. Then 


4 
Wa = \ 1400 PAV = FARE | Yoo? <4. 


Since there must be many excited states with short 
alpha-particle mean free paths in sum (2), we have 


We <a (3) 


With the help of formula (1), we can, from ex- 
perimental data, determine Wq, for which the 
calculated results are shown in Table I.¢ Condi- 
tion (3) is fulfilled only with Ry = 1.4A1/3 x 10713 
em but when Ry = 1.0A'/3 x 10713 the value of 
Wq increases by four or five orders of magnitude. 
With this, the good constancy of wq in the entire 
region of alpha active nuclei confirms the reason- 
ableness of the basic premises of the theory. 
Therefore, for alpha decay R) = 1.4A¥3x 10 13 
cm. 

For non-even nuclei the wave functions derived 
in reference 2 give 
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3hx 


OK, 
KK |2 
We mR, Wal mh (21 4+ i eae 
1=0 
1 , ; 
e7 Vet) Wiehe Pri(pjdu) “pws, (4) 
10) 


where K is the projection of the nuclear moment 
on the axis of symmetry; the prime for the sigma 
means that the summation is done only for even 1; 
JM 
Cj,;m.j,m, are the Clebsch-Gordan coefficients; 
y= 2K/ Kp Ro. Results of a comparison with an ex- 
periment are listed in Table II. The average value 
of Wq is twice as small as for even nuclei. 


TABLE I 
Nucleus Wy 

Ra222 0.155 

22 
Rem | 0.0 TABLE 1 

22; i 
eae ' " ‘ ie Nucleus | K | Wa 
Th228 0.063 
Th230 0.094 Ac22? 8/. 0.0308 
Th2s2 0.079 ph222 S/o 0.0459 
Th2s4 0.204 U235 Vf, 0.0443 
U0 | 0.148 Np28? 5/o 0.0517 
[28 0.094 Np239 5fo 0.0724 
U284 0.088 Pu2s9 5/ 0.0387 
[236 0.134 Cm45 9/> 0.0364 
U238 0.110 Bk249 7/5 0.0560 
Py238 0.090 
Pu240 0.096 — 
Cm? 0.094 @=0.087 
Cm246 0.107 
Cm248 0.189 
Cf250 __0.095 

w,—0.10 


*In a recent article® it is stated that the 2*-pole interaction 
of an alpha particle with a daughter nucleus was not taken into 
consideration in any of the earlier published articles; it is 
also asserted that the theoretical calculations for non-even 


nuclei were not brought to formulas comparable with experiment. 


Actually, reference 2 gives the derivations of simple formulas 
for the case of non-even nuclei and a comparison is made with 
experimental results. The 2*-pole interaction of an alpha-par- 
ticle with a daughter nucleus was considered in reference 3, 
published at an earlier date. 

+The daughter nucleus is always shown in the tables. 


17. G. Nosov, Dokl. Akad. Nauk SSSR 112, 414 
(1957), Soviet Phys. “Doklady” 2, 48 (1957). 

2V.G. Nosov, J. Exptl. Theoret. Phys. (U.S.S.R.) 
33, 226 (1957), Soviet Phys. JETP 6, 176 (1958). 

3. G. Nosov, Izv. Akad. Nauk SSSR, Ser. Fiz. 


21, 1551 (1957) Columbia Tech. Transl. 1541 (1957). 


4V G. Nosov, AHgepxHble peakuuu Np Masblx v4 
CpeqHUX 9HEprMAX, Tpygbl Bcecow3HoK KonpepeHxunn, 
(Nuclear Reactions at Low and Medium Energies, 
Transactions of the All-Union Conference), Acad- 
emy of Sciences U.S.S.R., 1958, p. 589. 
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*Gol’din, Adel’son-Vel’ski, Birzgal, Piliya, 
and Ter-Martirosyan, J. Exptl. Theoret. Phys. . 
(U.S.S.R.) 85, 184 (1958), Soviet Phys. JETP 8, 
127 (1959). 
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BREAK-UP OF CHARGED PARTICLES BY A 
NUCLEAR COULOMB FIELD 


M. Z. MAKSIMOV 
Submitted to JETP editor January 14, 1959 


J. Exptl. Theoret. Phys. (U.S.S.R.) 386, 1582-1583 
(May, 1959) 


iN charged particle with charge Z, and mass 
number a, in flying past a target nucleus (Z, A), 
interacts with its Coulomb field. In some cases 
the energy of this interaction is sufficient to disso- 
ciate the incident particle (nuclei of deuterium, 
beryllium, singly ionized molecules of hydrogen, 
and so forth). The theory of such processes was 
first developed by Dancoff! for the break-up of fast 
deuterons and later was carried over without spe- 
cial changes to the break-up of beryllium nuclei.? 
It was assumed that the disturbance (the energy 
of the Coulomb interaction) is time dependent, 
and so they used the conclusions of perturbation 
theory for this case. 

Although quantum-mechanical methods are used 
in the references cited, the intermediate calcula- 
tions contain a number of approximations which 
can hardly be justified (see, for instance, the 
simplification made in computing the integral I, 
and the further impulse integration in reference 1). 
Besides, the final results are complicated and can- 
not always be applied to concrete evaluation. . In 
this connection it is interesting to note an easier 
way of computing cross sections of the aforemen- 
tioned processes — by applying a classical analy- 
sis analogous to the derivation of the Thompson 
formulas for the ionization of atoms by impact.° 

Let the complex particle (Zag, a) be capable 
of decaying into the parts (Z,, a,;) and (Zp, ap), 
and let «9 be the binding energy for this decay. 
Then, in interacting with the Coulomb field of the 
target nucleus, each of these parts will receive 
an additional momentum equal in order of magni- 
tude to (see reference 3) 


pe (222,62 / vb) [1 + (ZZae? | pad®)21-%3 (1) 
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where the index i refers to the break-up products; 
v is the speed of the initial particle (Zg, a); b is 
its impact parameter relative to the target nucleus, 
and jig =aAMp/(A+a) is their reduced mass. In 
such a case the cross section of the examined proc- 
ess obviously will be equal to 


6 = ce ’ (2) 


where byax is defined from the condition that the 
acquired energy of relative motion E’ of the 
break-up products will be equal to (or greater 
than) the binding energy «,) of this system, that is 


th eres a a(3) 


= 2 pi) > Eo, 3 

By substituting here p,; and py, from formula 
(1), and solving the resulting equation for b? and 
then averaging it over all emission angles, we ob- 
tain the following expression for the cross section 
after some simple transformations: 


n(Ze2)? Zia, +Z5a+ ( L aieey Z2a,d2 is + “) (4) 

Ey€ ay Az Ey Ztae+ Ubi 2A . 
Here Ey, is the kinetic energy of the incident par- 
ticle, which for relativistic speeds must be re- 
placed in formula (4) by the quantity Ey (1+E)/ 
2M,gc”)(1+E )/M ac*)~?. The formula obtained for 
the cross section is similar to the Dancoff results 
calculated by numerical integration for Ey) ~ 200 
Mev and A~ 100. 

Since we are interested in the case Ey > € 
then, from relation (4) we find (expressing Ey 
and €) in Mev), 

gx 63102 Bt As oye (5) 

EE QyQ2 

As can be seen from the resulting formulas, the 
estimate of cross sections for the processes under 
consideration does not present any particular dif- 
ficulty. Thus for instance, for deuterons (€) = 
2.18) with an energy of ~ 200 Mev and for beryl- 
lium (€) = 1.7) with an energy of ~100 Mev, we 
have 1.4 x 107% 7? and 0.45 x 107% 7? cm? re- 
spectively. These magnitudes differ somewhat 
from those calculated in references 1 and 2 but 
the latter are also approximations and have not 
been checked by experiment. 

In conclusion we note that the same formulas 
can be used to estimate the cross section of the 
Coulomb break-up of the molecules Hz, D3 and 
others (supposing that Z;~ 1; Z,~ 0; a, = ag; 
€y9 ~ 2.5 ev), for which with energies of 20 —30 
kev we obtain o ~ 10°!8 72 cm*. The author is 
grateful to Yu. V. Kursanov who pointed out the 
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possibility of such processes taking place in ion 
sources with a high degree of ionization. 


~ Tg. pancoff, Phys. Rev. 72, 1017 (1947); A. 
Akhiezer and I. Pomeranchuk, Hekoropbie Bonpocbl 
reopum sgpa, (Certain Problems in the Theory of 
the Nucleus), GITTL, M.-L. 1950, p. 128. 

27. I. Mamasakhlisov and G. A. Chilashvili, 
J. Exptl. Theoret. Phys. (U.S.S.R.) 32, 806 (1957), 
Soviet Phys. JETP 5, 661 (1957). 

3V. L. Granovskil, Juexrpwueckui TOK B rase 
(Electrical Current in Gas), GITTL, M-L. 1952, 
p. 148. 
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A SIMPLE METHOD OF CALCULATING 
THE DEGREE OF IONIZATION AND 
THERMODYNAMIC FUNCTIONS OF 
A MULTIPLY IONIZED IDEAL GAS 


Yu. P. RAIZER 


Submitted to JETP editor January 15, 1959 


J. Exptl. Theoret. Phys. (U.S.S.R.) 36, 1583-1585 
(May, 1959) 


ae thermodynamic functions of a gas at high 
temperatures,when the gas atoms are multiply 
ionized, are calculated on the basis of ionization 
equilibrium. For each pair of values of the tem- 
perature and density we must solve a nonlinear 
system consisting of a few nonlinear algebraic 
equations for ion concentrations; this requires a 
long calculation. Such calculations have thus far 
been carried out only for air! from 20,000° to 
500,000° and from 10 to 107° times normal pres- 
sure. We here suggest a simple method for ob- 
taining a fairly accurate estimate of the degree 
of ionization and of the thermodynamic functions 
of any gas. 

We write a set of Saha equations for a gas con- 
sisting of atoms of a single element: 


NoNati di Na = (22n41/ Zn) (2nm,kT /h*)*2 exp (— Tah RT), 


Ni PN Nie urNie ni0s its DAN. Z3 (1) 


Here N, Ny, Ne are the numbers of the original 
atoms, n-multiply ionized atoms and electrons 
per cm’, and In+, is the (n+1) -th ionization 
potential. The statistical weight ratio gy.,/gp 
for the electronic states of the ions depends on the 
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temperature and varies irregularly with n and 
with a change from one element to another. How- 
ever, Since it remains of the order of unity we 
shall assume its value to be exactly 1. 

We regard the ion numbers Ny and ionization 
potentials I, as continuous functions of n. We 
construct I(n) graphically by drawing a continu- 
ous curve through the discrete values of I, ob- 
tained from tables,? with I) =1(0) =0. The sys- 
tem of algebraic equations is transformed into a 
differential equation by the assumption N(n+1) = 
N(n)+dN/dn. For each pair of temperature and 
density values the gas contains an appreciable num- 
ber of ions of two or at most three types; the dis- 
tribution function N(n) is thus a narrow peak. 
For the mean ionic charge n=Ne/N we shall 
take the value of n at the maximum of N(n). 
This becomes increasingly valid as the peak of 
N(n) becomes narrower. Under these assump- 
tions we obtain from (1) a transcendental equation 
for determining the degree of ionization or mean 
ionic charge multiplicity n as a function of tem- 
perature and density; after taking the logarithm 
we obtain* 


I (a +3/2) = kT In(AT’®/ Nn), A=2(2nm,k/h2)'2. (2) 


Because of the logarithmic dependence of the right- 
hand side on n two or three successive approxi- 
mations are sufficient to obtain a very exact value 
of the root n with the aid of the graph of I(n). 
Approximate formulas for the thermodynamic 
functions are obtained from the exact formulas 
when, in accordance with the given simplifications, 
we assume the distribution of Ny, or rather N(n), 
to be a 6 function around n. The internal energy 
per original atom and the pressure are then given 


by 


cay (1455 )eT + EN Qn =F (I + AAT +OM; (3) 
p=(N+N.)kT = N(1 + n)kT, (4) 


where ‘Q, is the energy required for the succes- 
sive stripping of the first n electrons from a neu- 
tral atom and varies along a continuous curve Q(n) 
plotted through discrete values of Qn. Electron ex- 
citation energy, which is usually small, is here dis- 
regarded. 

The entropy per original atom is given by 


N QnMkT \*? ge? N 2nmekT \*l Ql: 
S = kd a In ( he } are +h rk In he N, 
n 


on MELT i" el? knl ATE elt 


Be N aa aa (5) 


~eIn ( 


The electronic statistical weight g(n) of the ions 
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is set equal to unity. When S =const the resulting 
equation 


*/y are 
= exp { n Hes +. 3 )ha const (6) 


combined with (2) represents the equation of the 
adiabate T=T(N, Ty, No) in parametric form 
(with n as the parameter ). 

The same method can easily be applied to a gas 
consisting of a mixture of two or more elements. 

The accuracy of the method is illustrated by the 
table, which contains the results of our computa- 
tions, for air, of the average number of particles 
per atom (1+n) and the internal energy per atom 
in ev (these are the upper values), compared with 
the results obtained by Selivanov and Shlyapintokh 
(the lower values) at a few temperatures and den- 
sities. For simplicity the gas was assumed to con- 
sist of a single element and the ionization poten- 
tials I, were averages according to the nitrogen- 
to-oxygen ratio of the air. The molecular dissoci- 
ation energy was added to the internal energy. The 
table shows entirely satisfactory agreement even 
for low degrees of ionization (when the largest 
errors should result). 


{tn & 1+n . 1n 2 
T, °K 

°/° norm=! 1053 | 10-2 

| 

30000] 1.68 | 16.6 | 97M | P21 OM P2ES 33 

Me Ttale23 2042762 sede |eoe 
50000] 2.4 | 40.5 | 2,85 | 58.5 | 3.35 | 83 

2.42 | 47.8 | 2.85 | 64 3.26 | 80 
100000] 3.72 |126 4.47 |186 yl | ee 

3.75 |140 4.45 |190 Selome2o2 


I take this opportunity to thank Ya. B. Zel’dovich 
for his interest in this work and V. S. Imshennik 
for valuable discussions. 


*The ionization potential in the Saha equation (1) bears the 
index n+1 with I, =0. Often I, is written, in which case 
I, is the first ionization potential; this is merely a matter of 
notation. When we go over to the continuous functions N (n) 
and I(n) the value of n depends on the choice of notation. 
A comparison with the exact calculation shows that the mean 
potential pertains accurately to the middle of the interval n, 
n+ 1 andthe I(n) curve is connected tothe point I(0)=0. 


1. V. Selivanov and I. Ya. Shlyapintokh, J. Phys. 
Chem. (U.S.S.R.) 32, 670 (1958). 

2G. W. C. Kaye and T. H. Laby, Tables of Phys- 
ical and Chemical Constants, 10th Ed., Longmans, 
New York, 1948; Russ. Transl. IIL, 1950. 
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POLARIZATION TENSORS IN THE BORN 
APPROXIMA TION 


L. D. PUZIKOV and Ya. A. SMORODINSKII 
Submitted to JETP editor January 15, 1959 


J. Exptl. Theoret. Phys. (U.S.S.R.) 36, 1585-1586 
(May, 1959) 


I T has been repeatedly remarked by various 
writers that the polarization of elastically-scat- 
tered nucleons, calculated in first Born approxi- 
mation, is zero. It is also of interest to examine 
in the Born approximation the polarization of par- 
ticles with higher spins. 

The formal reason for the appearance of new 
selection rules for the polarized states is the 
Hermitian nature of the scattering amplitude in 
the Born approximation. If, in the unitarity rela- 
tion for elastic scattering (cf. reference 1) 


M (ns, m4) — Mt (nm, ny) = ae \ Mt (ns, n) M(n,, n) dn 


we neglect the right member, as a quantity quad- 
ratic in the scattering amplitude, we get 


M (ne, my) = M* (ny, n,). (1) 


If the scattering is described by a (Hermitian) 
Hamiltonian, this relation also follows from the 
fact that the scattering amplitude is the matrix 
element of the Hamiltonian calculated with plane 
waves. 

Similarly, when besides elastic scattering there 
is also possible the reaction 


ata’>6+0', (2) 


the unitarity relations for the scattering and reac- 
tion amplitudes given in reference 3, after neglect 
of terms quadratic in the amplitudes, provide the 
relations 
Maa (tm, m1) = Miz(m, m3), 
RaMoa(M2, 11) = keMao(n,, ne), 


Mw (ne, 11) = Mge(n,, ns). (1a) 


Here Mag and Mpp are the amplitudes for the 
elastic scatterings at+a’—a+t+a’ and b+b’— 
b +b’, respectively; Mpg is the amplitude for 
the reaction (2), and Map is the amplitude for the 
inverse reaction. 

Following references 2 and 3, we shall charac- 
terize the spin states of the particles before and 
after the reaction by the polarization tensors 
OS Ms M? (before the reaction) and OKNK'N’ 
(after the reaction). The values of JM and J’M’ 
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show the rank and projection component of the po- 


larization tensors for particles a and a’, respec-, 


tively; the values of KN and K’N’ show the rank 
and projection component of the polarization ten- 

sors for particles b and b’. As has been shown 
in the papers referred to, 


JMJ’M! (0) 
OKNK'N’ = SX) Knkcne (Me, 1h) OF ame, 
Spqg JMI'M’ 
where 
Spa = Sp {Moa pO Mia}; 


KINAY (te, Mh) = Sp {Moa(ne, 1)8rm9e 


X Mita (me, my) TivT Rw’ }s 


and also there follows from time reversibility the 
following relation for the coefficients K: 


IMI 
kak kvK'N’ (Me, 1) 
= (— 1M ME KENEK ENE K EN CON (te). (8) 


The operators 9jm, 93m’, TKN, TK'N’ are ir- 


reducible tensor operators in the spin spaces of the 


respective particles a, a’, b, b’. 


4) 


From the condition (la) of the Hermitian nature . 
of the scattering amplitude and the Hermitian prop- 


erties of the tensor operators (Tg, = (—1)kTg_-x) 
it is not hard to get another relation for the coeffi- 
cients K: 


JMJ'M’, 
kak KwKn’ (Moy 1) 


, + p25¢K—N K'—N’ 
= (— 1) AMENEN BKM em (My, Mo) (4) 


Comparing the relations (3) and (4) we see that 
KIM ean 1 piles 
KNK’N’ = 0 if the sum J+J’ +K+K’ is odd. 
We have obtained the selection rule for the 

polarized states in the reaction (2). It is not hard 
to get from the first and third of the relations (1a) 
a similar selection rule for the elastic channels of 
the reaction. 


1R. M. Ryndin and Ya. A. Smorodinskil, J. Exptl. 


Theoret. Phys. (U.S.S.R.) 32, 1584 (1957), Soviet 
Phys. JETP 5, 1294 (1957). 

21. D. Puzikov, J. Exptl. Theoret. Phys. 
(U.S.S.R.) 34, 947 (1958). Soviet Phys. JETP 7, 
655 (1958). 

3 Bilen’kil, Lapidus, Puzikov, and Ryndin, 

J. Exptl. Theoret. Phys. (U.S.S.R.) 35, 959 (1958), 
Soviet Phys. JETP 8, 669 (1959); Nucl. Phys. 7, 
646 (1958). 


Translated by W. H. Furry 
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M1-TRANSITION IN V* AND THE 
SENIORITY QUANTUM NUMBER 


N. N. DELYAGIN and M. PREISA 


Institute of Nuclear Physics, Moscow State 
University 


Submitted to JETP editor January 16, 1959 


J. Exptl. Theoret. Phys. (U.S.S.R.) 86, 1586-1587 
(May, 1959) 


As shown by Neudachin! the measurement of M1 - 
transition probability in nuclei in which the 1f,/2 
shell is being filled should allow us to answer the 
question of the accuracy of the seniority quantum 
number v for this type of nucleus. If v isa 
good quantum number, then, under certain condi- 
tions, the matrix element for M1 transitions in 
such nuclei could be equal to zero. In particular, 
if outside the filled shell there are only neutrons 
or only protons characterized by the configura- 
tion j", only those M1 transitions will be allowed 
that occur without a change in v. In V°! there is 

a filled neutron shell (N = 28) and three protons 
outside the shell Z = 20. The configuration of 

the ground state is (fy JUr v=1, and for the 
first excited state (321 kev) (fo/2)5/2» v=3. 
Thus, for the 321-kev M1 transition there is a 
change in the quantum number v (Av = 2), there- 
fore this transition must be forbidden if v isa 
good quantum number. 

In the present work the lifetime of the 321 kev 
excited state of V*! is measured by the resonance 
scattering of y quanta. Cr*! in the compound 
CrCl,O, (chromyl chloride, an easily evaporated 
liquid) was the source of the y quanta. We ob- 
served the scattered radiation from V,O, and 
(for comparison) Cr,03 scatterers with a scin- 
tillation spectrometer. The methods of measur- 
ing and handling the experimental data are analo- 
gous to those used in references 2—4. A source 
was prepared in which chromy] chloride evaporated 
completely at 110°C. This permitted us to meas- 
ured the dependence of the resonance scattering 
effect on vapor pressure in the source up to nearly 
atmospheric pressure. The comparison of the 
measured dependence with that theoretically cal- 
culated (from the known dependence of density of 
chromyl] chloride vapor on temperature) showed 
that atomic collisions in the source practically 
do not affect the magnitude of the effect up to tem- 
peratures of about 30 —40°C. The lifetime meas- 
urements were made with a source of smaller 
mass at 10—18°C. The high specific activity of 
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the source and the improved geometry allowed us 
to obtain a higher resonance scattering counting 
rate than Schopper did.” 

The value tT = (3.14 0.8) x 107! seconds was 
obtained for the lifetime of the 321-kev level of 
Vets Taking into consideration data on the Coulomb 
excitation of V*!,> this corresponds to a partial 
lifetime for M1 components of the mixed M1-E2 
transition at 321 kev of 3.4 x 107!" sec. The life- 
time measurement in the present experiment ex- 
ceeds by a factor of two the value obtained by 
Schopper using the method of resonance scattering 
of y quanta, but is about the same magnitude as 
obtained using the delayed coincidence method® 
(tr =4x 107! sec). The lifetime 3.4 x 107! sec 
corresponds to a forbiddenness of M1 -transition 
in comparison with a single proton transition 
(Weisskopf formula) by 300 times. We note that 
the magnitude of forbiddenness (and consequently 
the magnitude of the transition matrix element ) 
was the same as for 1-forbidden transitions." 
However, we must recognize this as mere coin- 
cidence since in this case 1 -forbiddenness cannot 
occur. The result we obtained has its natural ex- 
planation as a forbiddenness because of the senior- 
ity quantum number. Evidently, the 321-kev tran- 
sition in V®*! is the first known case of such for- 
biddenness. The forbiddenness is not rigorous, 
which indicates a proximity to the nuclear model 
used by Neudachin in calculations. The presence 
of the noted collective effects appearing in the con- 
siderable intensity of the E2 component in the 
321-kev transition,°® also explains that the forbid- 
denness because of the quantum number v does 
not have to be rigorous. 


1v. G. Neudachin, J. Exptl. Theoret. Phys. 
(U.S.S.R.) 31, 891 (1956), Soviet Phys. JETP 4, 

751 (1957). 

2H. Schopper, Z. Physik 144, 476 (1956). 

3N.N. Delyagin and V. S. Shpinel’, Izv. Akad. 
Nauk SSSR, Ser. Fiz. 22, 861 (1958), Columbia 
Tech. Transl. p. 855. 

4. R. Metzger, Phys. Rev. 110, 123 (1958). 

5G. M. Temmer and N. P. Heydenburg, Phys. 
Rev. 104, 967 (1956). 

6 A.W. Sunyar and M. Deutsch [see Strominger, 
Hollander, Seaborg, Revs. Modern Phys. 30, 625 
(1958). 

"H. De Waard and T. R. Gerholm, Nuclear Phys. 
1, 281 (1956). 


Translated by Genevra Gerhart 
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ON A POSSIBLE DETERMINATION OF 
THE SIGN OF MUON POLARIZATION 


S. A. KHEIFETS 


Physics Institute, Academy of Sciences, 
Armenian S.S.R. 


Submitted to JETP editor January 16, 1959 


J. Exptl. Theoret. Phys. (U.S.S.R.) 36, 1588 
(May, 1959) 


A determination of the polarization sign of u 
mesons produced in the m-y decay would decide 
the validity of the conservation law of leptons. In 
this connection it seems to us that the following 
possibility for the experimental determination of 
the polarization sign is of interest. 

Longitudinally polarized mesons from the 
decay process are sent into a transverse magnetic 
field. The anomalous magnetic moment of the 
meson will cause its spin to rotate somewhat 
faster than its momentum. After a certain num- 
ber of revolutions the meson will be transversely 
polarized. The necessary number of revolutions 
for the spin to turn away from the momentum by 
m/2 may be estimated as follows. The angle of 
“deviation” of the spin from the momentum is 
vy’ = 2m (e/m) Au/u, where Au/y is the relative 
anomalous moment of the » meson and e is its 
energy. To lowest order Ay/u = a/27 = 1.15 X 
1073.1 Hence for mesons with energy ¢€/m = 1.7 
the value of nq/p ¥ 125 is obtained. 

The sign of the transverse polarization may 
be determined, for example, by measuring the 
asymmetry in Coulomb scattering of the meson. 
The asymmetry in the scattering of polarized 
particles has a rather sharp maximum for veloc- 
ities of the order of 6? ~ % (for scattering 
through an angle 1/2).! Consequently mesons of 
appropriate energy should be selected for the ex- 
periment. Since at such high energies the scatter- 
ing cross section becomes very small for large 
angles one should use a scatterer with high Z 
and of substantial thickness (although not so thick 
as to stop the mesons altogether ). 

Let us estimate the intensity of the scattered 
mesons and the degree of asymmetry in the scat- 
tering. Assuming scattering into a solid angle 
~1 we find (for Z = 80 and for a kinetic energy 
of the meson of 80 Mev) for the number of scat- 
terings through 7/2 per g/cm? of the substance: 

~ 1.5107. Further, ina field H ~ 10 x 103 
oe the time spent by the mesons in the system 
willbe ~ 1.510% sec. At ¢/m~ 1.7 approx- 


2 


imately half of the mesons that entered the sys- | 
tem will traverse it (assuming no losses in the 
system). Assuming ~ 104 mesons incident on the | 
system per sec and using 15 g/cm? for the thick- ! 
ness of the scatterer we obtain for the meson in- ] 
tensity I~ 1 sec me 1 
The degree of asymmetry a(@) is determined 
by the expression | 


1(8)/1(—8) = (4 + Pa)/(1 — Pa), 


where P is the degree of polarization of the ini- | 
tial meson beam. For 9 =7/2, amax has a value | 
of ~ 4. Apparently it is not difficult to obtain 1 
P > 0.5, so that the ratio of intensities is 2 1.3. 

The proposed experiment may easily be com- 
bined with an experiment designed to measure 
the size of the anomalous magnetic moment uw. 

I am deeply grateful to Yu. F. Orlov for a dis- 
cussion of this problem which was very valuable 
to me. 


14.1. Akhiezer and V. B. Berestetskil, Kpanroses 
9ICKTpoAMHaMuka (Quantum Electrodynamics ) Teor- 
tekhizdat, 1953 (Trans. by U.S. Dept. Comm.). 

2H. A. Tolhoek, Usp. Fiz. Nauk 68, 4 (1957). 


Translated by A. M. Bincer 
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QUADRUPOLE MOMENT OF Er’®® 


BE. E. BERLOVICH, VG. BLEISHER, Wel. 
BRESLAV, and B. K. PREOBRAZHENSKII 


Leningrad Physico-Technical Institute, 
Academy of Sciences, U.S.S.R. 


Submitted to JETP editor January 21, 1959 


J. Exptl. Theoret. Phys. (U.S.S.R.) 36, 1589-1590 
(May, 1959) 


(Sromov et al.' and Jacob et al.” identified the 
80-kev level of Er!*®, produced by K capture in 
Tu!® as the first level of the rotational band. A 
measurement of the lifetime of this level permits 
determination of the quadrupole moment and the 
deformation parameter of Er!®8, using the equa- 
tions of the generalized model of the nucleus. 

We used a weak source of Tu! (T = 85 days), 
obtained in a deep splitting reaction by prolonged 
exposure of tantalum to 660-Mev protons in the 
synchrocyclotron of the Joint Institute for Nuclear. 
Research. 
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The coincidence curves obtained in the setup 
described by one of the authors* are shown in the 
figure. The abscissas represent the delay time, 
and the ordinate the number of coincidences in 
logarithmic scale. Curves 1 and 2 correspond to 
coincidences between the x-rays that accompany 
the K captures and the conversion electrons pro- 
duced in transitions from the 80-kev level. Curve 
1 is for measurements in which the electron-ab- 
sorbing filter is to the right of the source (eX 
coincidences ), while curve 2 pertains to an ab- 
sorber to the left of the source (Xe coincidences ). 

The errors introduced in the principal curves 
by x-y, y-x, and y-y coincidences, and also by 
multiple scattering of gamma rays in both crystals, 
were accounted for by measuring separately the 
number of coincidences as a function of the delay 
time, using electron absorbers placed on both 
sides of the source. In plotting the eX and Xe 
coincidences, the channel analyzers separated 
those parts of the spectra, corresponding to the 
photopeak for x-rays and to the L+M+N con- 
version peaks for electrons. A certain difference 
in shape and width of curves 1 and 2 is probably 
due to the different energy resolution of the two 
stilbene crystals. The same value of half-life is 
obtained from the slopes of the left and right 
branches of curves 1 and 2, (1.8 + 0.3) x 107° 
sec. The error given here exceeds the statistical 
error and takes into account possible methodical 
effects. 
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Taking into account conversion on all shells 
(the values of the coefficients of conversion are 
taken from the tables of Sliv and Band® for the K 
and L shells and from the paper of Listengarten® 
for the M+N shell) we obtain for the radiative 
half life 


Ty=(1+0)Texp = (15+ 2.5)-107 sec, 


where a is the total conversion coefficient. 

The Weisskopf formula for a type E2 single- 
particle transition with energy 80 kev yields a 
half life of 3.10 x 10~® sec, leading to an acceler- 
ation factor F = 200 (F is the ratio of the half- 
life obtained from the Weisskopf formula to the 
experimental radiative half-life ). 

The internal quadrupole moment and the defor 
mation parameter, calculated from the Bohr for- 
mulas,°® are equal to (7.6 + 0.6) x10-*4and 0.32 
+ 0.03, respectively. The quadrupole moment we 
obtained from the measurement of the half life is 
in good agreement with the value 7.8 x 10 *4 ob- 
tained from experiments on Coulomb excitation 
of Er'®8 (reference 7). 


'Gromov, Dzhelepov, and Preobrazenskii, Izv. 
Akad. Nauk SSSR, Ser. Fiz. 21, 918 (1957), Colum- 
bia Tech. Transl. p. 920. 

2 Jacob, Mihelic, and Harmatz, Phys. Rev. 106, 
1232 (1957); Bull. Am. Phys. Soc. 2, 260 (1957). 

3A. Bohr, Rotational States of Atomic Nuclei, 
Copenhagen, 1954; transl. in IIpo6a. copp. pus. 
(Probl. of Mod. Phys.) 1, 5 (1956). 

4. E. Berlovich, Izv. Akad. Nauk SSSR, Ser. 
Fiz. 20, 1438 (1956), Columbia Tech. Transl. 
polslo: 

5L. A. Sliv and I. M. Band, Ta6sunpi Koo. 
BuytTp. KoHBepcum raMMa xu3ayyeuua, (Tables of Co- 
efficients of Internal Conversion of Gamma Radi- 
ation) part 1, 1956; part 2, 1958. 

6m. A. Listergarten, Izv. Akad. Nauk SSSR, 
Ser. Fiz. 22, 759 (1958), Columbia Tech. Transl. 
Diioo 

Talder, Bohr, Huus, Mottelson, and Winther, 
Revs. Modern Phys. 28, 432 (1956). 


Translated by J. G. Adashko 
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POSSIBILITY OF DETERMINING THE PO- 
TENTIAL DISTRIBUTION OF A PLASMA 
FROM THE CHARACTERISTICS OF THE 
NOISE GENERATED IN A GASEOUS 
DISCHARGE 


A. A. ZAITSEV, M. Ya. VASIL’ EVA, and 
Vv. N. MNEV 


Moscow State University 
Submitted to JETP editor, January 24, 1959 


J. Exptl. Theoret. Phys. (U.S.S.R.) 36, 1590-1591 
(May, 1959) 


ie is well known, the determination of the spa- 
tial potential distribution of a plasma by the con- 
ventional probe method involves a number of dif- 
ficulties. If the discharge is inhomogeneous the 
probe curves exhibit discontinuities and the slope 
of the potential distribution curve is not easily dis- 
tinguished. 

The method reported here exploits noise ef- 
fects characteristic of hot-cathode gaseous dis- 
charges. Frequently gaseous discharges gener- 
ate noise voltages as high as 1 volt. These noise 
effects are observed over a frequency range rang- 
ing from kilocycles to megacycles.!~* It is assumed 
that the detection of discharge noise by a probe is 
affected by the space charge layer at the probe.!»” 
Since the conductivity of the plasma is higher than 
the conductivity of the space charge layer the im- 
pedance of the probe-cathode space is determined 
to a considerable degree by the impedance of the 
probe-plasma space which, in turn, depends only 
on the dimensions of the space charge layer.’ 
When the probe potential is the same as the plasma 
potential the space charge layer around the probe 
vanishes. Under these conditions we may expect 
a sharp increase in the amplitude of the noise 
picked up by the probe since the conditions for 
detection become most favorable. Thus it is pos- 
sible to determine the gas potential rapidly. 

The measurements reported here were carried 
out in cylindrical tubes with oxide cathodes. The 
noise was measured in the probe-cathode section 
by means of a 1P-12M noise-measuring set. The 
experiments were carried out in krypton in the 
pressure region between 0.01 and 1 mm Hg at 
discharge currents ranging from 6 to 140 ma. 

In Fig. 1 is shown a typical probe characteristic 
(curve marked pc) and the corresponding noise 
curves (the numbers on the curves are frequency 
in cps). The noise maxima measured at different 
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Noise level, microwatts 


4 U, volts 


frequencies are found at a probe potential of 16 
volts; this value is in good agreement with the 
value 16.4 volts obtained from an analysis of the 
semi-logarithmic characteristics of the electron 
current to the probe (ig). In Fig. 2 is shown the 
potential distribution U along the axis of the dis- 
charge as determined by the usual method (solid 
curve) and by the “noise” method (dashed curve). 
The results are in agreement to within several 
tenths of a volt. 


FIG, 2. The variation of 
potential along the axis of the 
discharge. The pressure is 0.1 
mm Hg, the anode current is 
60 ma and the cathode is to 
the left. 


0 4 g i2cm 


As a rule the noise curves exhibit well-defined 
maxima at the potentials seen by the probe. The 
simplicity and accuracy of the noise method make 
it possible to find the gas potential when the con- 
ventional probe method cannot be used to obtain 
an accurate determination of the discharge param- 
eters 


1 J.D. Cobine and C. J. Gallagher, J. Frankl. 
Inst., 243, 41 (1947). 

i Wc Pak, Proc. Phys. Soc., B68, 292 (1955). 

3 Kojima, Takayama, and Shimauchi, J. Phys. 
Soc. Japan 9, 802 (1954). | 

4. Ash and D. Gabor, Proc. Roy. Soc. (London) 
A228, 477 (1955). 


Translated by H. Lashinsky 
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THE ANGULAR DISTRIBUTION OF 
NEUTRONS FROM THE REACTION 


O. M. MDIVANI and T. G. GACHECHILADZE 
Tbilisi State University 
Submitted to JETP editor January 27, 1959 


J. Exptl. Theoret. Phys. (U.S.S.R.) 36, 1591-1592 
(May, 1959) 


Sane Kraus, and Risser! have reported a 
measurement of the angular distribution of neutrons 
from the reaction C!3 (a, n)0!*®, Measurements 
were made for four a -particle energies (Eg = 
2.69; 2.83; 4.42 and 4.63 Mev). The final nucleus 
O18 is formed in its ground state. Furthermore, 
the angular distribution changes slowly as the en- 
ergy of the incident a particles is varied; there 
are strong forward and backward peaks. All these 
facts suggest that the reaction is due to direct in- 
teraction. Upon colliding with a C!® nucleus, the 
@ particle need not penetrate inside, but instead 
can “knock out” a neutron and itself be absorbed 
into the remaining C’* nucleus (in analogy with 
(p, n) reactions). Another process is also pos- 
sible. The C!® nucleus can be pictured as an 
“asymmetric deuteron.” In the collision with an 
@ particle, the neutron can be emitted in analogy 
with a (d,n) reaction. Owen and Madansky? 
have used this last model in their investigation of 
the reaction Be® (Q, ae It is clear that in the 
first-mentioned process, most of the neutrons 
will have momenta parallel to the velocity of the 
incoming a particles, while in the second proc- 
ess most of the neutrons will have momenta anti- 
parallel. 

Using Butler’s results? to calculate the differ- 
ential cross section for the “knock-on” process 
and those of Owen and Madansky for the second 
process, the following formula for the differential 
cross section of the reaction C8 (a, n)O! can 
be derived: 


do A Veriguee . 
ee el CI Kasur COSA gue 
dQ ea 3.0 (K, st sR) 

Az 


gt 2d ti? (BK 3); 
(K2 + 0.24) 


This formula assumes that the two processes do 
not interfere with each other. jg is the spherical 
Bessel function of zero order; R, and Ry», are 
characteristic radii (in units of Ness cm); and 
furthermore we have 
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K,=V @ + — 2kpkacos%, 
ky = V kz 40.0682, + 0.50kakn cos 


K,=V #2 + 0.01#2-+0.16hek,cos9. 


Under the square root signs, the k’s are the wave 
numbers of the corresponding particles in units 
10'3 cm=!, while @ is the scattering angle in the 
center of mass system. The constants A; and A, 
can be determined independently, since the ampli- 
tudes for the two processes do not overlap. The 
table shows the numerical values assigned various 
parameters in the calculation. The resulting, cal- 
culated angular distributions are shown in the fig- 


Eq, Mev Ry Rp Ri Re 
2.69 | 0.57 | 02465\23 54] 425 
2.00, 4) 0.59 10,47 | 320, |- 429 
4.42 | ORT4s) (OR53= (F355) 1-420 
4.63 | 0.75 | 0.53 | 3.51 4.0 


120 


a 30 60 ey] 150 0 
Neutron angular distributions. G and the dash-dot line — 
E, = 2.69 Mev; A and the dashed line — E, = 2.83 Mev; @ and 
the dotted curve = E, = 4.42 Mev; © and the continuous curve, 
—E, = 4.63 Mev. 


ure, together with the experimental data.! (The 
spin of C!3 was taken to be 37, that of O!%, O* 

and of He’, O*; the odd neutron in C3 was taken 
to be in an S-state. In both processes, the angular 
momentum absorbed is zero. ) 


1 Schiffer, Kraus, and Risser, Phys. Rev. 105, 


1811 (1957). 

21,. Madansky and G. Owen, Phys. Rev. 99, 1608 
(1955). 

3S. T. Butler, Phys. Rev. 106, 272 (1957). 
Translated by R. Krotkov 
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REMARKS ON THE OPTICAL MODEL OF 
THE NUCLEUS 


V. G. GRISHIN and M. I. PODGORETSKII 
Joint Institute of Nuclear Studies 
Submitted to JETP editor January 29, 1959 


J. Exptl. Theoret. Phys. (U.S.S.R.) 36, 1593-1594 
(May, 1959) 


ie In the scattering of particles from a center of 
force with the potential U(r), the scattering am- 
plitude, f(#), has the form 


j() = — q_ le" UK) b (nya, (1) 


where k, is the wave number far away from the 
scatterer, and n is the unit vector in the direction 
of the scattering. In some cases the wave function 
is almost undistorted near the center of force, i.e., 
y(r)~ elKy2 The substitution of this expression 
in (1) leads to the solution of the problem in the 
so-called Born approximation. In the interaction 
of fast particles with nuclei, ~(r) can often be 
written down in the approximation of geometrical 
optics: y ~ e!KZ, where k is the wave number 
inside the nucleus, which is connected with the 
potential U by the relation k?—k? =U. Substi- 
tuting this expression in the basic formula (1), we 
obtain the usual optical-model solution. Both meth- 
ods are therefore equivalent. However, for the in- 
vestigation of any special problem, one may be 
more convenient than the other. 

2. Let us assume that the scatterer consists 
of a number of identical and independent centers. 
If k is sufficiently close to ky, we then obtain, 
after some simple transformations, 


f (3) = fp (9) Did (Am) exp (— ikonAm), (2) 


where f)(%) is the scattering amplitude for a 
free single center, and An is the radius vector 
of the m-th center. Physically, formula (2) ex- 
presses the interference of the secondary waves 
from the various elementary scatterers. 

We now introduce the density of elementary 
scatterers, p(A), and obtain 


i (9) = fo (9) F (8), (3) 
where 
F (8) =\p (A) (A) exp (— ign) de (4) 


is interpreted as a generalized form factor. In 
Born approximation ~(A) ~ e!Ko2 and F (3) 
goes over into the usual form factor.!2 
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3. It can be shown that the scattering amplitude 
obtained by the usual optical model considerations 


is 
Jopt = fo(0) ( exp (— ikon )p (A)$(A)dr = fo (0) F (9), (5) 


this result is different from the more exact expres- | 
sion (3). The comparison of (3) and (5) gives 


F (9) = fope (9) fo (9) / fo (0) (6) 
The differential scattering cross section is 
3 (3) = Sopt (9) 39 (B) / F0 (0). (7) 


Since f£(0) = fopt (0), the total interaction cross 
section is the same in both cases, according to the 
optical theorem. The inelastic scattering cross 
section is therefore 


Sin = Sinopt + | cope (3) {1 — 99 (%) / 9 (0)} dQ. (8) 


The relations (6) to (8) have the same form in the 
laboratory system as in the center of mass system. 
It is evident from the physical meaning of these re- 
sults, that they are also valid in the relativistic 
case. 

4, The available experimental data on the scat- 
tering of electrons from nuclei? were investigated 
with the help of the formulas (3) and (4), in which 
f) (3%) was replaced by the amplitude for Coulomb 
scattering from a point charge. The quantity pe (A) 
obtained in this way gives the distribution of the 
charge in the nucleus. For a comparison with the 
data on the scattering of + mesons and nucleons 
from nuclei it would be more accurate to consider 
not the charge distribution, but the density distri- 
bution, of the nucleons, py, (A). For this purpose 
one must replace f)(.) in (3) by the scattering 
amplitude obtained from the experiments on the 
scattering of electrons from protons. The cor- 
responding correction to the quantity r? amounts 
to a few percent (5.5% for Ci’). The experiments 
on the scattering of mesons and nucleons,’ ! on 
the other hand, are usually studied with the help of 
formula (5). The transition to the more exact for- 
mulas (6) and (7) also involves corrections of a 
few percent. 

For this reason, the scattering of particles of 
different types‘ should be compared along the lines 
of the above mentioned considerations. 

The authors thank S. M. Bilen’kif, G. V. Efimov, 
V. I. Ogievetskii, and R. M. Ryndin for their par- 
ticipation in the discussion. 


'N. F. Mott, Proc. Roy. Soc. A127, 658 (1930). 


7H. A. Bethe, Ann. of Phys. 8, 190 (1958). 
3R. Hofstadter, Revs. Modern Phys. 28, 214 
(1956). 
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ANGULAR DISTRIBUTION OF TRITONS 
FROM THE REACTION Li’ (a, t) Be® 


S. V. STARODUBTSEV and K. V. MAKARYUNAS 
Leningrad Physico-Technical Institute 
Submitted to JETP editor February 4, 1959 


J. Exptl. Theoret. Phys. (U.S.S.R.) 36, 1594-1595 
(May, 1959) 


iQ OR the purpose of studying the reaction mecha- 
nism we used the nuclear emulsion method to in- 
vestigate the angular distributions of tritons from 
the reaction Li’ (a,t)Be® (Q=-—2.56 Mev) with 
@ particles accelerated in the cyclotron to energies 
of 8.34, 10.15, 11.5, 13.2, and 14.7 Mev. At all 
energies we obtained similar angular distributions. 
The curves in the figures show the dependence of 
the differential cross section (in relative units ) 
on angle in the center of mass system with Eg = 
13.2 and 14.7 Mev. The differently designated 
points were obtained in different experiments. At 
the larger angles we only evaluated the upper limit 
of the cross section. 

The form of the angular distributions and its 
weak dependence on the energy of bombarding @ 
particles show the important role of the direct in- 
teraction mechanism. Comparison with the Butler 
theory! showed that we can obtain satisfactory cor- 
respondence between theoretical and experimental 
curves with the angular momentum transferred to 
the nucleus at the time of collision 7=1 (the only 
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possible value in line with the known values of nu- 
clear spin’ and the law of conservation of parity). 
If, as is customary, we relate the isotropic part 
of the angular distributions, to compound nuclear 
processes, then we can see from the graph that the 
contribution of this process is large for Eg = 13.2 
Mev. We should note that in this case the full en- 
ergy of motion in the c.m. system, if we include 
the energy spread of the a -particle beam and the 
energy loss in the target, corresponds to an energy 


~ 16.9 Mev for the level of the compound nucleus 
Bey 


1 Ey = 47 Mev 
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The absolute values of the differential cross 
section for a 16° angle (c.m.) are equal to 
9.2*3-, mbn/sterad for Eg = 13.2 Mev and 
9.4*5-3 for Eg = 14.7 Mey. 


~ Ig 7, Butler, Phys. Rev. 106, 272 (1957). 
ae Ajzenberg and T. Lauritsen, Revs. Modern 
Phys. 27, 77 (1955). 
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MASS OF THE ISOTOPE Pu*® 


R. A. DEMIRKHANO\, T. I. GUTKIN, and 
V. V. DOROKHOV 


Submitted to JETP editor February 2, 1959 


J. Exptl. Theoret. Phys. (U.S.S.R.) 36, 1595-1596 
(May, 1959) 


A measurement of the mass of the plutonium iso- 
tope was done in a mass spectrometer! with a re- 
solving power of 60,000 — 80,000. To determine 
the mass of the plutonium isotope we used doublets 
obtained with the help of organic compounds of dif- 
ferent composition. These compounds consisted 
of the elements H, C’*, and o' ~whose masses 
had been measured earlier rather carefully.! By 
determining the isotope’s mass by direct compari- 
son with the mass of the organic compounds it was 
possible to avoid a series of intermediate measure- 
ments and thus significantly improve accuracy. We 
used two organic compounds to produce the doublet 
pair. In the first case we used alizarin (C,,HgQO,, 
M = 240) giving fragments at mass 239. The sec- 
ond line of the doublet was formed by fragments of 
the organic compound perylene (Co Hi2, M = 252) 
having the composition Cj 9H,;. Ion formation oc- 
curred in an arc ion source whose basic discharge 
was maintained in helium. Pairs of plutonium and 
organic compounds moved into the discharge by the 
evaporation of these substances in crucibles of spe- 
cial construction. 

The differences AM of the masses of the doub- 
lets and the corresponding value of mass of the 
isotope Pu?%? are shown in the table. The final 


Doublet AM, mmu Mass, Puy mu 


Pu?89_C),H,O, 
Cj9Hy,—Pu?*? 


18 .448+0 ,082 
33 .447+0 067 


239 .128922+92 

239 .128695+74 
average: 

239 .128784+165 


mass value of the isotope Pu?8* was calculated 
taking into account the “weight” of the measure- 
ments. For comparison we point out that the value 
of the Pu? mass obtained from nuclear reactions? 
(there were no mass-spectrometer measurements 
available up to that time) was 239.126999 + 150.* 
The mass of Pu? calculated from data on nuclear 
reactions with corrections for the more accurate 
value of isotope Pb??? was 239.128025 + 155.* 
The disparity between the value of the mass of the 
isotope Pu2®* we obtained and the value obtained 
from calculations on nuclear reaction data is equal 
to 0.759 amu. This somewhat exceeds double the 
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magnitude of total error of both measurements. It 
is interesting to note the following fact. The dif- 
ference between our value and the value obtained 
by calculation from nuclear reaction data for the 
isotope U238 is equal to 1.035 + 0.120 mmu,’ and 
for the isotope Pu*®¥ is equal to 0.759 + 240 mmu. 
In addition, the deviation for the difference of the 
masses of Pu?8? and U2? calculated by our data 
from the corresponding value according to nuclear 
reaction data is 0.166 + 0.250 mmu, that is, it is 
within the limits of experimental error. In our 
case, the masses of the isotopes Pu? and u2%8 
were measured quite independently, but the nuclear 
measurements are connected by a continuous chain 
of Q values. Therefore, we may assume that the 
error ~1 mmu was a result of inaccurate values 
in the Q values that connect the reference isotope 
Pb2°8 with the isotopes Pu2®? and U8. This as- 
sumption is confirmed by the fact (see references 
3 and 4) that deviations of difference values be- 
tween our values and the nuclear values increase 
the farther one gets from the standard Pb?%*, both 
on the side of an increase in A, and on the side of 
a decrease in A. 


*Error actually equal to + 1000p mu. 


1 Demirkhanov, Gutkin, Dorokhov, Rudenko, 
AtoMuHas 9Heprua (Atomic Energy) 2, 21 (1956). 

2J. R. Huizenga, Physica 21, 410 (1955). 

3 Demirkanov, Gutkin, Dorokhov, J. Exptl. 
Theoret. Phys. (U.S.S.R.) 35, 917 (1958), Soviet 
Phys. JETP 8, 639 (1959). 

4Demirkhanov, Gutkin, Dorokhov, Dokl. Akad. 
Nauk SSSR 124, 301 (1959), Soviet Phys. Doklady 4, 
105 (1959). 
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SOME CHARACTERISTICS OF THE AN- 
NIHILATION OF AN ANTIPROTON IN 
THE DEUTERON 
E. O. OKONOV 
Joint Institute for Nuclear Research 
Submitted to JETP editor February 9, 1959 
J. Exptl. Theoret. Phys. (U.S.S.R.) 86, 1597-1598 
(May, 1959) 


ce Pontecorvo has already noted,! aside from the 
usual annihilation of the antiproton in one of the nu- 
cleons of the deuterium nucleus, the so-called 
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-single-meson annihilation process is also possible, 
where part of the energy released during annihila- 
tion is transmitted directly to the remaining nu- 
cleon 


p+d>p4r; (1) 


p+d—>n-+n. (2) 


Obviously, the relative probability of reactions 
of this type will be determined not only by statis- 
tical factors, but also by the character of the anni- 
hilation interaction, of which little is yet known. 
Not going into the details of the existing models of 
the annihilation interaction, it would be natural to 
assume that the relative probability of these proc- 
esses would be not less than the relative probabil- 
ity of the reaction (taking into account statistical 
factors ) 


nm +d—>ptp, (3) 


whose cross section for 7* mesons with momentum 
~ 130 Mev/c is ~10% of the total m*d -interaction 
cross section.? At lower bombarding-particle mo- 
mentum, the contribution of processes of a similar 
type, which include both nucleons of the deuterium 
nucleus, will evidently be even greater. 

It is quite possible that the observable number 
of “no-meson” annihilation stars in emulsions 
(~ 5%)* is a result of the fact that in a number 
of cases the energy of annihilation is transmitted 
directly to the nucleons. For more solid conclu- 
sions we would have to have statistically richer 
experimental data and also an analysis of the 
energy distribution of nucleons emitted during 
annihilation. 

It is easy to convince oneself that isotopic 
spin invariance predicts a quite definite rela- 
tion between the reaction cross sections for 
formulas (1) and (2), namely do;/do, =2. We 
point out, however, that a deviation from this 
relation can be caused not only by a failure of 
isotopic spin invariance but also by the emission 
of the hypothetical p9 meson with zero isotopic 
spin during annihilation: 


p+d>n-+ p. (4) 


Moreover, if m and p° mesons have the same 
structure as for instance in the Fermi-Yang 
model, where 7° and p° can be described as 
symmetrical and antisymmetrical functions re- 
spectively of the type 


n° = (pp-+nny/V 2, 
then, in this case the relation between the reaction 


0 
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cross sections in (1), (2) and (4) will be do, : doy: 
do, = 2:1:3 (with accuracy to the relative mass 
differences of 7’ and p’ mesons). If in this 
process the 7’ and p° mesons actually cannot 
be distinguished experimentally, then the “neutral” 
annihilations in formulas (2) and (4) can turn out 
to be twice as large as for the “charged” annihila- 
tions in (1).f 

We note that besides reactions (1), (2) and (4) 
during the annihilation capture of an antiproton by 
a deutron, we can also have pair production of 
strange particles 


p+d—>=t + Kt, (5) 
p+d—>¥+ Ke, (6) 
p+d—>A°+ K°. ~ (9) 


A study of the relative probability of these proc- 
esses makes it possible to check isotopic spin in- 
variance and also the correctness of the distribu- 
tion of strange particles in charge multiplets asso- 
ciated with it. Charge independence requires that 
the ratio of the cross sections for reactions (5) 

and (6) be do; /dog = 2. If we accept the Gell-Mann 
and Pais hypothesis® on symmetry in strong interac- 
tions, a hypothesis by which all baryons, including 
hyperons, emerge as isotopic doublets 


Yo = (A°— 39) /V'2 and N, =|¢" |, 


Zo = (Ao + 3) /V2, 

then in this case, we have the additional relation 
dog ¥ do, [with an accuracy 6= (my —my)/ 

ma © 0.07]. Reactions (5) — (7) can be easily 
identified experimentally since in this case the 
hyperon and the K meson are emitted at an angle 
of 180° with very definite energies a: 0.7 Bev, 
Eq * 0.5 Bev, Ey * 0. 44 Bev). 

By similar processes, the sii actheeie of cas- 

cade hyperons is also possible: 


> 
Ny = yo 


Pod a Kl i 
p+d—> B+ K+ Ke. 
I take this opportunity to express my gratitude 
to L. I. Lapidus, B. M. Pontecorvo, and R. M. 
Ryndin for their suggestions and also to D. Miller 
who was kind enough to give me experimental re- 
sults before publication. 


*The estimate of this quantity, made on the basis of avail- 
able data,® includes corrections for 7+ self absorption in the 
emulsion nuclei, and excludes the cases when only neutron 
mesons are emitted (based on data on annihilation of antipro- 
tons by hydrogen; D. Miller, private communication). 


+The existing experimental data of D. Miller and others 
(which are still skimpy statistically) give no grounds as yet 
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for assuming that a noticeable number of hypothetical p° 
mesons is emitted, in addition to 7° mesons, in the annihi- 
lation of the antiproton by the proton.* 


1B. M. Pontecorvo, J. Exptl. Theoret. Phys. 
(U.S.S.R.) 30, 947 (1956), Soviet Phys. JETP 3, 
966 (1957). 

2Durbin, Loar, and Steinberger, Phys. Rev. 84, 
581 (1951). 

3. Segré, Antinucleons, UCRL-8260 (1958). 

4%. O. Okonov, K Bonpocy 0 BO3MOKHOM 
CYIECTOBaHUn HeUATPabHOrO Me€30Ha C USOTONUYECKUM 
cnunom 0 (On the Possible Existence of a Neutral 
Meson with Zero Isotopic Spin) Report, Joint Inst. 
for Nuclear Res. (1958). 

5M. Gell-Mann, Phys. Rev. 106, 1296 (1957); 
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RESULTS OF A MODEL OF THE p-p IN- 
TERACTION AT 10 Bev 


G. I. KOPYLOV 
Joint Institute for Nuclear Research 
Submitted to JETP editor February 9, 1959 


J. Exptl. Theoret. Phys. (U.S.S.R.) 86, 1598-1600 
(May, 1959) 


Earuer we developed an idea for a model of the 
process of multiple production.!*? To check the ef- 
ficiency of the proposed model we made up a table 
of 200 random stars formed in p-p interactions 
at 10 Bev.? The table included the processes of 
multiple production of from 1 to 6 mesons accord- 
ing to statistical theory with the assumption of the 
existence of isobars. Weare now publishing some 
results on the formation of stars from the table. 

Figure 1 shows the obtained momentum spectrum 
of nucleons and mesons in the c.m. system (for 
comparison the smooth curve shows the same 
spectrum calculated in the usual way ).4* Figure 2 
shows the momentum spectra of protons, 7m* and 
m™ mesons in the laboratory system. 

The table of random stars allowed us to obtain 
theoretical values of the quantities for which cal- 
culation using the usual methods is difficult. Fig- 
ure 3 shows the distribution of angular divergence 
between the charged particles in the stars in both 
systems (in plotting the distribution we included 
all m(m-—1)/2 angles between m rays of the 
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FIG. 3. Dot-and-dash lines show the spectrum of angles be- 
tween projections of rays onto the plane normal to the axis of 
interaction; solid line shows the spectrum of angles between 
rays in the c.m. system; dotted line shows the same in the 
laboratory system. 


star). We also obtained the angular distribution 
between projections of rays onto a plane normal 
to the axis of interaction (Figure 3). This distri- 
bution is convenient because it does not change 
under a transformation from one system to the 
other. We note that with peripheral interactions, 
the angles ~ 0° and ~ 180° must occur more often 
than in the distribution obtained in reference 5. 
Gramenitskif and others® measured the corre- 


lation coefficients between the directions of rays 
and the number of narrow pairs in nuclear disin- 
tegrations. Using the table of random stars it is 
possible to obtain the theoretical values of these 
quantities. The number of pairs with angle < 2° 
(see Fig. 3) was equal to four in 200 stars. This 
is close to the quantity obtained in reference 6. 
The Q values (see reference 6, Table I, last 
line) connected with the correlation coefficients 
were, respectively, 0.32 + 0.06, and 0.00 + 0.07. 
A more detailed analysis of the correlations 
showed that as the number of rays in the stars in- 
creased, the statistical dependence between the 
directions of the rays becomes more obvious. 
This is connected with an increase of the limits 
placed on the directions of the particles by the 
law of conservation of momentum. 

These results from the formation of the table 
of random stars testifies to the usefulness of this 
method for analyzing various details of the proc- 
ess of multiple production. 


TEM PERATURE DEPENDENCE OF FERRO- 
MAGNETIC RESONANCE IN YTTRIUM 
FERRITE-GARNETS 


L. A. MALEVSKAYA and G. M. NURMUKHAMEDOV 
Moscow State University 
Submitted to JETP editor February 12, 1959 


J. Exptl. Theoret. Phys. (U.S.S.R.) 36, 1600-1601 
(May, 1959) 


Tuere have hitherto been few data on the tem- 
perature dependence of ferromagnetic resonance 
in ferrites. Meanwhile, the study of this depend- 
ence has acquired considerable importance, be- 
cause it is here that the relation between the reso- 
nance characteristics and the magnetic properties 
of a ferrite is manifested most clearly. The pres- 
ent communication presents the results of a study 
of the temperature dependence of the width of the 
ferromagnetic resonance absorption line, the g- 
factor, and the resonance field in polycrystalline 
yttrium ferrite-garnets, in which the Fe** ions 
have been partly replaced by Al?*+ and Cr** ions. 
At the same time, measurements of the tempera- 
ture dependence of the spontaneous magnetization 
were made by a method described earlier.' 

Figure 1 shows the temperature dependence of 
the absorption line width (solid curves) and of 
the specific spontaneous magnetization (dashed 
curves) of yttrium ferrite-garnets of the follow- 
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ing compositions: 3Y,03*5Fe,O3 (1); 3Y_,03° 
4Fe,03°Al,O3 (3); 3Y,03°4.5Fe,03°0.5Cr2O03 (2). 
Because of the small density of the specimens, 
the width of the resonance line was quite large; 
this permitted a clearer exhibition of its change 
on heating. It is clear from Fig. 1 that the de- 
crease of spontaneous magnetization on approach 
to the Curie point occurs more abruptly than does 
the decrease of AH. It should furthermore be 
noted that the decrease of og andof AH pro- 
ceeds more rapidly in the case of the stoichiomet- 
ric ferrite 3Y,03;°5Fe,O3 than it does for the 
“substituted” ferrites. The greater the Al®* and 
Cr?* content, the more slanting the AH and og 
3 


AH 08 G,, Gg cm 


250 7, °C 


50 100 150 200 


FIG. 1. Temperature dependence of the width AH of the 
ferromagnetic resonance absorption line (solid curves) and of 
the specific spontaneous magnetization o, (dashed curves): 
1) for 3Y,0,-5Fe,0,; 2) for 3Y,0,-4.5Fe,0,-0.5Cr,0,; 3) for 
3Y,0,-4Fe,0,-Al,0,. 
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curves are in comparison with the curves for 
3Y,03°5Fe,03. Probably the Al’* and Cr** ions 
are distributed nonuniformly in the ferrite-garnet 
lattice, as a result of which there occur fluctua- 
tions of the exchange interactions through the vol- 
ume of the specimen; these in turn lead to a “wash- 
ing out” of the curves of AH and og vs tempera- 
ture. According to the theory of Clogston, Suhl, et 
al.” the value of AH in ferrites should be propor- 
tional to Vog . As can be seen from Fig. 2, this 


$00 


FIG. 2. Dependence of 
AH on Vo, for ferrite- 
garnets, calculated from 
the curves of Fig. 1 (same 
materials and same nota- 
tion for them). 
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relation is satisfied qualitiatively in a certain tem- 
perature interval (far from the Curie point). 
Figure 3 shows the temperature dependence of 


MAGNETIC AND RESONANCE PROPERTIES 
OF YTTRIUM FERRITE-GARNETS WITH 
REPLACEMENT OF Fe** IONS BY Cr** 

AND Al*"IONS 


K. P. BELOV, M. A. ZAITSEVA, and L. A. 
MALEVSKAYA 


Moscow State University 
Submitted to JETP editor February 12, 1959 


J. Exptl. Theoret. Phys. (U.S.S.R.) 36, 1602-1603 
(May, 1959) 


IK aes there has been great interest in the 
investigation of ferromagnetic resonance in new 
magnetic materials, ferrite-garnets of the rare- 
earth elements and of yttrium.!»? In the present 
communication we give the results of our experi- 
ments on the effect of replacement of Fe?* ions 
by Al?+ and Cr** ions, in the stoichiometric 
yttrium ferrite-garnet 3Y,03°5Fe,03, upon the 
magnetic and resonance properties of this ferrite. 
Upon replacement of a corresponding quantity of 
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FIG. 3. Tempera- 3500 
ture dependence of 
resonance field Hp 
(solid curves) and 
of g-factor (dashed 3000 
curves) for the same 


materials as in Fig. 1. 
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the resonance field Hp and of the g -factor on 
temperature. It is interesting to note that in the 
stoichiometric ferrite 3Y,03*5Fe,03 and in i 
3Y,03°4.5Fe,03°0.5Cr,03, Hp increases on ap- 
proach to the Curie point, whereas the g -factor 
decreases slightly. 

This work was performed under the direction 
of K. P. Belov. 


1 Belov, Bol’shova, and Elkina, Izv. Akad. Nauk 
SSSR, Ser. Fiz., 21, 1047 (1957), Columbia Tech. 
Transl. p.1051. 

2 Clogston, Suhl, Walker, and Anderson, Phys. 
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Fe?* ions by Al** and Cr**, the formulas for 
the ferrites studied will have the form: 


SNieOxe (5 =e a) Fe,O,-a Al,O3; Ba Ovsc (5 a a) Fe,O3;-aCr,Os. 


Here a is the content of Al®* or Cr** ions per | 
mole. The measurements of magnetic and reso- 
nance characteristics were carried out on poly- | 
crystalline specimens, prepared in accordance | 
with standard ceramic technology (sintering at 
1300°C in air for four hours). The density of the 
specimens was no greater than 2.75 g/em3; this 

led to a pronounced broadening of the ferromag- 
netic resonance absorption line. In our experi- 
ments this was an advantage, since it permitted 

a clear exhibition of the effect of the introduction 

of Al’*+ and Cr** ions into the ferrite upon the 
absorption line width. For all the specimens, iso- 
therms of the magnetization were taken by a bal- 
listic method at helium temperatures; from these 

the saturation magnetization o) was found, in 

Bohr magnetons per mole. 

Replacement of Fe** ions by Al’* ions (which . 
have no magnetic moment) causes a decrease in 
the value of o) (Fig. 1), whereas replacement by 
Cr** ions at first leads to an increase of 093 but 
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FIG. 1. Dependence of the 
magnetization o, at 4.3°K (in 
Bohr magnetons) and the Curie 
point © on content a of Cr?+ 
and Al** ions in yttrium ferrite- 
garnet: 1) Cr°*; 2) Al**. 


at contents a>0.5 the value of oy decreases. 
The Curie point decreases in all cases, both on 
replacement by Al** and on replacement by Cr°* 
(Fig. 1). These results are in agreement with the 
data of Pauthenet.? 
4H0e 

FIG. 2. Dependence of 
the width of the absorption 
line on content of Cr°* and 
Al’* ions in yttrium ferrite- 
garnet: 1) Cr°+; 2) Al**. 
te 

Figure 2 gives the results of the measurements 
of AH, the width of the absorption line. The value 
of AH increases with increase of Cr** content, 
whereas it decreases with increase of Al** con- 
tent. Since the magnetic anisotropy is very small 
in yttrium ferrite-garnet, it is possible to calcu- 
late the value of the g-factor with satisfactory 
accuracy. With increase of Cr** content, the g- 
factor rises from a value 2.150 + 0.005 (for 3Y,03°- 
dFe,O03) to 2.200 + 0.005 (for 3Y2,03 °4Fe,O03 + Cr2O3), 
while upon increase of Al** content the g -factor 
drops to a value 2.030 + 0.005 (for 3Y,03+-4Fe,03° 
Al,O3). Comparison of the curves for AH, 9p, 
and © (Figs. 1 and 2) shows that the value of AH 
is directly related to the values of oy and ® (in 
the case of replacement by Al®*): the smaller oy 
and ©, the smaller AH. This is qualitatively in 
agreement with the deductions of the theory,* ac- 
cording to which AH in ferrites should be propor- 
tional to the values of o) andof @. In the case 
of replacement by Cr** ions, as Figs. 1 and 2 show, 
the experimental data on the change of the values of 
AH, o, and © are in contradiction to the theory 
mentioned. 


1. Sirvetz and J. Zneimer, J. Appl. Phys. 29, 
431 (1958). 

2R. Vautier and A. Berteaud, Compt. Rend. 247, 
1322 (1958). 

3R. Pauthenet, Compt. rend. 248, 1499 and 1737 
(1956). 

4 Clogston, Suhl, Walker, and Anderson, Phys. 
Chem. Solids 1, 129 (1956). 


Translated by W. F. Brown, Jr. 
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ELECTRIC FIELD IN A MICROWAVE 
PLASMA AS A FUNCTION OF TIME 
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V. E. MITSUK and M. D. KOZ’ MINYKH 
Moscow State University 
Submitted to JETP editor February 13, 1959 


J. Exptl. Theoret. Phys. (U.S.S.R.) 36, 1603-1604 
(May, 1959) 


Ir is of considerable interest to study the forma- 
tion of a pulsed ultrahigh frequency (UHF) dis- 
charge from the onset of breakdown to the time 
at which the electron density, electric field, and 
other plasma parameters assume their steady- 
state values. 

We have investigated the time dependence of 
the electric field during the transient period in a 
pulsed UHF discharge at 9400 Mcs. The field 
strength was measured optically by noting the 
Stark effect of the Balmer lines in the external 
oscillating field.'** The microwave plasma was 
generated in a narrow capillary approximately 
2 mm in diameter which was placed in a waveguide 
with cross section 23 x 10 mm?. 

An analysis was made of the transverse radia- 
tion with respect to the direction of the electric 
field. The spectral analysis apparatus was a 
DFS-2 diffraction grating (theoretical resolving 
power of 80,000). The analysis of the spectrum 
and the determination of the parameters of the 
Ha line used for the experiment were made by 
means of a photo-electric scanning attachment on 
a FEU-19 photomultiplier. To make it possible 
to examine the line shapes corresponding to vari- 
cus stages of the UHF pulses (T = 2usec) a time- 
selection system was used to examine the signal 
from the FEU. 

The triggering pulses were approximately 
0.1psec long and could be shifted in steps of 0.1 
psec. It is assumed that the quantity being meas- 
ured was essentially constant over a 0.1 usec 
period. Since the repetition frequency was about 
400 cps and the scanning was carried out rather 
slowly the results of the measurements represent 
averages over several thousand illumination pulses. 

The measurements were carried out in deuter- 
ium at a pressure of several millimeters of mer- 
cury. In the figure is shown the time dependence 
of the electric field inside the plasma during a 
uhf pulse. In the same figure is shown the UHF 
pulse in the waveguide in which the capillary was 
located and an oscillogram of the intensity of the 
Hg line in relative units (same time scale for all 
quantities ). 

During the entire UHF pulse the amplitude of 
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Bom! 6 kv/em Rosenbluth formula) in two ways: first, to take 

account of the mass of the incident particle, and 
second, to postulate for this particle also an sre {i 
nal piEueuate described by form factors Fy, (q”) ] 
and ©), ( qt); ie 
The charge-current density both for the nucleon 

and for the incident particle is taken in the form 


U2Quy, where Q; = 1iF (q°) + i® ey 1rae4ai | 


q is the four-vector momentum transfer; u, and 1 
a a) 15 20 25 tusec u,; are spinors. The square of the matrix element, 
averaged over the initial spin states and summed — 
over the final spin states, is given by | 


P (t)—oscillogram of the power; I(t)—oscillogram of the 
intensity; 5—half-width of the Stark line; E— amplitude of the 
5 a : a F = 4 4 ; 
electric field; oO— 4 mm. Hg; A— 23 mm. Hg. mM pe= nee rs F2FY, (— q?(M? + p2) + 2(p,-p,)? 
the electric field inside the plasma remains es- 
sentially constant. On the other hand the luminous 
intensity, which may be interpreted as reflecting + 4g? (py + Pe) (P1-P1) — 49° Mu] + Fu@OuF upg? 
the time behavior of the electron density, shows ee 28 + 120y0,F yFy.Mug! + 40% ©, F .ug! 


the monotonic increase of the latter. 1M? F202 q , ; 
These results indicate that in this experiment a =F] + FrOug? (qu? + 4 (Pr Pr) (Pr Pa) 


+2 (pio?) + Fe®wF vM@ [q? — 2u7] + Fi Px M? gt 


we are dealing with the stage of discharge forma- — 4M?p?] + a aisanlesiant [42 — + @?] + 401, Ong! 
tion which precedes the establishment of the sta- x [4M — (M? + p2) g? +2 (p+ p,)? 

tionary state conditions; in the steady state the a ne 

electric field is considerably smaller.? + 2 (Pr: pa)’ — 7-9 


The primed quantities refer to the incident particle, 


1D. Blochinzeff, Physik. Z. Sowjetunion, 4, 3 the unprimed to the nucleon 


eae): ] The a cross-section is 
V. E. Mitsuk, J. Tech. Phys. (U.S.S.R.) 28, 6 ye. ye ; 
(1958), Soviet Phys. Tech. Phys. 3, 1223 (1958). ee oe [Mt Pp, where [-= 37, rei = Fe. 
3D. J. Rose and S. C. Brown, Phys. Rev. 98, 
310, 1955. In the laboratory system we have 
Translated by H. Lashinsky £,=M, E,=W, E,=E&, £,=E,; 
330 (Pi:Pi) = — ME, (P1-P2) = —ME, g? =2M(W—M); 


p = p,aWE/ (ppEn — Epo cos 9). 


The magnitude of the momentum and the energy of 
the scattered meson are given by! 


A GENERAL FORMULA FOR THE ELEC- (EoM + p?) cos + EnV M2 — pisin®s 
TROMAGNETIC SCATTERING OF TWO DIF- SL E2— pcos 


1 pa 
FERENT PARTICLES OF SPIN 7, p En (EoM + v8) +p) cos 9 MP — pF sino 


’ 


E? —pe cos? $ 
E,x=E,+M=E4+W; p= FR—w. 
In the case in which the mass of the incident 
particle can be set equal to zero the expressions 


A. I. NIKISHOV 


P. N. Lebedev Physics Institute, Academy of 
Sciences, U.S.S.R. 


Submitted to JETP editor February 23, 1959 become much simpler:’ 
J. Exptl. Theoret. Phys. (U.S.S.R.) 36, 1604-1605 2° e° y 1 1. 2Eo ees sin? 2 NF? cos? 2 
> 5) pee 
(May, 1959) a = (see, sin Spl =| cf 2 p) 


Bf ye gee eee oS q? 2 6 2 
Ix view of the possibilities for experiments on . [Fa mam 7) ee ea al me 
the scattering of 4 mesons by nucleons it is de- x (1+ 2 tan? =) Pe 2 | AF ig? — OyFy “2 are ~ sin? > 
sirable to generalize the formula for the scatter- 
ing of high-energy electrons by nucleons (the + 16@yq" (cos? 5 OF a 7a sin? =} : 


9 
2 
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Setting F,=1, 6,=0, y= kFyy/4M, we get 
the previously mentioned Rosenbluth formula. 

In conclusion I express my thanks to I. L. Ro- 
zental’ for a discussion. 


"I. L. Rozental’, Usp. Fiz. Nauk 54, 409 (1954). 
L. Janossy, Cosmic Rays, Oxford, 1950 (Russian 
Transl. IIL, Moscow 1949). 

2R) Hofstadter, Ann. Rev. Nuclear Sci. 7, 231 
(1957). 


Translated by W. H. Furry 
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CONCERNING THE IMPACT OF SOLIDS AT 
HIGH VELOCITIES 


K. P. STANYUKOVICH 
Submitted to JETP editor February 17, 1959 


J. Exptl. Theoret. Phys. (U.S.S.R.) 36, 1605-1606 
(May, 1959) 


Waen a solid body strikes a solid barrier at a 
speed exceeding several km/sec, a strong shock 
wave is produced in the body and in the barrier, 
and destruction of the crystalline lattices of the 
colliding bodies begins on the front of this wave. 
At speeds on the order of 10 km/sec and higher, 
(say when a meteorite strikes the surface of the 
moon or of an asteroid), the result is evaporation 
of the striking body and partial evaporation of the 
struck medium. 

The pressure on the front of the shock wave 
drops sharply with increasing distance to the point 
of impact, and the evaporation of the medium on 
its front ceases and is replaced by melting and 
simple crushing of the medium. Strong crushing 
stops almost always when the mass energy density 
on the front of the shock becomes less than a cer- 
tain value that characterizes the “strength of the 
medium” ¢. The evaporated and finely fragmented 
medium continues to move expands, and exerts an 
explosion-like effect. 

Since the effect of the explosion is analogous in 
this case to the effect of the well-studied explosion 


of high explosives, such as TNT, it is advantageous 


to introduce the so-called TNT equivalent. The 


equivalent mass of an explosive substance is deter- 
mined by the obvious relation 


Ms = 7Eq/Q = _Mous /2Q, 


where Ej is the initial energy, My the mass of 
the striking body, uy the impact velocity, 7 the 
efficiency of utilization of the energy, and Q the 
caloric content per gram of explosive. At high im- 
pact velocity (uy > Ve) the mass M expelled from 
the medium by the explosive exceeds considerably 
the incident mass, and therefore the momentum J 
of the expelled medium (normal projection) also 
exceeds considerably the initial momentum Jy = 
MjyUy cos 6, where @ is the angle (measured 
from the normal) at which the impact takes place. 
Experiments and corresponding computations 
have shown that the exploded and expelled mass 
equals M © E,/e. Since the momentum of the 
expelled mass is J ~ VME), then obviously 


J = BE,/Ve. 


Here the coefficient of proportionality B is found 
essentially by experiment. This coefficient can be 
easily related with the strength properties of the 
medium .? 

The relation 


Jo/J =2cos6Ve/ Buy 


is small at large initial impact velocities (when 
Ug > Ve ). Consequently, the total momentum ac- 
quired by the medium during the impact and sub- 
sequent explosion depends essentially on the ex- 
plosion momentum and is practically independent 
of the angle of the impact. At cosmic impact ve- 
locities, on the order of 30 or 40 km/sec, J ex- 
ceeds Jy by one order of magnitude. 

The foregoing effects fail to apply only at very 
large values of the angle of incidence 9, when 
the normal velocity component is small. 


1k. P. Stanyukovich and V. V. Fedynskii, Dokl. 
Akad. Nauk SSSR 56, No. 2, 1947. 

2K. P. Stanyukovich, Mereoputka, (Meteoritics ), 
No.7, 1950. 

3G. I. Pokrovskii and I. S. Fedorov, Jleiicrsue 
yqapa “ B3pbiBa B ZepopMupyemplx cpegax, (Effect of 


Impact and Explosion in Deformable Media), 


Promstroiizdat, 1957. 


Translated by J. G. Adashko 
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THE ‘‘COMPLETE EXPERIMENT’? IN 6 
DECAY 


Ya. A. SMORODINSKII 
Joint Institute of Nuclear Studies 
Submitted to JETP editor February 17, 1959 


J. Exptl. Theoret. Phys. (U.S.S.R.) 36, 1606-1608 
(May, 1959) 


le an earlier paper! Puzikov, Ryndin, and the 
writer determined how many experiments are re- 
quired for the reconstruction of the scattering ma- 
trix for scattering of nucleons by nucleons (the 
“complete experiment”). The results of that paper 
have been extended to the case of arbitrary spins 
of the colliding particles,’ and also to the case of 
inelastic processes.’ The analogous problem can 
also be solved for B decay. 

Here we shall consider only the decay of the 
neutron. If the chirality of the leptons is conserved, 
the 6 -decay interaction Hamiltonian can be written 
in the form 


Hg = (Va+ Aa) <é| Ya (1 Xs) | Ys 


where Vq and Aq are the nucleon “currents” 
corresponding to the vector and axial-vector in- 
teractions, respectively. If we require that the 
neutron and the antiproton (which have the same 
isotopic-spin component) decay in identical ways, 
then it can be shown (cf. reference 4) that 


Va = <p|a(k)Ya + 6(R) cagke| n>, (2) 
Ag =<p|c(R)Yst« + 4(R) Yska | 11>; (3) 


Top =i(Yavg-YVeYa)/2. Here <p| and |n> 
are the wave functions of the free nucleons, and 

k is the four-vector momentum transfer (the 

sum of the momenta of the electron and antineu- 
trino). It can be seen from this that all the prop- 
erties of the 6B decay of the neutron are described 
by the four functions a(k), b(k),..... Further- 
more the coefficient b(k) describes what Gell- 
Mann’ has called “weak magnetism”. Ordinarily 
in the allowed approximation k is taken to be 
zero, and two constants, a(0)=gp and c(0) = 
CGT are measured. In principle, more precise 
measurements can also give the dependence of 
these coefficients on k. Since, however, the 
“dimensions” of the nucleon are ~ h/Mc, and 

the maximum k is ~ h/me, the departure from 
the “allowed” approximation will be of the order 
of m/M ~ 0.1 percent. In such experiments we 
get the values of the form factors in a range of 
values of k determined by the decay energy. 
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Measurements of these coefficients over a wider 
range of energies will be possible when it is pos- | 
sible to study the capture of antineutrinos of vari- } 
ous energies by protons. 

In this case four experiments must be made 
for each value of the momentum transfer (or for | 
each value of the total momentum of the leptons 
inthe B decay). The situation is simplified if ] 
we take into account a theorem of Gell-Mann,°*> — | 
from which it follows that for light nuclei the form }) 
factors a(k) and b(k) are the same as those 
that determine the scattering of electrons by pro- 
tons and neutrons. Therefore if we use the data 
on the scattering of electrons there remain to be 
determined for 8 decay only two form factors, 
i.e., two experiments must be performed for each 
value of the momentum transfer. 

It is obvious that what has been said remains 
valid also for any 8 decay between nuclei with 
spin 3. If however, charge invariance is violated 
(non-mirror transitions ), the number of form 
factors for each of the currents is increased by 
unity. 

We shall also formulate the result for the gen- . 
eral case of a transition between mirror nuclei. 

If we consider the transition I’ —I” (no), the 
number of form factors in the vector current is 
21 +1, where I is the smaller of the spins I’, 

I”. For light nuclei these form factors are deter- 
mined from inelastic scattering of electrons with 
transition of the nucleus to the state isotopically 
Similar to the final state inthe 6 transition. The 
number of form factors in the axial-vector current 
is 2I. In the case of the transition I—TI’ (yes) 
the numbers of form factors for the two currents 
are 2I and 21+1. These same numbers deter- 
mine the number of experiments that make up a 
complete experiment. 

In this way the study of “forbidden” approxima- 
tions and forbidden 8 transitions determines a 
set of form factors. Usually forbidden transitions 
are described in the literature by a set of nuclear 
matrix elements; in reality this is only an approx- 
imate way of specifying the form factors.* Simple, 
but rather cumbersome calculations make it pos- 
sible to express the results of the various experi- 
ments in terms of the form factors. The formulas 
in question will be given in a later communication 
devoted to the general properties of -decay form 
factors. 

These same considerations are also valid for 
the capture of mesons. At least for light nuclei 
it can be expected that the form factors of the vec- 
tor current will be the same as for electrons (for 
corresponding values of k). In the case of the 


= = 


1 


H) 
q 


f 
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axial-vector current there are indications that the 
B and yw form factors are different.’ This fact 


_ makes experiments with » mesons even more 
_ interesting. 


The writer is grateful to R. Ryndin and S. 


_ Bilen’kil for a helpful discussion of the results. 


*We note that the form factors describe “collective” transi- 
tions which, for example, can make an important contribution 


in transitions of extended nuclei with large quadrupole moments. 


! Puzikov, Ryndin, and Smorodinskif, J. Exptl. 


_ Theoret. Phys. (U.S.S.R.) 32, 592 (1957), Soviet 


Phys. JETP 5, 489 (1957). 

2 Bilen’kif, Lapidus, Puzikov, and Ryndin, 

J. Exptl. Theoret. Phys. (U.S.S.R.) 35, 959 (1958), 
Soviet Phys. JETP 8, 669 (1959). 

31. D. Puzikov, J. Exptl. Theoret. Phys. 
(U.S.S.R.) 34, 947 (1958), Soviet Phys. JETP 7, 
655 (1958). 

ag a Goldberger and S. B. Treiman, Phys. 
Rev. 111, 354 (1958). 

°M. Gell-Mann, Phys. Rev. 111, 362 (1958). 

6R, P. Feynman and M. Gell-Mann, Phys. Rev. 
109, 193 (1958). 

"Burgman, Fischer, Leontic, Lundby, Meunier, 
Stroot, and Teja, Phys. Rev. Lett. 1, 469 (1958). 


Translated by W. H. Furry 
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ANGULAR ANISOTROPY AND ENERGY 
CHARACTERISTICS OF THE FISSION 
PROCESS 


A. N. PROTOPOPOYV, I. A. BARANOV, and 
V. P. EISMONT 


Submitted to JETP editor February 27, 1959 


J. Exptl. Theoret. Phys. (U.S.S.R.) 36, 1608-1609 
(May, 1959) 


E XPERIMENTAL and theoretical investigations 
of the angular anisotropy of the fission of heavy 
nuclei, conducted so far, did not consider directly 
the problem of energy yield. Nevertheless, from 
the concepts developed up to now, one can expect 
that certain energy characteristics of the fission 
process will depend on the angle between the di- 
rection of incidence of the exciting particle and of 
the emitted fragments. For instance, it has been 
shown recently!*? that the degree of anisotropy in 
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fission is strongly related to the effective temper- 
ature of the nucleus in the saddle point: the more 
electrons are evaporated up to the moment of at- 
taining the critical deformation, the bigger is the 
anisotropy. We are, of course, considering fis- 
sion of nuclei for sufficiently high excitation where 
the emission of nucleons before fission is energet- 
ically possible. One can then observe both cases 
of fission, with and without previous emission. 

The degree of anisotropy of the latter will be dif- 
ferent. On the average, therefore, the number of 
neutrons in nuclei undergoing fission, as well as 
the energy of excitation, will be different for fis- 
sion at an angle of 0° and 90° to the beam of inci- 
dent particles. Consequently, one can expect cer- 
tain differences in the kinetic energy of fragments 
emitted at different angles. 

As an attempt to examine the relations men- 
tioned above, the fission of U*** induced by neu- 
trons with energy 14.9 Mev was studied. The en- 
ergy of the additional fragments in fission along 
the direction of the neutron beam (0°) and in fis- 
sion in the perpendicular direction to the beam 
(90°) was studied by means of a double ionization 
chamber. The angle of distribution was such that 
the emission direction of a fragment did not devi- 
ate by more than 26° from a given direction at 0° 
or 90°. Other conditions of the experiment were 
identical with those described earlier. A total of 
5000 fission events at the angle of 0° and 4000 
events at the angle of 90° were recorded in alter- 
nating measurements. 

It was found that, for a ratio of the fragment 
masses equal to 1.40 —1.44 (close to the most 
probable value), the average kinetic energy of 
the fragments is equal to 170.8 + 0.6 Mev at the 
angle of 0° and 169.4 + 0.8 Mev at an angle of 90° 
(the indicated errors represent the average devi- 
ation of the results of separate series of measure- 
ments). The difference of the energy of fragments, 
if such exists, is therefore not bigger than 1.5%. 


1T. Gal’pern and V. M. Strutinskii, Paper pre- 
sented at the Second International Conference on 
Peaceful Applications of Atomic Energy, Geneva, 
1959. if 

2A.N. Protopopov, and V. P. Efsmont, J. Exptl. 
Theoret. Phys. (U.S.S.R.) 36, 1573 (1959), Soviet 
Phys. JETP, this issue, p, 1116. 

3A. N. Protopopov and V. P. EYsmont, Aromuaa 
sHeprua (Atomic Energy ), in press. 


Translated by H. Kasha 
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ON THE RELATIVISTIC RELATION BE- 
TWEEN POLARIZATION AND ASYMMETRY 


S. M. BILEN’ KII and R. M. RYNDIN 
Submitted to JETP editor February 27, 1959 


J. Exptl. Theoret. Phys. (U.S.S.R.) 36, 1609-1610 
(May, 1959) 


“Fae usual method for determining the polariza- 
tion of particles consists of measuring the azi- 
muthal asymmetry of the scattering of the polar- 
ized particles, and is based on the fact that the 
azimuthal asymmetry is equal to the product of 
the polarization of the incident particles and the 
polarization produced in the scattering of unpo- 
larized particles. This relation was derived by 
Wolfenstein and Ashkin for the nonrelativistic 
case, from general principles of symmetry,.!?? 
It is interesting to examine the question of the 
relation between asymmetry and polarization in 
the case of the scattering of relativistic particles. 
The state of polarization of a relativistic par- 
ticle with four-vector momentum Py can be de- 
scribed? by the density matrix 


p= “/2(1 + éyetpEu) Ap. (1) 


Here Ap = (YuPu +im)/2im is a projection oper- 
ator, m is the rest mass of the particle, and Ey = 
iSp Ysy,p is a spacelike axial vector orthogonal 
to the vector Pu (€uPy = 9). The degree of polar- 
ization is defined as P = Gens 

Let us consider first elastic scattering of par- 
ticles with spin 3 by spinless particles. By con- 
siderations of invariance the scattering matrix 
can be written in the form 


M=A+ Bra (qu + 9u), (2) 


where qu and qu are the momenta of the particle 
with spin zero before and after the scattering, and 
A and B are arbitrary functions of the two inde- 
pendent invariants. The density matrix of the final 
state can be put in the following form: 


Pscat = Ap MpPinc BM*BA,. (3) 


Py, and py are the momenta of the particles with 
spin 3 before and after the scattering. 

From Eqs. (1) and (3) we get the following ex- 
pression for the scattering cross section of the 
polarized beam (polarization vector GINO.) 

) (4) 


__ SpA, Miysy,A,BM*8 
ee = Sp Ay MAM (1 + Eine Sp i, MA BME 


THEE DELO ) H 


By means of the expression (2) we can verify that i 
Nt 
Sp Ap MitstuApbM*B = Sp itstu Np MABM"BA,: | 
and, consequently, H 
o = 99(1 +n En): (5)) 


where oy is the scattering cross section of unpo- | 
larized particles and eo is the polarization vecton 
that appears from the scattering of unpolarized 
particles Gy ~ EnvpoP Ppa): | 

The formula (5) is also valid in the case of a ] 
reaction of the type }+0—-3+0, if the product — 
of the intrinsic parities of all the particles involve} 
in the reaction is +1. On the other hand, if the prooy 
uct of the intrinsic parities is —1, then it is not 1 
hard to derive the following expression for the 
cross section of the reaction: 


3 = oo(1 Bie En) 


It can be verified that Eq. (5) is also valid in the 
case of scattering of polarized particles of spin § 
by unpolarized particles with spin 3 (for example. I 
for nucleon-nucleon scattering). 

In the laboratory coordinate system (q=0), 
and also in any other system moving relative to 
the laboratory system with a velocity lying inthe |} 
plane of the scattering (for example in the center- | 
of-mass system), the fourth component ef of the 
polarization vector is zero and the vector é° is 
directed along [p x p’]. Equation (5) then takes 
the following form: 


c= a9(1 + Eine), 


(6) } 


Thus in the usual double-scattering experiment 
the asymmetry e€ is equal to eben, i.e., to the 
square of the relativistically invariant polariza- 
tion. A measurement of the asymmetry of the 
scattering of an arbitrarily polarized beam makes 
it possible to determine the component of the spa- 
tial part of the polarization vector normal to the 
plane of the scattering. 


'L. Wolfenstein, Phys. Rev. 75, 1664 (1949). 

21,. Wolfenstein and J. Ashkin, Phys. Rev. 85, 
947 (1952). 

3L. Michel and A. Wightman, Phys. Rev. 98, 
1190 (A) (1955). 
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ELECTROMAGNETIC STRUCTURE OF THE 
PROTON AND NEUTRON 


_D. I. BLOKHINTSEV, V. S. BARASHENKOV, and 


B. M. BARBASHOV 
Joint Institute for Nuclear Research 
Submitted to JETP editor March 5, 1959 


J. Exptl. Theoret. Phys. (U.S.S.R.) 86, 1611-1612 
(May, 1959) 


ne is well known, the experimental results of the 
study of the charge and magnetic moment distribu- 
tion of the nucleon have led to a sharp contradiction 
with the predictions of meson theory.! However, it 
seems to us that the difficulties are to a large ex- 
tent caused by an insufficient understanding of the 
fact that the usual interpretation of the Hofstadter 
results is neither unique nor exact, but merely 
possible. The contradiction which supposedly ex- 
ists between the law of distribution of the meson 
charge density according to Yukawa’s theory 
~e-2P/r2 and the experimentally-obtained law 
~e-BY is also without real significance as the 
range of applicability of these expressions is en- 
tirely different. 

The total charge and magnetic moment density 
in the nucleon may be written as p(r)=p7(r) + 
pk(r) and m(r)=m,(r)+m,(r). Here pr(r) 
and m,(r) are the charge and magnetic moment 
densities of the meson cloud calculated with the 
Salzman theory [see Eq. (15) of reference 1] 
taking into account only the one-pion state. By 
pk(r) and mx(r) we denote the charge and mag- 
netic moment densities of the core. Since at the 
present time very little is known about the two-, 
three-, and higher number pion states we shall 
consider them as part of the nucleon core. 

With the specific form for the cut-off function 


v(k)=V (@) = exp {— B(w— 1)}, Oi Vezi : 


where Wmax = 1/8 = cut-off frequency, we trans- 
form Salzman’s expressions for p7(r) and m,(r) 
to the form 


foe) 


pa e 
pe (r) = ery e207? | 


Vato 


K3 (e) 
ee Vpe— re 


K, (0) ‘ 
eVean ae, 


é CO 


f? en 
ma, (7) = evict : e8@ rx[o xr] 
3 5(2m)8 Vea 


where K,(p) is a Bessel function. 

The results of the theory are not sensitive to 
the specific form of the cut-off. We choose V (w) 
in a manner that gives simplest analytic expres- 
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sions for pz(r) and m,(r), convenient for nu- 
merical calculations. 

We choose $ =fi/7u7c such that the calculated 
P -wave phase shift for pion-nucleon scattering is 
in as good agreement as possible with experiment 
in the low-energy region. Then we obtain for the 
electric and magnetic radii of the pion cloud 
<1h>7 =0.19 (G/p_e)* ‘and <r2, >, = 0.40 (H/ 
uqc)*, and for the charge and magnetic moment 
of the pion cloud Q,=0.76e and my = 1.25eh/ 
2Mc. 

The charge and magnetic moment distribution 
of the core will be taken in the form 


Pr (7) = (Qn / 8xa*) e~"/2, 


where Qk and m, are the charge and magnetic 
moment of the core. According to experiment the 
electric radius of the neutron <r%>y¥* 0. When 
this is taken into account and when the anomalous 
magnetic moment of the nucleon is required to be 
equal to the experimental value my = 73 X 1.85eh/ 
2Mc one finds, with Q_ = (1+ 73)/2 -Qz, <r&>p 
= <r >n = <rip>p = (0.7f)? which is in good 
agreement with experiment. Here we took a= 
h/7u,c ~ h/Mc. In the figure are shown the values 


tM (r) = (mp / 8ra¥) e—"/4, 


te dy 
J 


1 = proton structure, 2 — neutron structure; solid curves 
refer to the charge distribution d(r) = 471’ p(r) in the proton 
and neutron, dashed curves to the charge distribution d,(r) = 
47t’ py (r) in their cores; r is in units of R/ug c= 1.4 x 10m 
cm; d(r) and d,(r) are in units of ep, c/f. 


of the charge in the proton and neutron and their 
cores.* Only for r > fi/u7c, when 


o(r)~e—™ (Vr, m(r)~e*"/r*, 


does the density curve for the proton practically 
coincide with the curve in Hofstadter’s work:‘ the 
density in the neutron, on the other hand, oscillates, 
and this explains the small electric radius of the 
neutron. 

Consequently, the main results of Hofstadter 
can be brought into agreement with meson theory. 
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At that, the core is characterized by a small size 
a © h/Mec <« hi/uze. 


*Our values for Pr (r) are substantially different from those 
of reference 2; however, as was shown in reference 3, the re- 
sults in reference 2 are in error. 


1G. Salzman, Phys. Rev. 105, 1076 (1957). 

2. Zachariasen, Phys. Rev. 102, 295 (1956). 

3-Yennie, Levy, and Ravenhall, Rev. Mod. Phys. 
29, 144 (1957). 

4 Hofstadter, Bummiller, and Yearian, Revs. 
Modern Phys. 30, 482 (1958). 


Translated by A. M. Bincer 
336 


RESONANT SCATTERING OF GAMMA RAYS 
BY Ni® 


N. A. BURGOV, Yu. V. TEREKHOV, and G. E. 
BIZINA 


Institute of Theoretical and Experimental 
Physics, Academy of Sciences, U.S.S.R. 


Submitted to JETP editor March 138, 1959 


J. Exptl. Theoret. Phys. (U.S.S.R.) 36, 
1612-1613 (May, 1959) 


We observed the effect of resonant scattering of 
gamma rays by Ni® nuclei by a procedure de- 
scribed by us earlier.!*? We used a gaseous CoCl, 
source. The gamma rays were detected with scin- 
tillation counters consisting of organic tolane crys- 
tals and FEU-33 photomultipliers. We recorded 
coincidences between the emitted cascade gamma 
quanta. The resolution of the coincident circuit 
was 2 x 107° sec. 

Nickel and cobalt scatterers were placed alter- 
nately in front of one of the detectors. Within the 
y -quanta emission-angle interval 180° > g > 126° 
we observed for the nickel specimen an additional 
absorption of the 133-Mev gamma rays, the ab- 
sorption being due to resonant scattering. No ad- 
ditional absorption was observed in the cobalt spe- 
cimen. 

We list the experimentally-determined cross 
sections (in cm”) of resonant scattering for vari- 
ous angles 9: 


150° 
deigseulae 


90° 
Os 12 


© 180° 
102%85.= 3.9+1.2 
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These values agree, within the limits of error, | 
with the ce vs. y curve which we computed theo-} 
retically.? | 

The lifetime of the first excited level of ni™ | 
was found to be T = (1.0 + 0.3) x 10 “13 sec (mo- 1 | 
lecular bonds were taken into account in the calcu— 
lations). This oe is in good agreement with | 
that of Metzger,’ 7 = (1.1 + 0.2) x 10 “12 sec, and i . 
agrees within the limits of error with the result off | 
Alkhazov, Lemberg, et al. 5 obtained by the Coulom| 
excitation method, T = 5.7 x 107!3 sec with a 30% }f 
error. 


!n. A. Burgov and Yu. V. Terekhov, Atomuaa | 
gHeprus (Atomic Energy) 2, 514 (1957). - 

2n. A. Burgov and Yu. V. Terekhov, J. Exptl. — 
Theoret. Phys. (U.S.S.R.) 35, 932 (1958), Soviet 
Phys. JETP 8, 651 (1959). 

3N. A. Burgov, J. Exptl. Theoret. Phys. 
(U.S.S.R.) 88, 655 (1957), Soviet Phys. JETP 6, 
502 (1958). 

4F. Metzger, Phys. Rev. 101, 286 (1956). 

5D. G. Alkhazov and I. Kh. Lemberg, Tesucpi IX 
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(Theses of IX All-Union Conference on Nuclear 
Spectroscopy ) 1959. 


Translated by J. G. Adashko 
3a0 
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AND IN NECDYMIUM ISOTOPES 
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SING a single-crystal luminescent spectrometer | 
with NaI(T1l) crystal we investigated the gamma 
radiation produced in radiative capture of thermal 
neutrons in iodine and in neodymium isotopes. The 
measurement procedure was described earlier.!»2 

1'28 The emission spectrum of this nucleus con- 
tained, in the energy region from 20 to 400 kev, 
gamma lines with energies 28 + 2, 135 +3, and 
158 + 4 kev. Their respective intensities ( per- . 
cent per captured neutron) were 23 +6, 20+ 4, 


t 
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and 7.5+1.5. The intensities of the 135 and 158- 


| kev gamma quanta were obtained by resolving the 


_ summary photopeak, previously! ascribed to a 


single 135-kev gamma line. The 28-kev quanta 


_ are the characteristic K radiation of iodine, 


caused by internal conversion of the gamma rays 
of the reaction I(n, y) by the electrons of the K 
Shell of the atom. A comparison of the intensity 
of this radiation with the theoretical values of the 
internal-conversion coefficients? have made it pos- 
sible to judge the character of the gamma transi- 
tions. The most probable multiplicities of the ob- 
served transitions, not in contradiction with the 
value of the intensity of the characteristic radia- 
tions, are E2 for the 135-kev transition and M2 
for the 158-kev one. The considerable intensities 
of the gamma lines indicate that the corresponding 
transitions take place between low-lying excited 
levels of [!28, 


Gamma- Gamma- 
Gamma- | line in- line “ine 
line en- | tensity Identification | too sit 
ergy ei aoe of gamma line Gee 
(kev) tope mix- topes) 
182+3 |2.1+0.4| Neodymium 
isotopes 
330 + 10 23 +4 Smite? 67 
Smee 40 
445 + 10 25+5 Ndi4e +40 
j (jo Seg 16 
610+10 | 20+4 \ Ndt46 ~100 
695+10 | 63+10 Nd144 85 + 13 
840 + 10 days: Ndi44 20+ 4 


Nd. The measurements were performed with 
an Nd,O3 target. The energy of the found gamma 
lines and their intensities, calculated for the nat- 
ural mixture of isotopes (percent per capture neu- 
tron), are listed in the table. The identification of 
the gamma lines is made difficult by the large num- 
ber of neodymium isotopes and possible contamina- 
tion of the target by other rare-earth elements hav- 
ing large neutron capture cross sections. The 
chemical and mass-spectrometric analysis data 
indicate that the target contains samarium as an 
impurity. This makes it possible to attribute the 
330-kev gamma line entirely and the 445 and 610- 
kev lines partially to radiation from the reaction 
Sm (n, y).!425 It follows from the results of Sklya- 
revskil et al.® that the gamma-ray spectra of radi- 
ative capture of thermal neutrons in Gd, Dy, and 
Er contain lines with energies ~ 180 and 80 —90 
kev, with an intensity ratio ranging from 2 to 5. 
In the present experiments we found no 80 — 90 kev 
peak of intensity comparable with that of the 182- 
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kev peak. This means that the gamma quanta caus- 
ing this peak must be due to the neodymium iso- 
topes. The table contains an identification of the 
gamma lines, with account of the gamma-quanta 
intensities, the fractions of the captured neutrons 
belonging to the individual isotopes, and informa- 
tion on the levels of the neodymium isotopes, ob- 
tained by investigating the radioactive nuclei hav- 
ing neighboring values of Z.’ The intensities of 
the gamma lines assigned to Sm!" were obtained 
by averaging the data of references 1, 4, and 5. 

The 695- and 445-kev gamma rays are due to 
transitions from the first-excited to ground states 
of Nd!44 and Na‘46 respectively.’ It is possible 
that there exist in Nd!4* and Nd!4° hitherto-un- 
known second excited states, with energies 1535 
and 1055 kev, and transitions from these to the 
first excited levels give rise to emission of 840- 
and 610-kev gamma quanta. In this case the ratios 
of the energies of these states to the energies of 
the first levels, E,/E, = 2.2—2.4, are charac- 
teristic of vibrational levels of spherical even- 
even nuclei.’ 
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AND ASTROPHYSICS 
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Joint Institute for Nuclear Research 
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J. Exptl. Theoret. Phys. (U.S.S.R.) 36, 1615-1616 
(May, 1959) 


‘Tue hypothesis that there is a deep analogy be- 
tween the various slow decay processes of elemen- 
tary particles, both those involving leptons! and 
those not involving them,” has recently found a 
brilliant formulation in the theory of the universal 
(vector and axial-vector ) interaction of Sudarshan 
and Marshak? and Feynman and Gell-Mann.* Ac- 
cording to this theory the process of scattering of 
neutrinos by electrons is described by an interac- 
tion of the first order in the weak-interaction con- 
stant.*> The experimental detection of such a 
process would be very desirable. But experimen- 
tal work on the direct observation of the scattering 
of antineutrinos from a pile by electrons (that is, 
on the observation of ionization caused by the anti- 
neutrinos and not associated with inverse nuclear 
B processes) seems at present extremely difficult, 
though perhaps not altogether out of the question. 
The purpose of the present note is to call atten- 
tion to the fact that the existence of a first-order 
v-e interaction would be capable of having macro- 
scopic results. It follows from such an interaction 
that positron-electron annihilation can occur with 
the emission of neutrino-antineutrino pairs.* 
Therefore in electromagnetic processes it becomes 
possible for photon emission to be replaced by 
emission of a vp pair (via a virtual e*e™ pair). 
This general fundamental connection between elec- 
tromagnetic phenomena and lepton processes fol- 
lows directly from the universal Fermi interaction. 
It is true that the emission of a vy pair is ex- 
tremely improbable relative to the emission of a 
photon, but the enormous penetrating power of neu- 
trinos makes one think about the possibility of ef- 
fects associated with the neutrino-electron interac- 
tion in large bodies at high temperature T. Let us 
examine the process of deceleration radiation of an 
electron with emission of a photon or a pair v? in 
a collision of the electron with a nucleus A of 
charge Z: 


e+A-se+A-+y7 (photon deceleration radiation ) 
e+A—>e+A+v-+yv (lepton deceleration radiation ) 


Let us denote by a the ratio of the probabilities 
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Wy and Wyj for the emission of a photon or a | 
pair when an electron of energy E is deflected hi 
the nucleus. Dimensional considerations lead uss} 
to set 


Vy (e2Z | hic)2e? / hie 
= Y ~~ (Zhe) G(E/ met’ 


vv 


where G= gm?c/h? is the dimensionless weak- | 
interaction constant, g = 1.4 x 10~” erg cm? is 
the Fermi constant, and m is the mass of the 

electron. | 

It is clear that @ is an enormous quantity at | 
any temperatures encountered in astrophysics. | 
Because of the difference of the penetrating powe) 
of photons and neutrinos, however, the emergencef) 
of a given energy (say ~kT) from the stars inta 
space in the form of photons will overall result — 
from an enormous number of acts of photon decell} 
eration radiation, incomparably larger than the 
number (~ 1) of acts of lepton deceleration radi-j} 
ation for the emergence of this same energy ~ kip 
into space in the form of neutrinos. Therefore a I 
a certain stage of the evolution of stars it may be} 
that the energies sent into space in the forms of. 
neutrinos and photons are comparable, in spite off 
the smallness of the ratio W,>/W, for each ele+} 
mentary act. Our attention is attracted by the 
strong temperature dependence of the probability ; 
of the process of lepton deceleration radiation, | 
which is due to the dimensions of the Fermi con- |} 
stant. Besides this, with increase of A there is F 
a decrease of the mean free path of photons, whic} 
leads to an increase of the importance of the neu— 
trino process for the energy balance. 

All of this leads to the idea that the process 
can become important in a stage of stellar evolu-- 
tion at which the temperature and the average Z 
considerably exceed the corresponding values for'} 
the sun. It is not hard to see that the mechanism | 
of lepton deceleration ratiation plays practically | 
no part in the energy balance of the sun (kT~ 1 } 
kev, Z~ 1). 

The mechanism of neutrino emission by stars 
proposed here is due to the neutrino-electron in- | 
teraction and is fundamentally different from the 
process proposed by Gamow and Schoenberg,® 
which is due to nuclear (direct and inverse) B 
processes. The lepton deceleration radiation of 
the electron is a thresholdless process, whereas 
the Gamow-Schoenberg process is an effect with 
a definite threshold. 

Recently G. M. Gandel’man and V. S. Pinaev 
have made a quantitative study of the astrophysi-. 
cal effect produced by the mechanism of lepton | 
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deceleration radiation of the electron that has 
been described here. They have shown that in the 
temperature range kT > 10 key and at densities 
>10° g/cm? the energy transferred from stars 
(Z * 20) is larger than the energy carried away 
by photons. 

In conclusion I take great pleasure in thanking 
Ya. B. Zel’dovich, D. A. Frank-Kamenetskii, and 
L. B. Okun’ for critical comments and their inter- 
est in this work, and also G. M. Gandel’man and 
V.S. Pinaev, who have kindly informed me of the 
results of their work. 


*In particular, the annihilation of orthopositronium with 
the emission of a vv pair is less probable than three-photon 
annihilation by a factor of about 10*°. Because of the longitu- 
dinal character of the neutrino, parapositronium cannot undergo 
annihilation with the emission of a neutrino and antineutrino. 
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